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Preface

This is the fourth English edition of the book Convexity and Optimization in Ba-
nach Spaces. With respect to the previous edition published by Kluwer in 1986, this
book contains new results pertaining to new concepts of subdifferential for convex
functions and new duality results in convex programming. The last chapter of the
book, concerned with convex control problems, was rewritten for this edition and
completed with new results concerning boundary control systems, the dynamic pro-
gramming equations in optimal control theory, periodic optimal control problems.
Also, the bibliographical list and bibliographical comments were updated. The con-
tents, as well as the structure of the book, were modified in order to include a few
fundamental results and progress in the theory of infinite-dimensional convex anal-
ysis which were obtained in the last 25 years.

ITagi, Romania Viorel Barbu
Teodor Precupanu
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Chapter 1
Fundamentals of Functional Analysis

The purpose of this preliminary chapter is to introduce the basic terminology and
results of functional and convex analysis which are used in the sequel.

1.1 Convexity in Topological Linear Spaces

In this section, we concentrate on basic definitions and properties of convex sets in
linear infinite-dimensional spaces.

1.1.1 Classes of Topological Linear Spaces

The general framework for functional analysis is the structure of the topological
linear space, which is a linear space endowed with a topology for which the opera-
tions of addition and scalar multiplication are continuous. In this case, we say that
the topology is compatible with the algebraic structure of the linear space or that the
topology is linear. In the following, we recall some basic properties of topological
linear spaces, most of them being immediate consequences of the definition.

We denote by X a linear space over a field of scalars I". (In our discussion, the
field I" will always be the real field R or the complex field C.)

Theorem 1.1 The mappings x — x + xo and x — Ax, where A £ 0, A € I', are
homeomorphisms of X onto itself.

In particular, a linear topology can be defined if we know a base of neighborhoods
at the origin because by translation we can obtain a base of neighborhoods for every
other point x € X; each neighborhood of a point x is of the form x + V, where
V is a neighborhood of the origin. Consequently, we easily as a result find that a
linear mapping between two topological linear spaces is continuous if and only if it
is continuous at the origin.

V. Barbu, T. Precupanu, Convexity and Optimization in Banach Spaces, 1
Springer Monographs in Mathematics,
DOI 10.1007/978-94-007-2247-7_1, © Springer Science+Business Media B.V. 2012



2 1 Fundamentals of Functional Analysis

As concerns the continuity of linear functionals, we can prove the following cha-
racterization theorem.

Theorem 1.2 If f is a linear functional on a topological linear space, then the
following statements are equivalent:

(1) f is continuous
(i) The kernel of f, ker f = {x; f(x) =0}, is closed
(iii) There is a neighborhood of the origin on which f is bounded.

A linear space of finite-dimension possesses a unique separated linear topology.
Therefore, every separated topological linear space of dimensions n € N is isomor-
phic with I'".

Definition 1.3 A mapping p : X — R is called a seminorm on X if it has the fol-
lowing properties:

(1) p(x)=|A|p(x),foreveryx e X and L € I
(i) p(x+y) < p(x)+ p(y), forevery x,y € X.

From conditions (i) and (ii), as a result we find that
(iii) p(x) >0, forevery x € X.

If p has the stronger property

(iii)’ p(x) > 0, for every x € X \ {0},

then p is called a norm on X.

A particular class of topological linear spaces with richer properties is the class
of locally convex spaces; these are topological linear spaces with the property that
for every element there exists a base of neighborhoods consisting of convex sets. It
is well known that any locally convex topology on a linear space may be generated
by a family of seminorms.

Let & = {p;;i € I} be a family of seminorms on the linear space X. Consider
for every x € X the family of subsets of X

V) ={Vi i) keN* i1, ixel, >0}, xeX, (1.1)
where
Vit oi,e(X) = {u €X; pi;(u—x)<e, Vj=1,2,.. .,k}. (1.2)

We can easily see that ¥ (x), x € X, is a base of neighborhoods for a locally convex
topology T4 on X. The topological properties for 74 can be characterized analyti-
cally by means of the seminorms of .

Theorem 1.4 The locally convex topology t o is the coarsest linear topology on X
for which all seminorms of the family &7 are continuous.
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We recall that a seminorm p : X — R is continuous for 74 if and only if there
are k > 0 and py, p2,..., pn € & such that

p(x) <k max p;(x), VxelX. (1.3)
1<i<n

This implies that a linear mapping 7 : X — Y, where X and Y are locally convex
spaces endowed with the topologies 74 and 79, respectively, is continuous if and
only if for each g € 2 there are k, > 0 and py, ..., p, € & such that

q(Tx) <ky lm'ax pi(x), VxelX. 1.4)
<i<n

A sequence {x,} of points from X is tg-convergent to xo € X if and only if the
numerical sequence

p(x1 —x0), p(x2 — x0), ..., p(xXn — X0), ... (1.5)

is convergent to zero for every p € &.

A set M C X is tgp-bounded if and only if every seminorm belonging to the
family &7 is bounded on M, that is, if and only if, for every p € &2, there exists a
constant k;, > 0 such that p(x) <k,,Vx € M.

The locally convex topology Tt is separated if and only if the family of semi-
norms & possesses the following property:

for every x € X \ {0} there is p € & such that p(x) # 0. (1.6)

A linear space X endowed with a norm || - || is called a linear normed space.

In particular, we can obtain the topology of a linear normed space if we take &7 =
{Il - II}. On the other hand, the topology of a linear normed space can be generated
by the distance defined by d(x,y) = ||x — y||, Vx,y € X. In this way, for linear
normed spaces, the metric properties interweave with the topological properties of
a locally convex space. Generally speaking, a locally convex topology is metrizable
(in other words, there exists a distance which generates its topology), if and only if
this topology is separated and can be generated by a countable family of seminorms.
The importance of the metrizability consists of the fact that all the topological pro-
perties can be characterized by sequences.

Let X,Y be linear normed spaces of the same nature. A linear operator
T : X — Y is continuous if and only if it is bounded, that is, T (M) is bounded
for every bounded set M C X. In other words, there exists K > 0 such that

ITx] < Kllx]l, VxeX. (1.7)

The set L(X, Y) of all linear continuous operators defined on X with values in Y
becomes a linear normed space by

IT| =sup{ITx[l; lIx]| <1} =inf{K; |Tx|| < K|x||, Vx € X}. (1.8)

If X =Y, we shortly denote L(X) = L(X, X).



4 1 Fundamentals of Functional Analysis

A complete linear normed space is called a Banach space. If Y is a Banach space,
then L(X,Y) is also a Banach space.

In particular, if ¥ = I, we find that X* = L(X, I'), called the dual of X, is a
Banach space relative to the norm of the functionals, which by (1.8) becomes

x|l = sup{|x*)|; x|l < 1}. (1.9)

If X is areal linear normed space, then we also have
|l = sup{x*(x); x|l < 1}, (1.9)
while, if X is a complex linear normed space, we have
Ix* || = sup{Re x*(x); [lx|l <1},
Consequently, the following fundamental inequality holds:
|x*Co)| < lx*[lllx]l, forallx € X, x*e X*. (1.10)

A family &/ C L(X,Y) is called uniformly bounded if it is bounded in the
norm (1.8). Hence, regarding <7 as a family of functions on X, it is uniformly
bounded on the closed unit ball of X. On the other hand, we say that the family
o/ C L(X,Y) is pointwise bounded if o/, ={Tx; T € </} is a bounded set of Y for
every x € X. It is clear that every uniformly bounded family is pointwise bounded;
the converse is not true. But it is well known that for Banach spaces we have the
very useful principle of uniform boundedness.

Theorem 1.5 If X is a Banach space, then every pointwise bounded family of linear
continuous operators from L(X,Y) is uniformly bounded.

In the special case of sequences of operators, this result leads to the Banach—
Steinhauss Theorem.

Theorem 1.6 (Banach—Steinhauss) Let {A,},en be a sequence from L(X,Y)
pointwise convergent to an operator A. If X is a Banach space, then A € L(X,Y)
and

Al <liminf||Ag||.
n—o00
Definition 1.7 A mapping (-, -) : X x X — [I' is said to be an inner product if it has
the following properties:

(i) (x,x)>0, Vx € X, and (x, x) =0 implies x =0
i) (x,y)=(,x), Vx,ye X
@iii) {(ax +by,z)=a(x,z) +b(y,z), Ya,be I, Vx,y e X.
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From condition (i), we find as a result that, for every x1, x5 € X, the Hermitian
form
F,22) = (Mx1 4+ Aoxo, Xy +Aox2), A, A el

is nonnegative. Conditions (ii) and (iii) give the well-known Cauchy—Schwarz in-
equality,

2

[ 0|7 < (0 y), VxyeX. (1.11)

The mapping || - || : X — R, defined by
el = (x.x)2, VxeX, (1.12)
is anorm on X. Inequality (1.11) becomes
|, )| < llxl iyl Yx,y e X. (1.13)

A linear space endowed with an inner product is called a pre-Hilbert space. A pre-
Hilbert space is also considered as a linear normed space by the norm defined
by (1.12).

Two elements x and y in a pre-Hilbert space are said to be orthogonal if
(x,y) =0; we denote this by x_Ly. We remark that the orthogonality relation is
linear and symmetric.

We also mention the following consequence of property (i) from Definition 1.7:

ifxLly, Vye X, thenx=0. (1.14)

Proposition 1.8 The elements x, y are orthogonal if and only if

lx + Ayl = x]l, Vrerl.

If a pre-Hilbert space is complete in the norm associated to the given inner pro-
duct, then it is called a Hilbert space.

The general form of the continuous linear functionals is expressed more precisely
by the so-called Riesz Representation Theorem.

Theorem 1.9 (Riesz) If f is a continuous linear functional on the Hilbert space X,
then there exists a unique element a € X such that

f@)=(x,a), VxeX, (1.15)
£ = llall. (1.16)

On the other hand, using the Cauchy—Schwarz inequality (1.13), we easily ob-
serve that, for every a € X, the linear functional f, : X — I" defined by

falx)={(x,a), VxelX,

is continuous, hence f, € X™*, and at the same time || f, || = |la||, Va € X.
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If we define the mapping J : X — X* by
Ja=f,, VYaelX, (1.17)

then the Riesz representation Theorem 1.9 says that J is an isometric bijection (anti-
linear). With the aid of J, called the canonical isomorphism of the Hilbert space X,
we can convey some properties from X to X*. In fact, we observe that the natu-
ral norm on X*, given by relation (1.9), is associated to the inner product on X*,
defined by

(fi. LY =(J T A), VAL e X (1.18)

Therefore, the dual of a Hilbert space is also a Hilbert space.
Let X1, X2 be two Hilbert spaces of the same nature and let 7 : X1 — X, be a
linear continuous operator. For every y € X», the function fy : X; — I" defined by

fy(x)=(Tx,y), VxeXi, (1.19)

is a continuous linear functional on X and so, according to the Riesz Representation
Theorem 1.9, there exists a unique element y € X such that

fy(x)=(x,y), VxeXi. (1.20)

If we define the mapping T* : X, — X| by T*y =y, for every y € X», it is easy to
see that 7* is the unique operator from X, into X| which satisfies the relation

(Tx,y)=(x,T"y), VxeXi, VyeXs. (1.21)

This operator T* (which satisfies relation (1.21)) is called the adjoint of the conti-
nuous linear operator 7. The adjoint is also a continuous linear operator and we have

IT*I =TI, VT eL(X1,X2). (1.22)

In particular, if X; = X, = X and T € L(X), then T* € L(X). We say that the
operator T € L(X) is self-adjoint if T* = T. Therefore, the operator T € L(X) is
self-adjoint if and only if we have

(Tx,y)=(x,Ty), Vx,yeX. (1.23)

1.1.2 Convex Sets

Let X be a real linear space.

Definition 1.10 A subset of the linear space X is said to be convex if whenever
it contains x; and xp, it also contains Ajx; + Axxp, where A1 > 0, A, > 0 and
AM+A =1
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We denote
[x1, x2] = {A1x1 + A2x2; A >0, 22 >0, A1+ 212 =1},
called the segment generated by elements x1, x».

Definition 1.11 A subset of the linear space X is said to be an affine set if, whenever
it contains x1 and x», it also contains Ajx; + Axx> for arbitrary A1, A2 € R so that

A+ A =1.If x1, x2, ..., x, are finitely many elements of X, every element of the
form Ayxy + Apxp 4+ -+ -+ Ayx,, where A; e Rand A; + Ay +--- + A, = 1 is called
an affine combination of x1, x3, ..., x,. Moreover, if A; > 0, the affine combination

is called a convex combination.

Proposition 1.12 Any convex (affine) set contains all the convex (affine) combina-
tions formed with its elements.

Proof Applying mathematical induction, we observe that a convex (affine) combi-
nation of n elements xi, xp, ..., X, is a convex (affine) combination of n — 1 ele-
ments,

Mx1F x4+ Apxyg =Ax1 o+ Apoxp_2 + (A1 + ) X1,

where
dn— A

el S Xpoi + ——x
An—1+ Ay An—1+ Ay
is also a convex (affine) combination of two elements whenever A,_; + A, # 0.
(The case A; +Aj=0foralli,j=1,2,...,n,i# j,is not possible.) Hence, ac-
cording to Definitions 1.10 and 1.11, it is an element of the same convex (affine)
set. U

Xpn—1 = n

From the above definitions, it follows immediately that:

(1) The intersection of many arbitrary convex (affine) sets is again a convex (affine)
set.
(i) The union of a directed by inclusion family of convex (affine) sets is a convex
(affine) set.
(i) If A1, Aa, ..., A, are convex (affine) sets and A, Ay, ..., Ay €R, then A1 A1 +
-+ An A, is a convex (affine) set.
(iv) The linear image and the linear inverse image of a convex (affine) set are again
convex (affine) sets.
(v) If X is a linear topological space, then the closure and the interior of a convex
(affine) set is a set of the same kind.

The property of stability under intersection leads to the introduction of the convex
(affine) hull, denoted by conv A(aff A), of an arbitrary set A as the intersection of
all convex (affine) sets containing it. In other words, conv A (aff A) is the smallest
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convex (affine) set which contains the set A. Using Proposition 1.12, we can easily
show that the elements of the convex (affine) hull can be represented only with the
elements of the given set.

Theorem 1.13 The convex (affine) hull of a set A of X coincides with the set of all
convex (affine) combinations of elements belonging to A, that is,

n n
convA:{ZAixi; neN* % >0, xieA,ZAi:l}, (1.24)

i=1 i=1

n n
aff A = {inx,-; neN* % eR, x eA,Z/\,- = 1}. (1.25)
izl i=1

We remark that an affine set is a linear subspace if and only if it contains the
origin. In general, we have the following proposition.

Proposition 1.14 [n a real linear space, a set is affine if and only if it is a translation
of a linear subspace.

Definition 1.15 A point xo € X is said to be algebraic relative interior of A C X if,
for every straight line through x¢ which lies in aff A, there exists an open segment
contained in A which contains xg. If aff A = X, the point xg is called the algebraic
interior of A. The set of all the algebraic (relative) interior points of A is called the
algebraic (relative) interior of the set A and we denote it by (AT AL

Definition 1.16 If X is a topological vector space, then a point xo € X is said to be
a relative interior of A C X if it is an interior point (in a topological sense) of A
with respect to the topology induced on aff A. The set of all relative interior points
of A is called the relative interior of A, and we denote it by ri A. Also, we denote
the interior of A by int A.

Thus, ri A = int A if aff A = X. On the other hand, it is clear that aff A = X if
intA#£@or Al #£0.

Similarly, we can define A%, the algebraic closure of a convex set A, as the set
of all points x € X for which there exists u € A such that [u, x[ C A, where [u, x[
is the segment joining u# and x, including « and excluding x.

Now, we define the Minkowski functional associated to a set A which contains
the origin by

— 1
pA(x)zinf{AeR+; XxeA}, Vx € X, (1.26)

where @Jr =10, +0o0] and we admit that ++.o =0and 0-0c0=0.
We denote Dompy ={y €Y; pa(x) < oo}
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The Minkowski functional has the following properties:

(i) pa(x)>0, Vx e X and ps(0) =0

i) pa(Ax) =ipa(x), VA >0, Vx e X
(i) AC{xeX; pa(x) <1}
(iv) pa,(x) <pa,(x), Vx e X,if A1 D As.

Generally, any functional having property (ii) is called a positive-homogeneous
functional.

It is easy to show that p4(x) < oo, Vx € X, if and only if A is an absorbent set;
that is, for every x € X there is a A > 0 such that Ax € A.

If we mean by the radial boundary of a set A, denoted by A™, the set of all
elements x € X for which [u, x] N A # ) for every u € ]0, x[, and Ax ¢ A for every
A > 1, then we see that

PA = P{ojuar-

From this result, we remark that the Minkowski functional is perfectly determined
only by the radial boundary. Also, we have

AP ={xeX; patx)=1}.

Moreover, if the set A is convex, then py4 is subadditive; hence, p4 is a sublinear
functional (positive-homogeneous and subadditive). In this case, property (iii) can
be completed by

(i) {x e X;pa(x)<1}CAC{xeX; palx)<1}.

To establish some sufficient conditions under which we have equality in the right-
hand side or in the left-hand side of (iii)’, we shall use the algebraic notions given
in Definition 1.15.

However, these notions simultaneously have a topological role to play: thus, in
finite topological linear spaces, they coincide with the notions contained in Defini-
tion 1.16 (see Proposition 1.17). We also note that if the set A is convex, then a point
Xo € A is algebraic relative interior to A if and only if for every x € aff A there is
p > 0 such that xg + po(x — x9) € A. In other words, this is the case if and only if
A — xq is absorbent in the linear subspace generated by A — x. In particular, if A
is absorbent, then the origin is an algebraic interior point.

Proposition 1.17 Let X be a finite-dimensional separated topological linear space
and let A be a convex set of X. A point xo € A is algebraic interior of A if and only
if xo is an interior point (in the topological sense) of A.

Proof Let 7 be the family of all symmetric, absorbent and convex sets of X. It
is well known that ¥ generates a separated linear topology on X. Then we observe
that a point is algebraic interior to a convex set if and only if it is interior with respect
to this linear topology generated by #". On the other hand, on a finite-dimensional
linear space there exists a unique separated linear topology, from which the fol-
lowing statement results. O
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Corollary 1.18 A point xo € A, where A is a convex set from a finite-dimensional
separated topological linear space, is an algebraic relative interior point of A if and
only if it is a relative interior point of A.

If X is a separated topological linear space, it can easily be shown that every
(relative) interior point of a set is again an algebraic (relative) interior point of this
set, that is,

intACA' and riAcC A" (1.27)

If A is convex, this result can be completed by the following.

Proposition 1.19 If A is a convex set for which the origin is an algebraic relative
interior point, then

Ariz{xEX; pa(x) <1} and A*={xeX; palx) <1}.

Proof Since 0 € A, we find as a result that lin A is a linear subspace and then xo € A
is an algebraic relative interior if and only if for every x € aff A there is p > 0 such
that xo + px € A. Thus, if xo € A™, there is pp > 0 such that x + poxo € A; hence,
PAG0) < T35 < 1.

Conversely, if pa(xo) < 1 and x € aff A, there exists p > 0 such that p4(x¢) +
ppa(x) < 1. From this, we have p4(xp + px) < 1, which implies xo + px € A. By
a similar argument, we can obtain the other equality. 0

Corollary 1.20 The interior of a convex set is either an empty set or it coincides
with its algebraic interior.

Proof If intA # ¥, we can assume without loss of generality that 0 € intA.
Thus, there exists a neighborhood V of the origin such that V C A. Hence,
pa(x) <1,Vx € V. Let xo be an algebraic interior point of A. According to Propo-
sition 1.19, there exists &g > 0 such that p4(xg)+¢€o0 < 1. Since p4(xo+eox) <
pa(x0)+eopa(x) < 1, Vx € V, as a result of property (iii)’ of convex sets we see
that xo + eV C A, that is, xo € int A, which together with relation (1.27) implies
intA = Al O

Corollary 1.21 The Minkowski functional of a convex, absorbent set A of a topolo-
gical linear space is continuous if and only if int A # (. In this case, we have

intA=Al A= A%, FrA=A",
where FrA = ANCcA.

Finally, let us see what happens when a functional on a linear space coincides
with the Minkowski functional of a convex set.

Proposition 1.22 [f p : X — ]—o00, o0] is a proper sublinear, nonnegative function,
then:
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(i) Ay ={x € X; p(x) < 1} has only relative algebraic interior points
(i) Ax ={x € X; p(x) < 1} coincides with its algebraic closure
(iil) pa=p,if A1 CACAs.

Proof First, we see that 0 € A| N Aj, aff A| = aff A, which are proper linear sub-
spaces. As we have seen in the second half of the proof of Proposition 1.19, the ori-
gin is an algebraic relative interior point to Ap; hence it is of the same type for As.
Consequently, it is sufficient to prove only statement (iii).

But for every A > 0 such that p(x) < X, we find as a result that %x € Aj and so
pa;(x) <A, thatis, pa, (x) < p(x).

If p(x) =0, then Ax € A} N Ay, for every A > 0, and we obtain py,(x) =
pA,(x)=0.

If p(x) #0, for every A € R with 0 < A < p(x), we have %x ¢ Aj; hence, A <
DA, (x), thatis, p(x) < pa,(x). Since A| C A3, we find as a result that ps, < pa,.

Now, using the two inequalities established above, we obtain p4, = pa, = p,
which implies statement (iii). [l

Corollary 1.23 Let X be a topological linear space and let A be a convex set of X
containing the origin. Then

(1) A={xeX; palx) <1} if Ais closed
(1)) A={x e X; pa(x) <1} if A is open.

Remark 1.24 An important problem is to specify the conditions under which the re-
lative interior of a set is nonempty. For instance, we can show that every nonempty
convex set of R" has a nonempty relative interior. On the other hand, in a Banach
space, for a closed convex set its interior is the same as its algebraic interior, be-
cause every Banach space is of the second category.

Many special properties of convex sets in a linear space may be found in the
books of Eggleston [13] and Valentine [28].

Definition 1.25 A maximal affine set is called a hyperplane. We say that the hy-
perplane is homogeneous (nonhomogeneous) if it contains (does not contain) the
origin.

Since every affine set is the translation of a linear subspace, as a result we find
that a set is a hyperplane if and only if it is the translation of a maximal linear
subspace. In particular, the homogeneous hyperplanes coincide with the maximal
linear subspaces.

Proposition 1.26 In a real topological linear space X, any homogeneous hyper-
plane is either closed or dense in X.

Proof 1f H is a homogeneous hyperplane, then H is evidently a linear _subspace;
Ence, from the maximality of H, since H C H, we find as a result that H = H or
H = X, as claimed. O
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The next theorem, concerning the connection between hyperplanes and linear
functionals, represents a fundamental result in the theory of hyperplanes.

Theorem 1.27 The kernel of a nontrivial linear functional is a homogeneous hyper-
plane. Conversely, for every homogeneous hyperplane H there exists a functional,
uniquely determined up to a nonzero multiplicative constant, with the kernel H.

Proof If it is a nontrivial linear functional, it can be observed that its kernel, ker f =
£~1({0}), is a linear subspace. Let Y be a linear subspace, which strictly contains
the kernel, that is, there exists yp € Y such that f(yg) # 0. For every x € X we have

[ ) @
x‘<x o0 ) T T En

because u = x — f((;;)) yo € ker f C Y. Thus, X = Y. Hence, Kker f is maximal,

that is, it represents a homogeneous hyperplane. Now, let H be a homogeneous
hyperplane and let zop € X \ H. Since the linear subspace spanned by H U {z¢}
strictly contains H, it must coincide with X. Therefore, every x € X can be repre-
sented uniquely as x = u + Az, u € H, L € R. We define the functional f on X by
f(x)=Ax,if x =u + Azg. One can easily verify that f is linear and ker f = H.

Let f1 and f> be two nontrivial linear functionals such that ker f; = ker f>. If

X0 € ker f1, we have as a result that x — jél((;o)) xo € ker f; for every x € X. Con-
Si(x)

sequently, fo(x — F100) xp) = 0, that is, f>(x) = kf1(x) for every x € X, where

k= ]f? gg; is a real constant. Hence, the theorem ensures the uniqueness of the func-

tional up to a nonzero multiplicative constant. U

Corollary 1.28 If f is a nontrivial linear functional on the linear space X, then
{x € X; f(x) =k} is a hyperplane of X, for every k € R. Conversely, for ev-
ery hyperplane H, there exists a linear functional f and k € R, such that H =
{x e X; f(x) =k}.

Corollary 1.29 A hyperplane is closed if and only if it is determined by a noniden-
tically zero continuous linear functional.

Proof Use Theorems 1.2 and 1.27. g

From the above considerations, it follows that every hyperplane verifies an equa-
tion of the form
fx)=k, keR.

For k # 0, we can put this equation in the form

f(x)=1.

In this form, the linear functional f is uniquely determined by the nonhomogeneous
hyperplane.
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If the hyperplane is homogeneous, then f is nonunique. More precisely, if
ker fi = ker f>, then f| = af>, where a is a nonzero constant. Along these lines,
we inductively obtain a more general result.

Theorem 1.30 If f, f1, f2, ..., fu are n+ 1 linear functionals, such that f(x) =0,
whenever fi1(x) = fo(x) =--- = fu(x) =0, then f is a linear combination of

fi, fa oo S

Proof Applying mathematical induction, we observe that in ker f;, we have n
linear functionals f, f1, f2,..., fu—1 having the property that f(x) = 0, when-
ever f1(x) = fo(x) =---= f—1(x) =0 if x € ker f,,. Consequently, there exists
A, A2, -0y Ay € R, such that f(x) = Y72 Ai fi(x), x € ker £,

Now, we observe that f,, and f — Z,”;l] A; fi are two linear functionals having the

same kernels. Thus, by Theorem 1.27, there exists A, € R, such that f — 2?;11 fi=
A fn, as claimed. O

1.1.3 Separation of Convex Sets

If f(x) =k, k € R, is the equation of a hyperplane in a real linear space X, we have
two open half-spaces {x € X; f(x) <k}, {x € X; f(x) > k} and two closed half-
spaces {x € X; f(x) <k}, {x € X; f(x) > k}. It is clear that the algebraic boundary
of each of the four half-spaces is just the hyperplane f(x) = k. It should be empha-
sized that a convex set which contains no point of a hyperplane is contained in one
of the two open half-spaces determined by that hyperplane. Indeed, if f(x1) > k and
f(x2) < k, there exists A € |0, 1[, such that f(Ax; + (1 —A)x2) =k, hence x1 and x»
cannot be contained in a convex set which is disjoint from the hyperplane f(x) = k.

Remark 1.31 An open half-space has only algebraic interior points and each closed
half-space coincides with its algebraic closure. If X is a topological linear space,
then the open half-spaces are open sets and the closed half-spaces are closed sets if
and only if the linear functional f which generated them is continuous, or, equiva-
lently, the hyperplane {x € X; f(x) =k} is closed (cf. Corollary 1.29).

In the following, we deal with sufficient conditions which ensure that two convex
sets can be separated by a hyperplane. Such results are immediate consequences of
the Hahn—Banach Theorem. For this purpose, we define the concept of a convex
function which generalizes that of a subadditive functional.

Definition 1.32 A function p : X — ]—o0, +00] is called convex if
prx1 + A2x2) < Aip(x1) + A2 p(x2), (1.28)

for all x1,x; € X and A1 >0, A > 0, with A1 + A, = 1. If inequality (1.28) is strict
for x; # x2 in Dom(p) and A; > 0, A, > 0, then the function p is called strictly
convex.
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It easily follows that inequality (1.28) is equivalent to the property

ayxy +axxs

)Salp(m)-i-azp(xz), (1.29)
ar+a

(ar +az)P(

forall x;,x» € X and a; > 0, ap > 0.
The Minkowski functionals of convex sets which contain the origin are examples
of convex functions.

Theorem 1.33 (Hahn-Banach) Let X be a real linear space, let p be a real convex
function on X and let Y be a linear subspace of X. If a linear functional fo defined
on Y satisfies

fo) =p(y), Vyey, (1.30)
then fo can be extended to a linear functional f defined on all of X, satisfying

fx)<pkx), VxeX. (1.31)

Proof f u,veY, xoe X\Y and o« > 0, B < 0, according to relations (1.29)
and (1.30), it follows that

+3 —B(v +  x0)
afo(u) — Bfo(v) = folau — pv) = (a —ﬁ)fo[a(u 2 %0) n B X0 }

oa—p oa—p
1 —BW + 5 x0)
s(a—ﬁ)p[a(u Jr_‘%x()) + ﬁ:_gxo ]

fotp(u—i— éxo) —ﬁp(v—i— %xo).

Thus, there exists ¢ € R such that

sup{ﬁ[p(v—i— %xo> —fo(v)i|; veY, B <O}

§c§inf{a|:p(u+ éx0> - fo(u)]; uey, o >0}. (1.32)

First, we prove that fy can be extended to the linear subspace X1 = span(Y U {xo})
preserving the linearity and the boundedness condition (1.30). We observe that each
element x| € X has the form x; =y + Axg, with y € Y and A € R uniquely deter-
mined. We define the functional f; on X by f1(x1) = fo(y) + Ac if x; = y + Axo,
with y € Y and A € R. It can easily be seen that fj is linear on X and f|y = fp.
To prove the boundedness property (1.30) on X1, we consider two cases: A < 0 and
A > 0 (the case A =0 is obvious). Thus, if x; =y + Axg, y € Y and A # 0, then we
have

1 1
fix) = fo) +xrec < fo(y) + K[X p(y + Axg) — 3 fo(y)} = p(x1)



1.1 Convexity in Topological Linear Spaces 15

as follows from the left-hand side of relation (1.32) for v=1y and 8 = % if L <0

or from the right-hand side of (1.32) foru =y and o = % if A > 0. Using the Zorn
Lemma (any nonvoid ordered set has at least one maximal element), it is clear that
every maximal element of the set of all the linear functionals which extend fo and
preserve the boundedness property (1.30) on the linear subspaces on which they are
defined is again a linear functional defined on the whole of X. Indeed, otherwise,
according to the above, a strict extension would exist, which would contradict the
maximality property. Thus, any maximal element has all the required properties of
the theorem. d

Remark 1.34 From the above proof, we see that the theorem remains valid if the
convex function p takes also infinite values but has the following property:

if xe X\Y and p(y + kx) =00, forall y €Y and k > 0, then p(y + kx) = oo
forall y € Y and k < 0. Particularly, it suffices that

Y N (Dom(p))" 0.

It can be easily seen that the Hahn—Banach Theorem 1.33 may be, equivalently,
reformulated in the following form.

Theorem 1.35 If A is a convex set with A" % @ and M is an affine set such that
M N A" = @, then there exists a hyperplane containing M, which is disjoint from A",

Proof We may suppose, without loss of generality, that 0 € A™. Hence, 0€ M and
M is a maximal affine set in span M. According to Corollary 1.28, there exists a
linear functional fo on span M such that M = {y € span M; fo(y) = 1}. On the
other hand, by Proposmon 1.19 we have A" = {x € X; pax) < 1L If fo(y) >0, it
follows that 7o) (y € M, hence y0) ( 5 € € A" and this implies pA(f (y)) >1or fo(y) <

p4(y). This inequality is obvious in the case fo(y) < 0. Thus, we have fy(y) <
pa(y) for all y € span M. By the Hahn—Banach Theorem 1.33 (see also the last part
of Remark 1.34), there exists a linear extension f of f on the whole of X such that
f(x) < pa(x),x € X.Ifu € A", we have pa(u) < 1, so that f(u) < 1. Hence, A"
is disjoint from the nonhomogeneous hyperplane f(x) = 1, which contains M.

If X is finite-dimensional, according to Remark 1.24, the hypothesis A™ # @} is
fulfilled for any nonvoid convex set.

The result of the algebraic type established by Theorem 1.35 may be improved
if X becomes a linear topological space. In this context, we have the well-known
geometric form of the Hahn—Banach Theorem. (|

Theorem 1.36 If A is a convex set with a nonempty interior and if M is an affine set
which contains no interior point of A, then there exists a closed hyperplane which
contains M and which again contains no interior point of A.

Proof In our hypothesis, the interior of A coincides with its algebraic interior
(cf. Corollary 1.20). Thus, it is sufficient to prove that the linear functional found
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in the proof of the previous theorem is continuous. Continuity holds since the
Minkowski functional associated to A is continuous (cf. Corollary 1.21). O

Corollary 1.37 On a topological linear space there exist nontrivial continuous lin-
ear functionals (or closed hyperplanes) if and only if there exist proper convex sets
with nonempty interior. On any proper locally convex space there exist nontrivial
continuous functionals and closed hyperplanes.

A hyperplane H is called a supporting hyperplane of a set A if H contains at least
one point of A and A lies in one of the two closed half-spaces determined by H. In
the analytic form, this fact ensures the existence of a nontrivial linear functional f
and an element xg € A, such that

sup{ f(x); x € A} = f(x0).

In a linear topological space, any supporting hyperplane of a set with a nonempty
interior is closed. A point of A through which a supporting hyperplane passes is
called a support point of A. It is clear that an algebraic interior point cannot be a
support point. Hence, any support point is necessarily an algebraic boundary point.
Now, we give a simple condition under which a boundary point is a support point.

Theorem 1.38 If the interior of a convex set is nonempty, then all the boundary
points are support points.

Proof Apply Theorem 1.36 for M = {xg}, where xo is an arbitrary boundary
point. g

Remark 1.39 The uniqueness of the supporting hyperplane passing through a sup-
port point depends on the differentiability property of the Minkowski functional
associated with that set (see Sect. 2.2.2). We restrict our attention to the case in
which two convex sets may be separated by a hyperplane, that is, they are contained
in different half-spaces. If they are contained even in different open half-spaces, the
sets are said to be strictly separated by that hyperplane.

Theorem 1.40 If Ay and A, are two nonempty convex sets and if at least one of
them has a nonempty interior and is disjoint from the other set, then there exists a
separating hyperplane. Moreover, if A1 and A, are open, the separation is strict.

Proof Suppose that int Ay # @ and A; Nint Ap = @. The set A = A — int Ay is
open convex and does not contain the origin. For M = {0}, from Theorem 1.36
there exists a closed hyperplane H; such that H} N A = ¢ and 0 € H;. Therefore,
H, is a homogeneous hyperplane for which A lies in one of the open half-spaces.
According to Theorem 1.27 and Corollary 1.29, there exists a continuous linear
functional f which has as kernel H;. Hence, f keeps a constant sign of A. Suppose
that f(x) >0, Vx € A, thatis, f(u) > f(v), Yu € A1, Vv € A, which implies

inf{ f(u); u€ A1} =sup{f(x); veA} (1.33)
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Since A being convex, A C int Ay. Clearly, the hyperplane f(x) =k, where k =
inf,ca, f(u), is closed and separates A; and A,. If A; and A, are open, we have
f) > k> f(v),Vue Ay, Yv € Ay, since A1 and A, have no boundary points. [J

Corollary 1.41 If A\ and A, are two nonempty disjoint convex sets of R”", there
exists a nonzero element ¢ = (c1, c2, ..., cy) € R"\ {0}, such that

n n
ZC,’M[SZC,’U,’, Yu = (u;) € A1, Yv = (v;) € Aj.

i=1 i=1

Proof Letus write A = Aj — A». Since A™ = J (see Remark 1.24) and 0 € A, we can
apply Theorem 1.35 for M = {0}. Taking into account the form of nontrivial linear
functionals on R”, we find ¢ = (c1, 2, ..., cn) € R" \ {0}, such that Y "_, cia; <0

for all (a1, az,...,a,) € A" and so 3/_; cia; <0 for all (a1, az,...,a,) € A =
A1 — Az, because the interior of any segment joining a point of A and a point of A™
contains only points of A™. O

Remark 1.42 From Theorem 1.35, we can obtain a result, being of algebraic type,
similar to that obtained using Theorem 1.40.

Remark 1.43 1f we drop the condition that A| and A; are open, Theorem 1.40 is no
longer true, as can be shown by counter-examples that can readily be constructed.
Thus, the disjoint convex sets

Ar={(x1,x2); x1 <0} and Ay ={(x1,x2); x1x2>1, x1 =0, x > 0}

have nonempty interiors in R? but cannot be strictly separated; the single separation
hyperplane is x; = 0.

Theorem 1.44 If F| and F; are two disjoint nonempty closed convex sets in a sep-
arated locally convex space such that at least one of them is compact, then there
exists a hyperplane strictly separating F| and F,. Moreover, there exists a conti-
nuous linear functional f such that

sup{ f(x); x € Fi} <inf{ f(x); x € F>}. (1.34)

Proof Suppose that F, is compact. Since any separated locally convex space is reg-
ular, there exists an open symmetric and convex neighborhood of the origin V such
that 1 N (F,+V)=0.

Thus, we may apply Theorem 1.40 to conclude that there exists a nontrivial con-
tinuous functional f such that

sup{f(x); x e F1} §inf{f(y); yeE R+ V}.

But inf{ f (v); v € V} < 0, since V is absorbent and f is a nontrivial linear func-
tional. Hence, relation (1.34) holds. It is clear that {x € X; f(x) =k} is a strict
separation hyperplane for any k € Jsup{ f(x); x € F1}, inf{f(x); x € F2}[. U
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Corollary 1.45 If xo € F, where F is a nonempty closed convex set of a separated
locally convex space, then there exists a closed hyperplane strictly separating F
and xo, that is, there is a nontrivial continuous linear functional such that

sup{ f(x); x € F} < f(x0).

Remark 1.46 Generally, if inequality (1.34) is fulfilled, we say that the sets F; and
F> are strongly separated by the hyperplane f(x) =k, where k € Jsup{f(x); x €
F1}, inf{ f(x); x € F>}[. We observe that two convex sets A, B can be (strongly)
separated if and only if the origin can be (strongly) separated from A — B.

Remark 1.47 If the set F' from Corollary 1.45 is a closed linear subspace, then f
must be null on F. Therefore, a linear subspace is dense in X if and only if every
continuous linear functional which is null on it, is null on X.

Now, as a consequence of the separation theorems, we obtain the following re-
markable theorem concerning the characterization of closed convex sets.

Theorem 1.48 A proper convex set of a separated locally convex space is closed if
and only if it coincides with an intersection of closed half-spaces.

Proof The sufficiency is obvious. To prove the necessity, we consider the set
{Si; i € I} of all closed half-spaces which contain the proper convex closed set F'.
For every xo € F, taking f as in Corollary 1.45, we have F C {x; f(x) < ko}
and f(xo) > ko, where ko = sup{ f(x); x € F}. Therefore, there exists ip € I such
that S;, = {x; f(x) < ko},hence CF C | J;; CS;. thatis, F D ();.; Si. On the other
hand, it is clear that F C (");; Si, hence F =(");; S; and the theorem is completely
proven. g

Corollary 1.49 A closed convex set with nonempty interior of a separated locally
convex space coincides with the intersection of all half-spaces generated by its sup-
porting hyperplanes.

In the following, we consider the special case of linear normed spaces. The
Hahn-Banach Theorem 1.33 ensures in this case the existence of continuous linear
extensions which preserve the norm. We recall that the dual X* of a normed linear
space X is the set of all continuous linear functionals on X; it is again a normed
space.

Theorem 1.50 Let fy be a continuous linear functional on a linear subspace Y of
a linear normed space X. Then there exists a continuous linear functional f on the
whole of X, that is, f € X*, such that

@ flyr=/,o
@) I £1=1sl.
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Proof Since fj is continuous on Y, by (1.10) we have fo(y) < || foll llyll,Vy e Y.

Now, we can apply the Hahn—Banach Theorem (Theorem 1.33) for fj and for
the convex function p(x) = || foll l|x||-

A specialization of this theorem yields a whole class of existence results. In this
context, we present a general and classical theorem concerning the existence of
continuous linear functionals with important consequences in the duality theory of
linear normed spaces.

Theorem 1.51 Let m be a nonnegative number and let h : A — R be a given real
function, where A is a nonempty set of the linear normed space X. Then h has a
continuous linear extension f on all of X such that || f|| < m if and only if the
following condition holds:

> ih(a)

i=1

, VneN* XA eR, g €A. (1.35)

n
Zkiai

i=1

<m

Proof From relations (1.8) and (1.9) it is clear that condition (1.35) is necessary. To
prove sufficiency, we consider ¥ = span A and we define fj on Y by

n n
fon = kih(a), ify=) hiai €Y, ai€A.

i=1 i=1

First, using condition (1.35), we observe that fy is well defined on Y. Moreover,
from condition (1.35), continuity of fj on Y follows and || fo|| < m. Thus, any ex-
tension given under Theorem 1.50 has all the required properties. 0

Theorem 1.52 For any linear subspace Y of a normed linear space X and x € X
there exists f € X™* with the following properties:

i fly=0
(i) f(x)=d*(x;Y)
(i) [Ifll=d(x;Y).

Proof Wetake A=Y U{x}andh: A — Rdefinedby h(y) =0,y €Y,and h(x) =
d? (x; Y). We observe that, for any XA # 0, we have

M)+ Y dih(a)| = [Mh(x)| = IMd>(x; Y)

i=1

n
Ax + Z Aia;

i=1

< |Ald(x;Y) =d(x;Y)

n
x—}—z%ai s

i=1

which is just inequality (1.35). The desired result then follows by applying the pre-
vious theorem. Indeed, we have properties (i) and (ii) and || f|| < d(x;Y) since
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m = d(x;Y). On the other hand, if we consider a sequence {y,} C Y such that
lx + v, |l = d(x;Y), we obtain

X+ yn )_ fx) —dz(X;Y)_>d(x’Y)

If1 = f( = =
[l + Yl x4+ yall llx+ yaull

which implies || f|| > d(x; Y). Hence, property (iii) also holds. U

Corollary 1.53 In a linear normed space X, for every x € X there exists a conti-
nuous linear functional f € X* such that

@ f)=lx]?

a £ =Illxll

Moreover, if x # 0, there exists g € X* such that

@' g(x) = llx]|

(i) llgll=1.

Proof Theorem 1.52 can be applied where ¥ = {0}, hence d(x; Y) = ||x]||. ]

In particular, relations (1.9) and (1.10) and the second part of Corollary 1.53 yield
the following corollary.

Corollary 1.54 For any x € X, we have

Ixll= max |(x,x*)|= max (x,x*). (1.36)
lx*[<1 lx*[<1

This formula is known as the dual formula of the norm in a linear normed space.

1.1.4 Closedness of the Sum of Two Sets

It is well known that, generally, in a linear topological space, the sum of two closed
sets is not a closed set. But if one of the two sets is compact, then the sum is
also closed (the property can be immediately verified using the nets). Furthermore,
Klee [18] showed that in a Banach space the sum of two bounded closed convex
sets is always closed if and only if the space is reflexive (see, also, Kothe [19],
p- 322).

Because the compactness (or boundedness and reflexivity) hypotheses are too
strong, in practice we use suitable sufficient conditions which ensure the closed-
ness property of the sum of certain pairs of sets. Such a result was established by
Dieudonné [10], replacing the compactness condition by a local condition. Next,
Dieudonné’s criterion is extended in several directions. Thus, we must remark that
the closedness problem of the sum of two sets may be regarded in the framework of
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a more general problem, namely, of the closedness of the image of a set by a multi-
valued function. In the following, we present a general result due to Dedieu [8]. This
result extends to nonconvex case the generalizations of Dieudonné’s criterion [10]
established by Gwinner [14] in the convex case.

If AC T and A C X, we denote

AA={Ax; Le A, x € A}.
Definition 1.55 For a given set A, the set Ay, defined by

Aso = ﬂ [0, ¢]A (1.37)

>0

is called the asymptotic cone of A.

Remark 1.56 The asymptotic cone A, is a closed cone with the vertex in the ori-
gin consisting of all the limits of the convergent nets of the form (X;x;);es, where
(Ai)ier 1s a net of positive numbers convergent to zero and (x;);c; is a net of ele-
ments of A. Also, Ao, = A if and only if A is a closed cone.

If the set A is convex and closed, then the asymptotic cone can be equivalently
defined by

A =[)e(A-a), (1.38)

e>0

where a is an arbitrary fixed element of A. In this case, A is also convex.

Definition 1.57 A set A is called asymptotically compact if there exists g9 > 0 and
a neighborhood Vj of the origin such that ([0, e9]A) N Vj is relatively compact.

It is easy to observe that a closed convex set or a closed cone is asymptotically
compact if and only if it is locally compact. Generally, for nonconvex sets these
concepts are different. If A is closed and asymptotically compact, then A and A
are locally compact, but the converse is false.

Theorem 1.58 Let E1, E; be two separated linear topological spaces and let A
be an asymptotically compact and closed subset of E1. If F : E1 — E» is a closed
multi-valued mapping, that is, Graph F = {(x,y) € E1 X E2; x € E1, ye F(x)} is
closed in E| x E», satisfying the condition

(Aso X {0£,}) N (Graph F)eo = (05, x ), (1.39)

then F(A) is closed in E;.

Proof Let {y;}ic; be a net of elements of F(A) convergent to an element yy € E»
and let us prove that ygp € F(A). Take {x;}ics, a net of elements of A such that
vi € F(x;), forevery i € I. We can suppose that x; 7 0 for all i € I (taking a subnet)
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since if there exists a subnet x;; = 0 for all i’ € I’, then yy € F(0), as claimed. Let
g0 and Vj be as in Definition 1.57. Since V) is absorbent, for each i € I there exist
positive numbers A > 0 such that Ax; € V. We suppose that Vj is an open circled
neighborhood of the origin and denote A; = min({eg} U {A; A > 0 and 2Ax; € Vp}).
Since A; € ]0, gp] and A;x; € Vp, the net {A;x;};c; contains a subnet convergent to an
element xg € E. Without loss of generality, we may assume that even {A;x;};es is
convergent. Also, since {};};<; is bounded, we can suppose that it is convergent to an
element A9 > 0. If A9 # 0, the net {x;};<; is also convergent to x(/) = A—IO X0 € A since
A is closed. Hence, {(x;, y;)}ier C Graph F is convergent to (x{, yo) € Graph F,
since F' is closed, that is, yp € F (x(/)) C F(A) and the proof is finished. Now, we
prove that it is not possible to have Ao = 0. Indeed, if Ay = 0, there exists ip € [
such that A; < gg for all i > i, and so, from the definition of XA;, we have

2Mix; € Vg, foralli > ip. (1.40)

On the other hand, according to Remark 1.56 it follows that xo € A, and therefore
the net {(A;x;, A;yi)}ier is convergent to (xp,0) € Ao x {O0g,}. But (A;x;, A;y;) =
Ai(xi, yi) € A; Graph F' and, by virtue of the same Remark 1.56, its limit belongs
to (Graph F)«o. By condition (1.39), we have xg = 0, contradicting property (1.40).
Thus, the proof is complete. g

Theorem 1.59 Let E1, E; be two linear separated topological spaces and let T
be a positive-homogeneous operator defined on a cone of E1 into E>. Let A C Eq,
B C E»> be two closed sets such that cone A C dom T and such that the restriction
of T to cone A is continuous. If

Ao NT 1 (Bs) = {0} (1.41)
and A is asymptotically compact, then T (A) — B is closed.

Proof 1t is readily seen that for the multi-valued function F defined by Fx =
Tx — B for x € coneA and Fx = () otherwise, the asymptotic separation pro-
perty (1.39) is just condition (1.41). Also, Graph F is closed in E| x E,. Indeed,
if {(x;, Tx; — b;)}ics 1s convergent to (xp, yo), then xo € A and (b;);e; is conver-
gentto Txop — yo € B, and so yg € F(xp). But A being asymptotically compact and
closed, according to Theorem 1.58, it follows that F'(A) = T(A) — B is closed. [

Taking B = {0} and 7 = I (the identity operator), we obtain the following two
special results.

Corollary 1.60 Let T and A be as in Theorem 1.59. If
Ao Nker T = {0}, (1.42)

then T (A) is closed.
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Corollary 1.61 (Dieudonné) Let A, B be two closed sets such that

Aso N Boo ={0}. (1.43)
If A or B is asymptotically compact, then their difference is also closed.

If the sets A and B are also convex, then Corollary 1.61 is just the well-known
Dieudonné criterion (in the convex case, the asymptotical compactness becomes
even local compactness). For closed cones, the preceding results can be improved
by taking into account the following simple result on the characterization of asymp-
totical compactness.

Theorem 1.62 A cone is locally compact (or closed asymptotically compact) if and
only if it can be generated by a compact set which does not contain the origin.

Proof Let A be an asymptotically closed cone and let 9 and Vj be as in Defini-
tion 1.57. We can suppose that V) is closed and circled. Since A is a cone, we have
10, 9]A = A and so A N Vp is compact. Also, K = AN (Vp \ int%Vo) is compact
and does not contain the origin. Conversely, if A = cone K, where K is a compact
set and 0’ € K, then there exists a closed circled neighborhood of origin Vj such that
VoNK =0@.But VN A C|[O0,1]K. Indeed, if x € Vy N A, there exists A > 0 such
that Ax € K. If > 1, we have x € 1 K C [0, 1]K. If A < L, it follows that Ax € Vp
since V) is circled and thus Vy N K # @, which is a contradiction. Therefore, Vo N A
is compact, that is, A is locally compact. O

Corollary 1.63 A locally compact cone is necessarily closed.

Corollary 1.64 If A is a locally compact cone and T is a linear continuous operator
such that

ANkerT = {0}, (1.44)
then T (A) is also a locally compact cone.
Proof Let K be a compact set such that A = coneK and 0€ K. Then T(A) =

cone T (K). The set T(K) is compact and, according to condition (1.44), it does not
contain the origin. Therefore, T'(A) is locally compact. 4

1.2 Duality in Linear Normed Spaces

We now briefly survey the basic concepts and results related to dual pairs of linear
topological spaces and weak topologies on linear normed spaces.
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1.2.1 The Dual Systems of Linear Spaces

Two linear spaces X and Y over the same scalar field I" define a dual system if a
fixed bilinear functional on their product is given:

G(,):XxY—>T. (1.45)
The bilinear functional is sometimes omitted. The dual system is called separated
if the following two properties hold:

(i) Forevery x € X \ {0} thereis y € Y such that (x,y)#0
(i1) Foreveryy € Y \ {0} there is x € X such that (x,y) # 0.

In other words, X separates points in ¥ and Y separates points in X.
In the following, we consider only separated dual systems.
For each x € X, we define the application fx : Y — I" by

() =(x,y), VyeVl. (1.46)
We observe that f; is a linear functional on Y and the mapping
x— fr, VYxelX, (1.47)

is linear and injective, as can be seen from condition (i). Hence, the correspondence
(1.47) is an embedding. Thus, the elements of X can be identified with the linear
functionals on Y. In a similar way, the elements of Y can be considered as linear
functionals of X, identifying an element y € Y with g, : X — I', defined by

gy(x)=(x,y), VxeX. (1.48)

Therefore, each dual system of linear spaces defines a mapping from either of the
two linear spaces into the space of linear functionals on the other.
We set

py@) =[x, »)| = |gy@)], VxeX, (1.49)

) = || =)

. Vyev, (1.50)

and we observe that & = {p,; y € Y} is a family of seminorms on X and 2 =
{gx; x € X} is a family of seminorms on Y. The locally convex topology defined
by & on X is called the weak topology or Y -topology of X induced by the duality
(X, 7Y), and we denote it by o (X, Y). Similarly, the weak topology or X-topology
of Y, denoted by o (Y, X), is the locally convex topology on Y generated by 2.
Clearly, the roles of X and Y are interchangeable here, since there is a natural dual-
ity between Y and X which determines a dual system (Y, X). Thus, it is sufficient to
establish the properties only for the linear space X. According to the well-known re-
sults concerning the locally convex topologies generated by families of seminorms,
we immediately obtain the following result.



1.2 Duality in Linear Normed Spaces 25

Proposition 1.65

(i) o(X,Y) is the weakest topology on X which makes the linear functionals g,
defined by (1.48), continuous for any y € Y.
(i) o(X,Y) is separated.
(iii) The family of all the sets of the form

Vyl»yz ,,,,, yn;a(x) = {u € X;

w—x;y)|<e i=12,....,n}, (15D

where n € N*, y1,v2,...,yu €Y, € > 0, is a fundamental neighborhood sys-
tem of the element x € X for o (X,Y).

(iv) A sequence {x,} C X is o (X, Y)-convergent to xo € X if and only if {(x,, y)}
converges to (xo,y) in I', foreachy €Y.

(v) If Z is a locally convex space with the topology generated by a family & of
seminorms, then a linear operator T : X — Z is o (X, Y)-continuous if and
only if for any p € & there are k, > 0 and yy, y2, ..., y, €Y such that

p(Tx) <k, max |(x,y)], VxeX. (1.52)
1<i<n

From assertion (i), we find as aresult that gy is a 0 (X, Y)-continuous linear func-
tional on X for every y € Y. It is natural to investigate if the set of linear functionals
of this type coincides with the dual of locally convex space (X, o (X, Y)). The an-
swer is affirmative. Thus, in view of embedding y — gy, it is possible to regard Y
as the dual of X endowed with weak topology.

Definition 1.66 A linear topology t on X is called compatible with the duality
(X, Y)if (X, t)* =Y. Similarly, a linear topology w on Y is called compatible with
the duality (X, Y) if (Y, p)* =X.

Hence, 0 (X, Y) and o (Y, X) are the weakest compatible topologies.

Other properties of the weak topologies are consequences of the fact that each
of these topologies may be considered as a relativized product topology. In this
connection, let us recall some basic results on product topology.

Let {Xy; o € A} be a family of topological spaces. Consider their product space

X=]_[Xa={x:A—>Uxa; x(@) € Xq. VaeA}. (1.53)

acA aeA

Write x(¢) = x4, Y € A, and x = (xy)neca- For each o € A, consider the projec-
tions Py : X — X, defined by Pyx = x4, Vx € X. The space X endowed with the
weakest topology which makes each projection continuous is called the topological
product space of the topological spaces Xy, @ € A. Thus, a basis for the product
topology is given by the sets of the form [, 4 Du, Where D, is an open set in X,
Ya € A,and D, = X, Vo € A\ F, with F a finite subset of A. Also, a fundamental
neighborhood system of an element x = (x4)yca € X is given by the sets having
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the form
VF,{Va;aEF}(x) = {u = (ug) € X; ug € Vy(xq), Va € F}a (1.54)

where F is a finite subset of A and for each «, Vy(xy) runs through a fundamental
neighborhood system of x, € X, . In particular, a topological product space is sepa-
rated if and only if each factor space is separated. A remarkable result, with various
consequences, is the well-known Tychonoff Theorem.

Theorem 1.67 (Tychonoff) A topological product is compact if and only if each
coordinate space is compact.

Corollary 1.68 A subset M C [[,c4 X« is compact if and only if it is closed and
Py (M) is relatively compact in Xy for each o € A.

Proof Tt suffices to observe that M C [ P,(M). O

acA
Proposition 1.69 o (X, Y) coincides with the topology induced on X by the topo-
logical product T'Y .

Proof We recall that I'Y is the set of all applications defined on Y with values in
I'. Thus, I'Y may be regarded as a topological product. On the other hand, using
the embedding (1.47), the linear space X may be considered as a subspace of I'Y
identifying x € X with the functional f, € I'Y. According to our convention, we
identify x with (xy)yey, where x, = (x, y). Using formula (1.54), a neighborhood
at x = (xy)yey in the topological product I'Y has the form V = {u=(uy)yey € ry.
luy, — xy;| <e,Vi=1,2,...,n}, where ¢ > 0 and {y1, y2, ..., y»} is a finite subset
of Y. Itis clear that V N X is a neighborhood of the form (1.51) since, in this case, the
element u = (uy)yey € rY corresponds to an element u € X such that u, = (u, y),
VyeY. U

Corollary 1.70 A set M C X is o(X, Y)-compact if and only if it is closed in I'Y
and if, for every y € Y, there exists ky > 0 such that |(x, y)| < ky,Vx € M.

Proof Apply Corollary 1.68 and recall that in I" a set is relatively compact if and
only if it is bounded. O

1.2.2 Weak Topologies on Linear Normed Spaces

Let X be a real normed space and let X™* be its dual, that is, the space of all real con-
tinuous linear functionals on X. We recall that X* = L(X, I') is a Banach space. As
is well known, the norm of an element x* € X* is defined by

[x*]| = sup |x*(x)|. (1.53)

xl=<1
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There is a natural duality between X and X* determined by the bilinear functional
(,): X x X* — I', defined by

(e, x") =x*(x), VxeX, x*eX* (1.56)

In the preceding section, we have generated the weak topologies o (X, X*) and
o (X*, X). The properties of these topologies which do not depend on topologi-
cal structures on X and X* are similar. However, different properties still exist be-
cause the two normed spaces X and X* do not play symmetric roles; in general,
X is not the dual of X™* as linear normed space. It can be observed that the previ-
ous property characterizes a special class of normed spaces called reflexive. In fact,
X* as a normed space generates the weak topologies o (X*, X**) and o (X™*, X™),
where X** is the dual space of X*, called the bidual of X. In general, the topologies
o(X*, X) and o (X*, X**) are different.

Denote o (X, X*) = w and o (X™*, X) = w*, preserving the name of weak topol-
ogy only for w. The topology w* will be called the weak-star topology on X*, being
in general different from the weak topology on X*, which is o (X*, X**).

In contrast to these topologies, the initial topologies on X and X* generated by
the usual norms will be called the strong topology on X and the strong topology on
X*, respectively.

We denote by —, s and ﬁ) the strong convergence and the weak, weak-star
convergence in X and X*, respectively.

As follows from Proposition 1.65(iii), a neighborhood base at x( for the topology
w on X is formed by the sets

Vit st ne (K0) = {x € X5 |x (x — x0)| <e Vi=1,2,....n}, (1.57)

where ¢ > 0, n € N* and x{, x5, ..., x; € X*.
Similarly, the sets of the form

,,,,, (F—x) ()| <e, Vi=1,2,...,n}, (1.58)
where ¢ > 0, n € N*, x1,xp,...,x, € X, constitute a neighborhood base at xS‘ for
the topology w* on X*.

Proposition 1.71 below sums up some elementary properties of the weak (weak-
star) topology.

Proposition 1.71 If X is a linear normed space, then

(1) w(w*) is a separated locally convex topology on X (X*).
(i) w(w™) is the coarsest linear topology on X (X™*) for which X*(X) is the dual
space.
(iii) The original norm topology on X (X*) is always finer than the weak topol-
ogy w (weak-star topology w*). The equality holds if and only if X is finite-
dimensional.
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Proof According to Corollary 1.53, the sets of seminorms which generate the
topologies w and w™* are sufficient, that is, satisfy property (1.6). Hence, asser-
tion (i) holds. To obtain assertion (ii), we make use of Proposition 1.65(i), since the
elements of X™*(X) may be viewed as linear functionals on X (X*). To prove asser-
tion (iii), we observe that the norm is weakly continuous if w coincides with the
norm topology on X. According to Proposition 1.65(v), there are x|, x5, ..., x; €
X* and k > 0 such that

x|l <k max |xf(x)|, VxeX.
1<i<n

Thus, we have
n
(kerxf = {0} C kerx*, Vx*eX*,
i=1

which implies that x* is a linear combination of xl?", i=1,2,...,n (cf. Theo-
rem 1.30), that is, X* is a finite-dimensional space. However, this holds if and only
if X is finite-dimensional. Similarly, if w* coincides with the norm topology of X*,
it follows that X is finite-dimensional.

In the following, we prove certain properties of w which, in general, are not true
for w*. [l

Proposition 1.72 A linear functional of normed space X is continuous if and only
if it is weakly continuous, that is, (X, w)* = X*.

Proof We apply Proposition 1.71(ii). |
Proposition 1.73 A convex set is closed if and only if it is weakly closed.

Proof Using Proposition 1.71(iii), it follows that any w-closed set is closed. On the
other hand, from Theorem 1.48 we find as a result that a closed convex set is an
intersection of closed half-spaces. However, it is clear that a closed half-space is
also w-closed (Proposition 1.72 and Theorem 1.2). ([
Corollary 1.74 The closure of a convex set coincides with its weak closure.

Corollary 1.75 The closed unit ball of a normed space is weakly closed.

From these two results, we obtain the following useful statements.

Corollary 1.76 If x, —> xq, then there exists a sequence of convex combinations
of {x,} which converges strongly to xo. Moreover, we have

[lxo]l <liminf |x,||. (1.59)
n—oo
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Corollary 1.77 If a sequence is weakly convergent and norm fundamental, then it
is strongly convergent.

Remark 1.78 Weak topologies can be similarly defined in a separated locally convex
space (X, 7). It is obvious that w < t and 7 is a compatible topology sequence,
and all nonmetric results are also true if they only depend on X*. For instance,
Propositions 1.72, 1.73, and Corollary 1.74 hold in every locally convex space.

Now, we consider the special case of Hilbert spaces. In view of the Riesz Theo-
rem 1.9, a sequence {x,} in a Hilbert space X is weakly convergent to xp € X if and
only if

lim (xp, a) = (xo, a), (1.60)

n—o0

for every a € X. (See Proposition 1.65(iv).)

Proposition 1.79 If x, N X0, where {x,} is a sequence in a Hilbert space, and
lxz 1l = llxoll, then x, — xo.

Proof We use the identity
262 — x0l1% = llxa 1% + llx0/1* — 2 Re(xy, x0)- O

Proposition 1.80 In a normed space X the bounded and weakly bounded sets are
the same. If X is a Banach space, then the bounded and weak-star bounded sets of
X* are the same.

Proof Let M C X be a weakly bounded set. Define f, : X* — R by fi(x*) =
x*(x), x* € X*, for every x € M. We observe that {fy; x € M} is a pointwise
bounded family of continuous linear functionals on the Banach space X*. Accord-
ing to the principle of uniform boundedness (see Theorem 1.5), it follows that this
family is uniformly bounded, that is, || fi|| < k, Vx € M, for some k > 0. By virtue
of relations (1.10) and (1.36), we obtain

I fxll= sup fe(x™)= sup x™*(x)=|lx]|.

lx*i<1 <1

Therefore, || x|| <k, Vx € M, which shows that M is bounded. On the other hand, it
is obvious that any bounded set is weakly bounded (see Proposition 1.71(iii)). The
second part of the assertion follows in a similar way.

In particular, Propositions 1.72, 1.73 and 1.80 show that, for the weak topology
and the norm topology, the continuity of the linear functionals, the boundedness of
the sets, and the closure of the convex sets are identical. U

Theorem 1.81 The closed unit ball of the dual of a normed space is weak-star
compact.
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Proof Let X be a normed space. In view of Corollary 1.70, we need only to prove
that the closed unit ball of X* is closed in I'X. Let fy: X — I" be an adherent
point of $* = {x* € X*; [|x*|| < 1} in the product topology of I"X. First, we prove
that fp is linear. For ¢ > 0, x,y € X and a € I', we consider the neighborhood
V (fo) having the form (1.54) with F = {x, y, ax + y}. By hypothesis, there exists
x§ € V(fo)NS*, thatis, [x(x) — fo(o)] <&, [x§(») — fo(»)] < & and | (ax +y) —
fo(ax 4+ y)| < e. From these relations, we obtain | fo(ax + y) — afo(x) — fo(y)| <
(2 + |al), Ye > 0. Hence, fy is a linear functional on X. Also, we have

| foo)| < x5 @0)] + |x§ () — fox)| < llxl| +&,  Ve>0,
which implies || fo|l < 1; hence fy € S*, that is, $* is closed in rx. O

Corollary 1.82 The closed unit ball of the dual of a normed space is weak-star
closed.

Corollary 1.83 If {x;;} C X* is weak-star convergent to x; € X*, then
x5 1 Sliizrggflllel- (1.61)
If, in addition, {x;;} is norm fundamental, it is strongly convergent to x;.
Now, we prove some properties of linear operators related to the duality theory.
Proposition 1.84 Any linear continuous operator is weakly continuous.

Proof Let T : X — Y be a linear continuous operator, where X, Y are two linear
normed spaces. It is clear that y* o T is a linear continuous functional on X for every
y* € Y*. According to Proposition 1.72, y* o T is a weakly continuous functional
and, therefore, T is weakly continuous (Proposition 1.65(v)).

Let T be a linear operator defined on a linear subspace D(T') of X, with values
in Y. We observe that y* o T is a linear functional on D(T) for every y* € Y*.
The problem is to find the conditions which should ensure that there exists a unique
element x* € X* such that x*|p(ry = y* o T. First, it is necessary that y* o T is
bounded on D(T'). Moreover, y* o T should admit a unique extension on the whole
space X, that is, D(T) should be dense in X. Furthermore, the linear operator T
must be densely defined (D(T) = X). In this case, we denote by D(T*) the set of
all elements y* € Y*, which have the property that y* o T is bounded on D(T'), that
is,

D(T*)={y* €Y; thereis k > 0 such that (x, y* o T) < kl|x]|,
for all x € D(T)}. (1.62)

Thus, for every y* € D(T*), there is a unique element x* € X* such that
(x,x*) = (x,y*o T) for any x € D(T).
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Define the operator T* : D(T*) — X* by T*y* = x*, called the adjoint of T.
In other words, T* is well defined by the relation

(Tx,y")=(x,T*y*), VxeD(T)andy* e D(T*). (1.63)

O

Proposition 1.85 The adjoint of a densely defined linear operator is a closed linear
operator.

Proof We recall that an operator is said to be closed if its graph is closed. Let T :
D(T)yc X — Y, D(T) = X, be alinear operator and let

G(T*) ={(*, T*y"); y e D(TH} CY* x X* (1.64)

be the graph of T*. Clearly, T* is linear. If (¢, x;) € G(T*), then there exist {y,} C
D(T*) such that y; — y; and T*y,; — xg. On the other hand, by relation (1.63)
we have (Tx,y)) = (x,T*y}), Vx € D(T). For n — oo, we obtain (Tx,yg) =
(x, x3); hence y; € D(T*). Moreover, (Tx, y;) = (x, T*yg), Vx € D(T), that is,
x5 =T*y;, because D(T) = X. Therefore, (5 x3) = 5. T*yy) € G(T*). Hence,
G(T*) is closed in Y* x X*, thus proving Proposition 1.85. |

Remark 1.86 f T € L(X,Y), thatis, D(T) = X and T is a continuous linear oper-
ator, then D(T*) =Y* and T* € L(Y*, X*). Also, T**|x =T.

In the special case of a Hilbert space, the adjoint 7* defined here differs from the
adjoint 7’ defined in Sect. 1.1.1. But one easily verifies that

T'=J " oT" o, (1.65)

where J; and J, are canonical isomorphisms of the Hilbert spaces X and Y gener-
ated by (1.88). It should be observed that T’ € L(Y, X), while T* € L(Y*, X*).

1.2.3 Reflexive Banach Spaces

It is clear that, for each x € X, the functional f, : X — I', defined by
fr(x) =x"(x), VxeX, (1.66)

is linear, and the weak-star topology on X* is the coarsest topology on X* for which
fx 1s continuous for every x € X. Also, we observe that f, is strongly continuous
on X* since

| fe@®)| = |x*@)| < Ix*I Ixll,  Va* e X*.
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Furthermore, f; is an element of the dual space of X*, that is, f, € X**. The map-
ping @ : X — X™*, defined by @ (x) = fy, Yx € X, is a linear isometric injection
(cf. equality (1.36)). Hence, @ is an imbedding of linear normed spaces, called the
natural imbedding of X into X™*.

Definition 1.87 A linear normed space is called reflexive if the natural imbedding
is surjective, that is, it can be identified under @ with its bidual.

However, a linear normed space X is reflexive if and only if for every continuous
linear functional F on X* there is an element x € X such that

F(x*) =x"(x), Vx*"eX*.
Proposition 1.88 A Hilbert space is reflexive.

Proof If J is a canonical isomorphism of the Hilbert space X defined by (1.17), that
is, (x, x™) = (x, J’lx*), x € X, x* € X*, according to (1.17) and (1.18), we have

x*, @x) = (x,x*) = <x, J_lx*> ={x*, Jx)= (x*, fJx), Vx € X,

where J is the cangnical isomorphism of X*. Therefore, ® = JJ. Hence, @ is onto
X** since J and J are onto X* and X™**, respectively. O

Proposition 1.89 A linear normed space X is reflexive if and only if one of the
following three equivalent statements is satisfied:

(1) Each continuous linear functional on X* is weak-star continuous.
(ii) The norm topology on X* is compatible with the natural duality between X
and X*.
(iii) Each closed convex set of X* is weak-star closed.

Proposition 1.90 A Banach space is reflexive if and only if its dual is reflexive.

Proof If X is reflexive, it is clear that X* is also reflexive. Conversely, let X* be
reflexive and suppose that X is not reflexive. Thus, by natural imbedding, X can be
considered as being a proper closed linear subspace of X** because X is complete.

According to Theorem 1.52, there is a nonidentically zero continuous linear func-
tional x| € X*** which is null on X, that is,

(fx,x(’)”)zo, Vx € X.
On the other hand, since X* is reflexive, there is x(/) € X* such that
(x”, x(’)") = (x(’), x"), Vx"eX™.

From the latter two relations, we obtain (x;, fy) =0, that is, (x, x)) =0, Vx € X.

Hence, x, is the trivial functional on X. By natural imbedding, it follows that x;’
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is also the null element of X***. The contradiction we arrived at concludes the
proof. 0

The condition that X is a Banach space cannot be dropped in Proposition 1.90.
This condition is quite natural because a reflexive normed space is always complete.

Theorem 1.91 The closed unit ball of a linear normed space is dense in the
closed unit ball of the bidual in the weak-star topology o (X**, X*) (under natu-
ral imbedding).

Proof For simplicity, we suppose that X is a real linear normed space. Denote S =
{x € X; |lx|| <1} and §** = {x” € X**; ||x"|| < 1}. It is clear that &(S) C S**.
From Theorem 1.81 (for X*), it follows that $** is a o (X™*, X™)-compact set; hence
itis a o (X**, X*)-closed set. Let q;zS/) be the closure of @ (S) with respect to the
topology o (X**, X*), hence 5(5/) C S$**. Suppose that there is an element x{ €

S*N\ 5\(_3'/) By Corollary 1.45, we find a o (X**, X*)-continuous linear functional
on X**, that is, an element x;, € X* (cf. Proposition 1.71(ii)) such that

supl” (): " € D)} < x4 (xp).
which implies
sup{xp(); x € S} < xg(xp) = g [x] = %]

This contradicts the norm definition of x(’), given by relation (1.55); hence 4?(\/8) =
X,

O

Corollary 1.92 Each linear normed space X is o (X**, X*)-dense in its bidual. In
particular, X is reflexive if and only if it is o (X**, X*)-closed (equivalently, if and
only if the closed unit ball is weak-star closed in its bidual).

Remark 1.93 The topology o (X**, X*) is the weak-star topology of the bidual, and
it coincides with the weak topology o (X**, X***) of the bidual if and only if X* is
reflexive.

Theorem 1.94 A linear normed space is reflexive if and only if its closed unit ball
is weakly compact.

Proof From Theorem 1.81 it follows that S** is o (X**, X*)-compact. If X is refle-
xive, @ (S) is o (X**, X*)-compact since @ (S) = §**, that is, S is weakly compact.
Conversely, let X be a normed space with its unit closed ball weakly compact. Since,
by natural imbedding, the relativization of the topology o (X**, X*) with respect
to X is o (X, X*), it follows that @(S) is also o (X™*, X*)-closed. According to
Theorem 1.91, we obtain $** = @ (S) and, therefore, X is reflexive. O
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Corollary 1.95 A linear normed space is reflexive if and only if each bounded sub-
set is a relatively weakly compact set.

We observe that weak compactness may be replaced by weak-sequential com-
pactness or even by weak-countable compactness (see, for instance, [9, 16]). Thus,
we obtain the well-known Eberlein Theorem.

Theorem 1.96 (Eberlein) A linear normed space is reflexive if and only if its closed
unit ball is sequentially weakly compact.

Corollary 1.97 A linear normed space is reflexive if and only if each bounded se-
quence contains a weakly convergent subsequence or, equivalently, if and only if
each bounded set is a weakly sequentially relatively compact set.

Corollary 1.98 A linear normed space is reflexive if and only if each separable and
closed subspace is reflexive.

1.2.4 Duality Mapping

Let X be a real linear normed space and let X* be its dual.

Definition 1.99 The operator F : X — Z(X*) defined by
Fx={x*eX* (x,x")=|x|*=|x*|*} (1.67)
is called the duality mapping of X.

If X is a real Hilbert space, it is clear that the duality mapping is even the cano-
nical isomorphism given by the Riesz Theorem.

From Corollary 1.53, it follows that Fx # @, Vx € X, hence F is well defined.
Also, it is clear that Fx is a convex set of X™* for every x € X. Moreover, Fx is
bounded and w*-closed, thus it is w*-compact (cf. Corollary 1.70).

According to relation (1.67), we observe that x* € Fx, with x* # 0, if and only
if the element x maximizes x* on the closed ball S(0, ||x|), or equivalently if and
only if x*(u) = ||x||>, u € X, is the equation of a closed supporting hyperplane
to S(0, ||lx|). This condition can be translated to the closed unit ball S(0, 1) by
replacing x by x| x||~!. Thus, it is natural to consider the linear normed spaces
which have the following property: at most one closed support hyperplane passes
through every boundary point of the closed unit ball. A linear normed space which
has this property is called smooth.

However, from Theorem 1.38 there exists a closed supporting hyperplane
through each boundary point of the closed unit ball. Consequently, a linear normed
space is smooth if and only if there is exactly one supporting hyperplane through
each boundary point of the closed unit ball. Thus, a supporting hyperplane is at the
same time a tangent hyperplane.
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Remark 1.100 1t is clear that the duality mapping is single-valued if and only if the
normed space is smooth.

A property which is the dual of that given above is the following. Any noniden-
tically zero continuous linear functional takes a maximum value on the closed unit
ball at most at one point. If a linear normed space enjoys this property, it is called a
strictly convex space. In terms of supporting hyperplanes, this property may be ex-
pressed as: distinct boundary points of the closed unit ball have distinct supporting
hyperplanes.

Theorem 1.101 If X* is smooth (strictly convex), then X is strictly convex
(smooth).

Proof Let X and X* be the boundaries of the closed unit balls of X and X*. If
X is not strictly convex there exist x; € X* and x1, xp € X, with x| # x2, such
that (x1, x5) = (x2, x;) = 1. Thus, two distinct supporting hyperplanes pass through
x5 € X% (x,u*) =1, (x2,u*) =1, u* € X*. Therefore, X* is not smooth. If X is
not smooth, there exist xg € X' and x|, x5 € X', with x| # x7, such that x} (xo) =
xi“ (xg) = 1; that is, xo determines a continuous linear functional on X* which takes
the maximum value on the closed unit ball of X in two distinct points x7', x3. Hence,
X* is not strictly convex. O

Complete duality clearly holds in the reflexive case, namely, we have the fol-
lowing.

Corollary 1.102 A reflexive normed space is smooth (strictly convex) if and only if
its dual is strictly convex (smooth).

Proposition 1.103 A linear normed space is strictly convex if and only if one of the
following equivalent properties holds:

@) Ifllx+yll=Ilxll+ 1yl and x #0, there is t > 0 such that y = tx.

@) Ifllxll =lyll=1and x # y, then ||Ax + (1 — A)y| < 1 forall A €10, 1[.
(iii) If [lx| = llyll =1 and x # y, then || 5 (x + y)|| < 1.
(iv) The function x — ||x||?, x € X, is strictly convex.

Proof Let X be strictly convex and let x, y € X \ {0} be such that ||x + y| = ||x|| +
[l¥|l. From Corollary 1.53 there exists x* such that (x +y, x*) = [lx +y|, [[x*|| = 1.
Since (x, x*) < [lx|l, (y,x*) < ||y, we must have (x, x*) = |lx|| and (y, x*) = ||y,

that is, (”j—”, x* = (ﬁ, x*) = 1. Because X is strictly convex, it follows that ”jc‘—” =

Hi_\l’ hence property (i) holds with ¢t = H

To prove that (i)— (ii), we assume by contradiction that there exists x # y such
that ||x|| = ||yl =1 and ||Ax + (1 — L) y|| = 1, where A € ]0, 1[. Therefore, we have
IAx + (I —A)y|| = |Ixx]|| + ||(1 — A)y]|. According to property (i), there exists ¢ > 0
such that Ax =¢(1 — A)y. Since ||x|| = ||y||, we obtain A =7(1 — A) and so x =y,
which is a contradiction.
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The implications (ii)— (iii) and (iv)— (ii) are obvious.

Now, we assume that X is not strictly convex. Therefore, there exist x; € X*
and x1,x2 € X with [x5ll =1, [lxi]| = [[x2ll = 1, x1 # x2, such that (x, x;) =
(x2,x5) =1, hence (% (x1 +x2), x5) = 1. Thus,

1 i} 1 .
= sup | 5 (x1+x2),x7 ) =5 (1 +x2),x5 ) =1,
Ie*li<1 \ 2 2

contradicting property (iii). Hence, property (iii) implies the strict convexity of X.
Now, from the equality

1
Hg(xl + x2)

2 2
Alx I+ A =y = (il + @ =01+ 20 =2 (xl = Iyl
it follows that
2 2
[2x 4+ (1 =2y |7 < (Mxl + = Dlyl)” < Allxl? + =yl

for all x,y € X with ||x|| # ||yl and A € ]0, 1[. If ||x|| = ||y|l, we obtain the
strict convexity of the function x — ||x||?, x € X, from (ii). Thus, the implication
(ii)— (iv) is established and the proof is complete. O

Corollary 1.104 A normed space is strictly convex if and only if each two-
dimensional linear subspace is strictly convex.

This problem which arises naturally is whether equivalent norms exist which are
simultaneously strictly convex and smooth. A remarkable result of this type is the
renorming theorem due to Asplund [1, 2], which will be frequently used in the fol-
lowing work.

Theorem 1.105 (Asplund) Let X be a reflexive Banach space. Then there exists an
equivalent norm on X, such that, under this new norm, X and X* are strictly convex,
that is, X and X* are simultaneously smooth and strictly convex.

The proof is omitted since it involves some special considerations. In the fol-
lowing, other special properties of the duality mapping will be examined.

Theorem 1.106 If X is smooth, then the duality mapping is continuous from X with
strong topology into X* with weak-star topology, that is, F is demicontinuous.

Proof 1t is clear that, under our hypothesis, the duality mapping is single-valued
(see Remark 1.100).

Let {x,} be any sequence of X convergent to xo € X. The sequence {Fx,} is
bounded in X* and hence, using Theorem 1.81, it has a w*-adherent point x(’)‘ and
||x8‘|| < |lxoll. Thus, for every ¢ > 0 and n € N, there exists k,, € N with k,, > n, such
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that | (x5 — Fx,, x0)| < . But we have

2
| (xg. x0) = llxi, 17| = | (x5, x0) — (Foxx, . Xx,,)

+ |(F Xty Xt — X0)|

< |5 = Fxg,» x0)

<&+ || Fxi, |l lxx, — xoll,

from which, for n — oo, we obtain (x, xo) = lxoll?. This also implies [xo| <

x5 ll. Hence, [lx;ll = llxoll, that is, x; = Fxq. Thus, the sequence {Fx,}, which
clearly is w*-compact, has a unique w*-adherent point x;j. Therefore, {Fx,} is w*-
convergent to Fxp, as claimed. O

A stronger property than strict convexity is uniform convexity.

Definition 1.107 A linear normed space is called uniformly convex if, for each ¢ €
10, 2[, there exists a §(g) > 0, for which ||x|| <1, ||y|| <1 and ||x — y| > ¢ imply

<1-4(e). (1.68)

1
E(x‘f‘)’)

A function ¢ — §(¢), Ve € ]0, 2[, with the above property is called a modulus of
convexity of X.

The following characterization is obvious.

Proposition 1.108 A linear normed space X is uniformly convex if and only
if limy—s oo [lxn — yull = 0 whenever |lxull < 1. llyall <1 and limy oo |15 (vn +
yll =1

As examples of uniformly convex spaces, we have the Hilbert spaces and the
Banach spaces L?[a, b], £ for p € ]1, oo (see, for instance, [19]).

In the next section, we show that the property of weak convergence established
for Hilbert spaces in Proposition 1.79 can also be extended to uniformly convex
spaces.

Theorem 1.109 If x, —> xo, where {x,} is a sequence in a uniformly convex space,
and || xp || = llxoll, then x, — xo.

Proof If xo = 0, the statement is obvious. Suppose xg # 0; we can consider
%]l > O for all n € N. Let us put x), = ||lx,[|~'x,, n € N, x}, = [lxo/ "' x0 and so
llx, I = llxgll = 1. Since {x,, 4 x(}nen converges weakly to 2x;, from the second
part of Corollary 1.76 we have

2= 2] = timintlx; + x| < Hmsupl, -+ 50 = ] + fim [y =2.



38 1 Fundamentals of Functional Analysis

By virtue of Proposition 1.108, we obtain

Tim [, — ] =0,

that is, {x, } converges in the norm to xy. O

Remark 1.110 The above statement is also true for the nets, so we find that in a
uniformly convex space the weak and the strong (norm) topologies coincide on the
boundary of a closed ball.

Theorem 1.111 Every uniformly convex Banach space is reflexive.

Proof Let x™* be an arbitrary element of X** such that ||x**|| = 1. According
to Theorem 1.91, there exists a net {x;};e; C S(0, 1), o(X**, X*)-convergent to
x**. Since the net {% (xi +x)}, jerx1 is also o (X**, X*)-convergent to x**, and
lx**|| = 1, applying Corollary 1.83, we have

1 1 1
1 <liminf| = (x; +x;)| <limsup| = (x; + x;)| < —limsup(llxill + ||x/~||) <1,
ijel |2 ijel 12 2 el
which says that
li ! (xi +x7) 1
im | = (x; Dl =1.
iger|2 T

According to the uniform convexity, it follows that {x;} is a Cauchy net. Thus, {x;}
converges to an element x € X. Therefore, x** = x € X and the proof is complete. [J

The notion dual to uniform convexity is the notion of uniform smoothness.

Definition 1.112 A normed linear space is said to be uniformly smooth if for each
& > 0 there exists an n(¢) > 0 for which

lxIl=1 and [yl <n(e) alwaysimplies [x+ y[l+ [lx —yll <2+¢|yll.
(1.69)

Proposition 1.113 A linear normed space X is uniformly smooth if and only if for
each & > 0 there exists an n'(¢) > 0 such that

llxll =1, Iyl =1 and |lx =yl <n'(e)
imply |lx + yll = llx|[ + Iyl — ellx = yl. (1.70)

Proof If X is uniformly smooth, it is easy to establish property (1.70) for n'(¢) =
2nQ2e)(1 +nRe) ™, e > 0.

Conversely, taking n(e) = n'(5)(2 + n/(%))_l, & > 0, property (1.69) follows
from (1.70). O
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Theorem 1.114 A Banach space X is uniformly convex (smooth) if and only if its
dual space X* is uniformly smooth (convex).

Proof Let us assume that X is a uniformly convex Banach space. We claim that
(1.69) is verified for X* with n(e) < §(e)(2 — 8(e))~L, where § is a modulus of
convexity of X. Indeed, if x*, y* € X* and ||x*|| = 1, ||y*|| < n(e), since X is re-
flexive (Theorem 1.111), there exist x,y € X with ||x|| =1, ||y]| = 1, such that
(* +y*,x) = |lx* + y*|l and (x* — y*, y) = [[x* — y*||.

Thus, we have

™ 4+ y* I+ ™ = y* I = & x + 3) + (" x =)

<lx+yl+llx =y <24 llx = yIHy*IL (17D

On the other hand, we have

1 1 .
sletylizs *+y  x+ ) (L +n())

1 * * * * * -1
> 5[(36 +y*5,0) + @ =y, )+ 205, »](L+n(e)

1 _
> E[IIX* + y* 4 I =yl —2n(8)](1 + 77(8)) :

I _
= S 45"+ =y = 2] (1+n6e) :

\

(1=n@)(1+n©) " >1-35(),

from which, according to property (1.68), we obtain ||x — y|| < . Therefore, using
(1.71), (1.69) follows for X*, that is, X* is uniformly smooth.

Now, let us assume that X is uniformly smooth. To prove that X* is uniformly
convex, we establish property (1.68) with 8(e) = {5 n(5). For | x*[| < 1, [[y*[| < 1,
[x* — y*|| > e, there exists x € X with || x¢| =n(5), such that

2¢ (e
* X - _
@ =% xe) > = 77(2>-
If ||x|| = 1, we have

(e, X ¥ = (04 X0, X))+ (0 —xp, ¥ — (2, x5 — ¥

2¢e e
< ||x+xall+||x—xs||—?n 2

2+8” | 2¢e £ ) e e
< —xell —=nl=)=2—=-n{ =
o el = 37 5 6"\ 2

and therefore ||x* 4+ y*|| < 2(1 — 8(e)), that is, X* is uniformly convex. By virtue
of Proposition 1.90, Theorem 1.111, the proof is complete. 0
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Corollary 1.115 A uniformly smooth Banach space is reflexive.

A renorming result analogous to Theorem 1.105 can be stated as follows.

If a Banach space X is endowed with two equivalent norms || - |1, || - |l2, such
that (X, | - |l1) is uniformly convex and (X, || - ||2) is uniformly smooth, then there
exists a third equivalent norm || - ||3 which is both uniformly convex and uniformly
smooth.

A detailed study of the uniform convexifiability problem was given by James [17]
(see also Diestel [9] and van Dulst [29]). For the special properties of duality and
convexity in Banach spaces we refer the reader to the books of Day [7], Kothe [19]
and Holmes [16].

Theorem 1.116 If X is uniformly smooth, then the duality mapping is uniformly
continuous on every bounded set M of X.

Proof First, we remark that the duality mapping is single-valued (see Remark 1.100).
Without any loss of generality, we may consider M = {x € X; |x|| = 1}. Let
X,y €M, |lx —y| <238(¢), where § is a modulus of convexity of X*. We have

|Fx+ Fyll = (x, Fx + Fy) = (x, Fx) + (y, Fy) + (x =y, Fy)
> Il + Iyl = llx = ylIl I Fyll > 2(1 — 8(e)).

Therefore, using property (1.68) for X*, we obtain |Fx — Fy| < ¢, that is, the
duality mapping is uniformly continuous on M.
Finally, we describe some basic properties of the duality mapping. U

Proposition 1.117 The duality mapping of a real Banach space X has the following
properties:

(1) It is homogeneous
(ii) It is additive if and only if X is a Hilbert space
(iii) It is single-valued if and only if X is smooth
(iv) It is surjective if and only if X is reflexive
(v) It is injective or strictly monotone if and only if X is strictly convex
(vi) It is single-valued and uniformly continuous if and only if X (X™) is uniformly
smooth (convex).

Remark 1.118 The duality mapping can be replaced in property (vi) by one of its
selections.

1.3 Vector-Valued Functions and Distributions

This section presents the notation, definitions and other necessary background in-
formation on vector-valued functions required for the following treatment. Most of
the terminology and basic results used here are well known and will be used without
further comment.
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1.3.1 The Bochner Integral

Let X be a real (or complex) Banach space and let [a, b] be a real (closed) interval.
A vector-valued function x, defined on [a, b] with values in X, is said to be finitely
valued if it is a constant vector # 0 on each of a finite number of disjoint measurable
sets Ax C [a, b] and equal to O on [a, b] \ Uk Ay. The function x is said to be
strongly measurable on [a, b] if there is a sequence {x,} of finite-valued functions
which converges strongly almost everywhere on [a, b] to x.

A function x on [a, b] to X is said to be Bochner integrable if there exists a
sequence {x,} of a finitely valued function on [a, b] to X, which converges strongly
almost everywhere to x in such a way that

b
lim / |x(#) = xp ()| dt = 0.
n—>oo a

A necessary and sufficient condition that x on [a, b] to X is Bochner integrable

is that x is strongly measurable and that | ab lx(¢)||dt < 4o00. More generally, the
space of all (classes of) strongly measurable functions x on [a, b] to X, such that

fab lx(@)[I? df < +o0,for 1 < p < 00, and esssup, ¢, p; IX(#)[| < +00, p=o00,isa
Banach space L?(a, b; X) with the norm

b ’
lellp=</ ||x(t)|}pdt> , 1<p<oo, (1.72)

with the usual modification in the case p = co.
If X is reflexive and 1 < p < oo, the dual of L?(a, b; X) is L9 (a, b; X™*), where
% + % = 1. More precisely, we have the following theorem.

Theorem 1.119 Let X be a reflexive Banach space. Then to every f € (L?(a, b;
X))* there corresponds a unique element y; € L9 (a,b; X*), 1 < p < +o0, % +

é =1, such that

b
(x,f):/ (x(t), yp(1))dt, x€LP(a,b;X) (1.73)

and | fll=lyrllg-
Conversely, any y € L1(a, b; X*) defines a functional f, € (L¥(a, b; X))* such
that || fyll = llyllq and

b
<x,fy>=/ (x(t), (1)) dt, Vx € LP(a,b; X). (1.74)

Remark 1.120 In the special case 1 < p < 400, Theorem 1.119 is due to Philips
and we refer the reader to Edward’s book [12] for the proof. It should be noticed
that in this case Theorem 1.119 remains true if X* is separable.
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The classical result of Dunford and Pettis asserts that a subset .7 of L1(£2),
where 2 C R”, is weakly sequentially compact if and only if it is bounded and the
integrals [ u dr are uniformly absolutely continuous. This criterion still applies in
the space L'(a, b; X) as shown in the next theorem.

Theorem 1.121 Let X be a reflexive Banach space or a separable dual space. In or-

der for a subset o/ C L'(a, b; X) to be weakly sequentially compact, it is necessary
and sufficient that the following two conditions be fulfilled:

(a)
b
sup{/ [x@)|dr; xe ,Qf} < +o0.
a
(b) Given ¢ > 0, there exists a number §(g) > 0, such that
/”x(t)” dr<e, Vxed, (1.75)
E

provided that E C [a, b] is measurable and Lebesgue measure (E) of E is
<é(e).

For the proof, see Brooks and Dinculeanu [5].

We denote by Ll’:)C (RT; X) the space of all strongly measurable functions
x:RY — X suchthatx € L”(0, T; X) forall T > 0.

1.3.2 Bounded Variation Vector Functions

If X is a Banach space with norm || - || and x : [a, b] — X is a given function on
[a, b], then the total variation of x is defined by

Var(x; [a, b]) = supZHx(t,-,l) —x(t)

i=1

) (1.76)

where the supremum is taken over all partitions A ={a =1t <t <--- <t, =b} of
[a, b]. If Var(x; [a, b]) < +o00, then the function x is said to be of bounded variation
over [a, b]. We denote by BV ([a, b]; X) the space of all such functions.

Proposition 1.122 Let x : [a, b] — X be a function of bounded variation. Then x
is bounded and strongly measurable over [a, b] and x(t = 0) exists at all t € [a, b[
and t € la, b], respectively. Moreover, x is continuous apart from a countable set of
points and the following inequality holds:

b—h
/ [x@ +h) —x@)| dr < h Var(x; [a, b]), (1.77)

a

for all positive h such thata <b — h.
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Proof Let V,(-) be the real-valued function defined by
V(1) = Var(x; [a,t]), a<t=<b.
Observe that t — V,(t) is nondecreasing on [a, b] and
|x(t) —x(@)| < Ve(r) = Va(t), a<ti<t<b. (1.78)
In particular, this implies that

x(th+0) = }Lr};x(t)

1>10

and

x(tp — 0) = }imx(t)
— 1
t<t00
exist at every a <ty < b (respectively, at every a < ty < b). The same inequality
shows that x (fo — 0) = x (tp) = x (o +0) apart from a countable set of discontinuities

to. Thus, x is measurable over [a, b]. The remaining part of Proposition 1.122 is a
straightforward consequence of inequality (1.78). O

Contrary to the case of numerical functions, the X-valued function of bounded
variation does not necessarily need to be almost everywhere differentiable. How-
ever, if the space X is reflexive, we have the following theorem, due to Y. Komura
(see, e.g., Barbu [3]).

Theorem 1.123 Let X be a reflexive Banach space and let x € BV ([a, b]; X). Then

()'c(t),x*) = }}in})(W,x*) forall x* € X* (1.79)

exists, a.e. on la, b[. Moreover, x € Ll(a, b; X) and
b
/ || dr < Var(x; [a, b]). (1.80)
a

An X-valued function x defined over [a, b] is said to be absolutely continuous
on [a, b] if, for each ¢ > 0, there exists 6(¢) > 0, such that

N N
Zux(t,,) —x(sn)“ <e¢& whenever Z |ty —sp| <6(¢) and

n=l1 n=1

(1.81)

1ta, sl N 1ty s =9 form #n.
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Theorem 1.124 Let X be a reflexive Banach space. Then every X-valued abso-
lutely continuous function x over la, b] is a.e. differentiable on [a, b] and can be
represented as

' /dx
x(t) =x(a) + & (s)ds, a<t<bh, (1.82)
a R
where ‘;—’S‘ elL! (a, b; X) is the strong derivative of x.

Proof Using Theorem 1.123, the weak derivative x of x exists and belongs to
L'(a,b; X). Let  : [a, b] — X be defined by

t
)E(t):x(a)—i—/ x(s)ds fort €la,b].

Obviously, (x(t), x*) = (x(¢), x*) for all t € [a, b] and all x* in X*. Hence, X = x.
On the other hand, X is almost everywhere strongly differentiable on ]a, b[ and
(‘é—f)(t) = X(1), a.e. on la, b[ because x € L' (a, b; X). This completes the proof. [J

Basic properties concerning the theory of real functions and vector measures can
be found in the books of Dinculeanu [11], Edwards [12] and Precupanu [25].

1.3.3 Vector Measures and Distributions on Real Intervals

Let I be an interval of real axis and let X be a Banach space with the norm || - ||. Let
(1) be the space of all continuous scalar (real or complex) functions on I with
compact supports in /. Given a compact subset K of I, we denote by #x (I) the
linear subspace of . (I) consisting of all continuous functions with support in K;
the space £k (I) is a Banach space with the norm ||¢|| = sup{|¢(x)|; x € K}. By
definition, a measure (Radon measure) p on I with values in X is a linear operator
from 2 (1) to X whose restrictions to every %k (I) are continuous. In other words,
the linear operator u : # (I) — X is a measure on [/ if and only if to each compact
subset K of I there corresponds a number m g > 0 such that

@) | < mellll, Vo € Hx (D). (1.83)

If the constant m g which occurs in (1.83) can be chosen independent of K, then
the measure p is said to be a bounded measure on I. The measure wu : # (1) —> X
is said to be majorized if there exists a scalar positive measure v : £ (1) — R such
that

|| <v(lel), Ve ez ).

If u is a majorized measure, then there exists a smallest measure v : % (I) — RT
which majorizes p. This positive scalar measure is called the absolute value of
and will be denoted by |u|.
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If I is an open interval of real axis, then we denote by Z(I) the space of all
infinitely differentiable real-valued functions on / with compact support in /. The
space Z(1) is topologized as a strict inductive limit of Pk (I) where K ranges over
all compact subsets of I and Pk (1) = {¢ € Z(I); support¢ C K}. We denote by
2'(I; X) the space of all linear continuous operators from 2(I) to X. An element
ue 2'(;X) is called an X-valued distribution on I. If u € 2'(1; X) and j is a
positive integer, then the relation

uD(p) = (=) u(p), Voe () (1.84)

defines another distribution u(/) called the derivative of order j of u.

Now, let 7 be an arbitrary interval of the real axis and let w : I — X be a function
which is of bounded variation on every compact subinterval of /. We associate to w
the scalar-valued function V,, : I — R defined by

V(@) — Vi (s) = Var(w; [s, t]) fors,t el.

It is well known that w defines an X-valued measure on I (the Lebesgue—Stieltjes
measure associated with w). In the sequel, we briefly recall the construction of this
measure.

Letd:ty) <t <--- <t, be afinite partition of the interval /. We say that parti-
tion d’ is finer than d and we write this as d < d’ if every point of d is a point of d’.
The family P of all finite partitions d of I is a directed set with this order relation.
For every ¢ € # (1) and d € P, consider the Riemann—Stieltjes sum

S(d, )=o) (wt) —w(ti-1).

i=1

It turns out that there exists the limit of S(d, ¢) through the directed set P, which
will be denoted by [ ¢ dw (the Riemann—Stieltjes integral of ¢ with respect to w).
If [a, b] is a compact interval of I containing the support of ¢, we have

[

Hence, the map ¢ — f @dw is a measure on /. Furthermore, it follows by (1.85)
that the measure ¢ — [ @ dw, which we simply denote by dw, is majorizable on /
and, therefore, its absolute value d|w| exists. More precisely, one has

[foun

As a matter of fact, the integral [ ¢ dw can be defined by the formula

(/(pdw,x*> :/(pd(w,x*), Vx* e X*,

< llglll Var(w; [a, b]). (1.85)
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where [‘@d(w,x*) is the classical Riemann-Stieltjes integral. In particular, the
above inequality shows that every scalar valued dV,, integrable function f on [
is integrable with respect to dw and

< [1r1av..

[ rae

If I’ is a subinterval of I, then, by definition, the dw-measure of I’ is

dw(I’) = / xr dw,

where x is the characteristic function of I’. A little calculation reveals that
dw([a, b]) =wb+0) —w(a —0),

dw([a, b[) =wb—-0)—w(a—-0),
(1.86)
dw(]a, b]) =wbh+0)—wla+0),

dw(]a, b[) =wb —0)—w(a+0),

where a < b. Here, we used the usual convention w(a — 0) = w(a) if I is of the
form [a, 1], and w(b 4+ 0) = w(b) if I is of the form [t;, b].
If f e C(la,b]), we denote by f[a py [ dw the integral [ fXa.pydw, and by

fab f dw the Riemann-Stieltjes integral on [a, b]. We have

b
fdw —f fdw= f(b)(w(b +0) — w(b)) - f(a)(w(a —-0) — w(a)).
[a,b] a
Moreover, if f: I — R is a continuously differentiable function on I, then, for
every interval [a, b] € I, one has the following formula for integrating by parts:

/ fdw~|—/ frwdt =wb+0) f(b) —wla — 0) f(a), (1.87)
[a,b] [a,b]

where dt is the Lebesgue measure on R.

In particular, we see by (1.87) that the measure dw on ]a, b is just the derivative
w’ of w in the sense of X-valued distributions on ]a, b|[.

Let us now assume that the space X is reflexive. Then, by Theorem 1.123, the
function w is a.e. weakly differentiable on [a, b] and we may write

t
w(t):/ w(s)ds +ws(t), a<t<b, (1.88)

where w € L! (a, b; X) is the weak derivative of w. The function wy € BV ([a, b]; X)
will be called the singular part of w. In accordance with (1.88), we have the
Lebesgue decomposition of the measure dw in two parts: w dt, dwy; dw = wdr +
dwy.
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Here, the measure w dr defined by ¢ — fab pwdt is the absolutely continuous
part of dw with respect to the Lebesgue measure and dw; is the singular part of dw.
In other words, there exists a closed subset 2 C [a, b] with the Lebesgue measure
zero, such that dws =0, on [a, b] \ 2.

Given a compact interval [a, b] C R, a continuous function f : [a, b] — X*, and
w € BV([a, b]; X), we denote by fab (dw, f) the Riemann—Stieltjes integral:

b n
/a(dw,f>=li;n;(f<m,w(m—w(rl-_o),

where the limit is taken through the directed set P of all the finite partitions d :
a=t <t <---<t, =b. (Here, (-,-) denotes the pairing between X and X*.)
By a classical device, it follows that this limit exists and the following estimate is

satisfied:
b
/ (dw, f)
a

Now, let Y be a reflexive Banach space and let F : [a,b] — L(X,Y) be such that
the function F* : [a,b] — L(Y*, X™) is strongly continuous on [a, b] (F* is the
adjoint operator). By definition, the Riemann—Stieltjes integral of F' with respect to

< Var(w; [a, b])sup{| f (1) |; t €la,b]}. (1.89)

w is the element fab Fdw €Y given by

b b
(/ Fdw, y*> :/ (dw, (F*y*)), Vy* e Y*. (1.90)

Given a Banach space Z, we denote by C([a, b]; Z) the Banach space of all conti-
nuous functions from [a, b] to Z endowed with the supp norm.

Proposition 1.125 Let w € BV([a, b]; X), f € C([a,b); Y*) and U : [a,b] X
[a,b] - L(X,Y) be given such that U(t,s) and U*(t,s) are strongly continuous
on [a, b] x [a, b]. Further, assume that the space Y is reflexive. Then we have

b b b K
/(f(t),/ U(t,s)dw(s))dt:/ <dw(s),/ U*(t,s)f(t)dt). (1.91)
a t a a

For the proof, which is classical, we refer the reader to Hoenig’s book [15].
Now, we give a weak form of the classical Helly Theorem in Banach spaces.

Theorem 1.126 Let X be a reflexive separable Banach space with separable
dual X*. Let {w,} C BV([a, b]; X) be such that ||w,(t)| < C for t € [a, b] and
Var(wy; [a, b]) < C forall n.

Then there exists a subsequence {wy, } C {w,} and a function w € BV([a, b]; X)
such that, for k — oo,

Wy, (1) = w(t), weaklyin X fort € la,b], (1.92)
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b b
/ pdw,, — / odw, weaklyin X, Vo € C([a, b]). (1.93)
a a

Proof Let x* € X* be arbitrary, but fixed. By the classical theorem of Helly, there
exists a subsequence again denoted by {w,} and fy+ € BV([a, b]) such that

(wa (), x*) = fes(t), 1€la,bl.

Let S be a countable and dense subset of X*. Then, applying the diagonal process,
we obtain a subsequence {wy, } C {w,} having the property that

lim (w,,k(t),x*) = fux(t), Vx*e€S, t€]a,b].

np— o0
The density of S entails

lim (u)nk(t),x*) = fur(t), Vx*e€X* te€la,b]
ng—> 00
and

b b
lim (pd(wnk,x*)=/ @dfe, Vo eC(la,b]).

ng—00 a a
By the uniform boundedness principle, it follows that there exists w : [a, b] — X,
such that
(w(t), x*) = fir(0), Vi ela,b], x* € X*". .

Next, since by the assumption Var( fy+; [a, b]) < C||x*||, where C is independent
of x* € X*, we conclude that w € BV([a, b]; X).

Remark 1.127 If X is a general Banach space and for each ¢ € [a, b] the family
{w, (¢)} is compact in X, then the sequence {wy, } can be chosen strongly convergent
on [a, b]. This strong version of the Helly Theorem is due to Foias and can be found
in the book of Nicolescu [23].

Corollary 1.128 Let f € C([a, b]; X*) be given. Then under the conditions of The-
orem 1.126 we have

b b
lim / (dwp, . f) = / (dw, f). (1.94)

ng—00

Proof By Theorem 1.126, relation (1.94) is satisfied for all f € C([a, b]; X*) of the
form

N
fO)=Y aipi(t), tela.bl, (1.95)

i=1
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where a; € X* and ¢; € C([a, b]), i =1, ..., N. Since the space of functions of the
form (1.95) is dense in C([a, b]; X*) and Var(wp,; [a, b]) < C, we infer by (1.89)
that relation (1.94) holds for every f € C([a, b]; X™). O

Theorem 1.129 below gives a useful characterization of functions of bounded
variation. For the proof, we refer the reader to Brezis’ book [4].

Theorem 1.129 Let X be a Banach space and let x € L' (a, b; X) be given. Let C
be a positive constant. Then the following two conditions are equivalent:

(1) There exists a function y € BV([a, b]; X) such that y(t) = x(t), a.e. t € la, b[
and Var(y; [a, b]) < C.

Qi) | [ (), ) dt| < Cllgllcqasrxs). Yo € 2(a, b; X*).

Here, Z(a, b; X*) is the space of all infinitely differentiable X*-valued functions
with compact support in Ja, b[.

We denote by WI*P([a, b]; X), 1 < p < oo, the space of all vector distributions
u € 9'(a, b; X) having the property that u, u’ € L?(a, b; X), where u’ is the distri-
butional derivative of u.

Let AL7([a, b]; X) be the space of all absolutely continuous functions u : [a, b]
— X, whose strong derivatives ‘(11—’; () exista.e. on Ja, b[, belong to L?(a, b; X), and
which can be represented by

t
u(t):u(a)—i—/ g(s)ds, fora<t<b, gelLP(a,b;X).
a

Theorem 1.130 Let X be a Banach space and let u € L? (a,b; X), 1 < p < 00, be
given. The following conditions are equivalent:

() ue WhP(la, b]; X)
(Gj) There exists u1 € ALP([a,b); X) such that u(t) =u(t),a.e.t €10, T[
Gii) Timy—o fo " IR~ (e +h) — u()) —u'(@©)|7 dr = 0.

For the proof, we refer to Brezis [4].
In particular, it follows by Theorem 1.130 that the space WLP([a, b]; X) can be
identified with the space AlP([a, b]; X) endowed with the norm

b ,
iy = (Ju]” + [ o) o)

and, for every u € WLP([a, b]; X), the distributional derivative u’ coincides with
the strong derivative %.

Let V and H be a pair of real Hilbert spaces such that V C H C V' in the alge-
braic and topological sense. The norms in V and H will be denoted by || - || and | - |,
respectively. V' is the dual space of V, and H is identified with its own dual. We
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denote by (v1, v2) the inner product of vy € V and vy € V';if v, v2 € H, this is the
ordinary inner product in H. We set

W(O,T)={ueL*0,T;V); u' e L*(0,T; V)},

where u’ is the distributional derivative of u. By virtue of Theorem 1.133, every
u € W(0, T) may be identified with a V'-valued absolutely continuous function on
[0, T1, and u’ is the strong derivative of u : [0, T] — V.

Proposition 1.131 Any function u € W(0,T) coincides almost everywhere on
[0, T] with a continuous function from [0, T] to H. Moreover, if u,v e W(0,T),
then the function t — (u(t), v(t)) is absolutely continuous on [0, T and

d du dv
5(u(r), v(1)) = (E ), v(t)) + (u(t), o (z)) a.e tel0,TI. (1.96)

Proof Letu and v be two elements of W (0, T'). Define ¥ (t) = (u(¢), v(¢)). An easy
calculation, using Theorem 1.130(jjj), reveals that

T—h
lim dr =0.
h—0 Jo

d d
YW+ h) — g () - (d—i’ ) v(r)) - <u<t>, d—f (r))

O

Hence, ¥ € Wh'([0, TI; R) and % (1) = (3 (1), v(1)) + (u(1), & (1)) ae. on
10, T'[, as claimed.
Now, in (1.96), we put v = u and integrate on [s, t], to get

1 2 2 " /du
§(|u(t)| —|u(s)| )—/Y <E,u>dr.

Thus, the function r — |u(r)|?* is absolutely continuous on [0, T']. Since the function
u is continuous from [0, 7] to V' (more precisely, it coincides a.e. with a continuous
function), we infer that, for every v € V, t — (u(¢), v) is continuous on [0, T]. As
the space V is dense in H, we may conclude that it is weakly continuous on H.
Inasmuch as u is continuous on [0, T'], this implies that |u(#)| is strongly continuous
from [0, T] to H.

Remark 1.132 Proposition 1.131 extends to a pair of reflexive Banach spaces
V,V’ which are in duality and V C H C V' algebraically and topologically;

ueLP (0, T; V), ve WhPi([0, T]; V'). The details are omitted.

1.3.4 Sobolev Spaces

We assume familiarity with the concepts and fundamental results in the theory of
scalar distributions. However, we recall for easy reference the basic notation and
definitions.
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Let £2 be an open subset of R”. Denote by Z(2) the space of all real-valued
infinitely differentiable functions with compact support in £2, and by 2'(§2) the
space of all scalar distributions defined on £2, that is, the dual space of Z(£2). We
use the multi-index notation

D%u(x) = DT”DSZ c-DYu(x), x€82, a=(ag,...,0),

where D; = -, i =1, ..., n. The distribution D%u defined by

3_)6,"
D%u(yp) = (—l)la‘u(D"Qp), Yoe (), la|l=a+1+ar+- - +ay,,

is called the derivative of order o of u € 2'(£2).
Let LP(£2), 1 < p < o0, denote the usual Banach space of Lebesgue measurable
functions of equivalence classes from £2 to R under the norm

1
?
llullp, = </ ’u(x)‘pdx> if 1 <p<+oo.
2

For 1 < p < o0 and k > 1, we denote by W"’P(.Q) the set of all functions u de-
fined in £2, such that # and all its derivatives D“u up to order k belong to L?(52).
Wk-P(£2) is a Banach space under the norm

lullip =Y | D%l - (1.97)

o] <k

Let Cé‘ (£2) denote the space of all functions u € C*(£2) with compact support
in 2. The completion of the space Cg(.Q), normed by (1.97), will be denoted by
W(]f’p(.Q). For simplicity, we write Wk2(§2) = H*(£2). The space Wé"z(.Q) will,
similarly, be denoted by Hé‘ (£2). Finally, denote by W‘k’p,(Q), 1 < p’ <+oo, the
set of all u € 2'(§2) which can be represented as

u=Y D"fu. fu€Ll(R).

|| <k

Now, we state without proof some important theorems concerning the Sobolev
spaces (for a proof, see Lions and Magenes [22], Chap. 1).

Theorem 1.133 The dual space of H(])c (£2) coincides with the space H*($2) =
Wk2(82).

For every s > 0, define H*(R") = {u € L2(R"); (1 + |£]?)2d(E) € LER™)},
where #i denotes the Fourier transform of u. If k = s is a positive integer, then, by
Parseval’s formula, one can easily deduce that H*(R") = HS (£2), where 2 =R".

Now we suppose that §2 is a bounded and open subset of R” with sufficiently
smooth boundary. More precisely, it will be assumed that the boundary I" is an
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n — 1-dimensional manifold of class C*°. This allows us to define the Sobolev space
H*(I') for any real s. Let L%(I") be the space of all square integrable functions on
I' with respect to measure do. Let .4 be a family of local charts on I" and let
{o;} be a finite partition of unity subordinated to it. For any u € L?(I"), we have
ey aju.

Let u; = aju. We say that u € H*(I') if u; € HS(R*1) for all i. H*(I') is a
Hilbert space with the norm defined in an obvious manner. If s < 0, we set H* (") =
(H™(I)*.

Let C*°(£2) be the space of all infinitely differentiable functions on £2. For any

u € C®(£2) we can define the derivatives of order j outward normal to I : ?)]T'j‘
It turns out that the mapping u — {u, g—‘\j, ...} can be extended by continuity to all u

in H*(2).

Theorem 1.134 The mapping u — {g%']’.;j =0,1,...,u} from C®(R) to
(C®(IM)*H! extends to a linear continuous operator u — {g'/T’J‘.;j =0,1,...,u}
from Hk(.Q) onto Hle:O Hk_j_%(F), where | is the largest integer such that
w<k-— %

3u
o ovJ’
0 < j < u, are well defined and belong to Hk_f_f(F). The space Hé‘(.Q) can,
equivalently, be defined as H(I)‘(.Q) ={ue Hk(.Q)' 3u =0, j=0,1,...,k—1}.

> v/

In particular, the above theorem shows that, for each u € H k (£2), the

1.4 Maximal Monotone Operators and Evolution Systems
in Banach Spaces

This section summarizes some significant results on maximal monotone operators
and linear differential equations in Banach spaces. The generality is confined to
the context needed as a prerequisite for Chaps. 2 and 4. For a general approach to
the theory of nonlinear monotone operators, the reader is referred to the survey of
Browder [6] and to the books of Lions [21], Brezis [4], and Barbu [3]. As regards
the linear evolution equations, we refer the reader to the books of Yosida [30], Pazy
[24], and Krein [20].

1.4.1 Definitions and Fundamental Results

If X and Y are linear spaces, then X x Y will denote their Cartesian product space.
An element of the product space X x Y will be written in the form [x, y] for x € X
andyeY.

A multi-valued operator A from X to Y will be viewed as a subset of X x Y.
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If AC X xY, we define

Ax={yeY; [x,yle A}, D(A)={x € X; Ax #0},

) (1.98)
R(A):U{Ax; xeD(A)}, A~ ={[y,x]; [x,y]eA}.
If A, BC X x Y, and A is real, we set
AA = {[x. Ay]: [x.y] € A},
(1.99)

A+B={lx,y+2) [x,y] €A, [x,z] € B}.

In the following, the operators from X to Y will not be distinguished from their
graphs in X x Y. If A is single-valued, Ax will denote either a value of A at x, or
the set defined in formula (1.98).

Throughout this chapter, X will be a real Banach space and X* will denote its
dual space. The notation for norms, convergence, duality mapping, and scalar prod-
uct will be the same as in Sect. 1.1. In particular, the value of x* € X™* at x € X will
be denoted by either (x, x*) or (x*, x).

Definition 1.135 A subset A C X x X* is called monotone if

(x1 —x2,y1 —y2) =0, (1.100)

for any [x;, y;] € A, i =1,2. A monotone subset of X x X* is said to be maximal
monotone if it is not properly contained in any other monotone subset of X x X*.

If A is a single-valued operator from X to X*, then the monotonicity condition
(1.99) becomes

(x1 —x2,Ax; — Axp) >0 forall x;,x, € D(A). (1.101)

It must be noticed that if A C X x X* is maximal monotone, then, for each x € X,
Ax is a closed convex subset of X*. This is easily seen from the obvious formula

Ax = {x* eX*; x*—v,x—u)>0 forall [u,v] EA}.

Definition 1.136 A subset A C X x X* is said to be locally bounded at xo € X if
there exists a neighborhood V of xq such that A(V) = J{Ax; x € D(A)NV}isa
bounded subset of X*. The operator A : X — X* is said to be bounded if it maps
every bounded subset of X into a bounded set of X*.

Definition 1.137 Let A be a single-valued operator defined from X into X*. A is
said to be demicontinuous if it is strongly—weak-star continuous from X to X*, that
is,

lim Ax, = Axg weak-starin X*, (1.102)

n—oo

for any sequence {x,} C D(A) strongly convergent to xp in X.
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Definition 1.138 The (multi-valued) operator A : X — X* is called coercive if

(x;, xp — x0)

n=>o00 x|

= 400, (1.103)

for some xo € X and all [x,, x] € A such that lim,_, o ||, || = 4+00.

We begin with a rather technical result; the proof may be found in the first au-
thor’s book [3].

Theorem 1.139 Let X be a reflexive Banach space and let A and B be two mono-
tone subsets of X x X* such that 0 € D(A) and B : X — X* is demicontinuous and
bounded, and

B ,
Lﬁﬂﬂ2=+m, (1.104)

n=>00  |lx,]|

for every sequence {x,} such that lim,_,  ||x, || = +00.
Then there exists x € conv D(A) such that

(u—x,Bx+v)>0 foralllu,v]eA. (1.105)

With this tool in hand, the proof of the following basic theorem on maximal
monotone operators is straightforward.

Corollary 1.140 (Minty) Let X be a reflexive Banach space and let B be a
monotone, demicontinuous and bounded operator from X to X* satisfying condi-
tion (1.104). Let A be a maximal monotone subset of X x X*. Then

R(A+B)=X".

Proof Let yo be arbitrary but fixed in X*. By Theorem 1.139, there exists xo € X
such that (u — xo, Bxo — yo + v) > 0, forall [u, v] € A. Hence, xg € D(A) and
yo — Bxp € Axg, because A is maximal monotone. We have, therefore, proved that
yo € R(A + B), as claimed. O

Theorem 1.141 Let X be reflexive and let F : X — X* be the duality mapping
of X. Let A be any monotone subset of X x X*. Then A is maximal monotone in
X x X* if and only if, for any A > 0 (equivalently, for some A > 0), R(A + AF) is
all of X*.

Proof If part. Assume that R(A + AF) = X*, for some A > 0. We have to show
that A is maximal monotone. Suppose that this is not the case, and that there exists
[x0, yo] € X x X* such that [xg, yp] € A and

(x —x0,y—yo0) >0, forall [x,y]eA. (1.106)

By hypothesis, there exists [x1, y1] € A such that AFx; + y; = AFx9 + yo.
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Substituting [x1, y] for [x, y] in inequality (1.106), we obtain
(x1 — x0, F(x1) — F(x0)) <0.

Since, by Theorem 1.105, the spaces X and X™* can be chosen strictly convex, the
above inequality implies that x; = xq, so that we have [xg, yo] = [x1, y1] € A, which
is a contradiction.

Only if part. Renorming the spaces X and X* (see Theorem 1.105), we may
assume without loss of generality that X as well as X* are strictly convex. Then
the duality mapping F : X — X* is monotone, single-valued, demicontinuous and
bounded, and it satisfies condition (1.104). Then we may apply Corollary 1.140,
where B = L F, to conclude the proof. O

Theorem 1.141 is due to Rockafellar [27]. When specialized to the case when X
is a Hilbert space, this theorem yields the classical theorem of Minty.

Corollary 1.142 Let X be reflexive and let B be monotone, everywhere defined and
demicontinuous from X to X*. Then B is maximal monotone.

Proof Suppose that B is not maximal monotone. Then we may find x¢ in X and yo
in X* such that yg # Bxg, and

(Bx —y0,x —x0) >0 foreveryx € X =D(B).
For each ¢t € [0, 1], we set x; = txo + (1 — ¢)u, where u is arbitrary in X. Then
(Bx; — yo,x0 —u) <0 forallt €0, 1].
In particular, it follows from the demicontinuity of B that
(Bxo — yo, x0 —u) < 0.

Thus, the arbitrariness of u € X implies that yg = Bxg, which contradicts the as-
sumption. O

Theorem 1.143 Let X be reflexive and let A be a maximal monotone and coercive
operator from X to X*. Then R(A) = X*.

Proof Let x; be any fixed element of X*. Using the renorming theorem, we may
assume that X and X™* are strictly convex. Then it follows by Theorem 1.141 that,
for every A > 0, the equation

MFx, 4 Ax, 3 X} (1.107)

has at least one solution x; € X. Using the monotonicity of A, we see, after multi-
plying equation (1.107) by (xx — xo) (xo is the element arising in condition (1.103)),
that

2
M N7 + (Axa, x5 — x0) < llxg Il e — xoll + Al [ lxoll-
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Since A is coercive, this implies that {||x; ||} is bounded for A — 0. We may, there-
fore, assume that {x;} converges weakly to xo in X and {Ax,} converges strongly
to xg)“ in X* as & — 0. Thus, by the monotonicity of A, we find that

(xg —y,x0—x) >0 forall [x,y]€A,

and, since A is maximal monotone, we may infer that Axy > xa‘. Thus, we have
shown that the range of A is all of X*. O

Theorem 1.144 Let X be a real Banach space and let A be any monotone subset of
X x X*.If xo € D(A) is an interior point of D(A), then A is locally bounded at x.

Proof Assuming that A is not locally bounded at xo, we derive a contradiction. Let
{x,} C X and y, € Ax, be such that ||y,|| = A, — +o00 and x, — x¢ as n — 00.
Define

-1 1
Op :max{)\n s [1xn — xol|2 }

Obviously, o, — 0, oA, > 1 and o > an’l lx, — xo|l = O for n — co. Let z be
any element of X and let u#,, = xo + «,z. Then, for n large enough, u, € D(A).
Let v, € Au,. First, we show that {v,} is bounded in X*. Let p > 0 be such that
X0+ pz € D(A) and let wy € A(xo+ pz). Since A is monotone in X x X*, we have

(vn — wo, 2)(ay, — p) > 0.

If o, < p, this implies (v, z) < (wo, z). Hence {(v,, z)} is bounded. Now, let x¢ +
tox € D(A) and w € A(xp + fox), where x is an arbitrary element of X. Once again,
using the monotonicity of A, we obtain 0 < (v, — w, oz — fox) = &y (Vy, 7) —
to(v,, x) — (w, ayz — tox) and, therefore,

lim sup(vy, x) < (w, x). (1.108)

n—o0

Using the uniform boundedness Theorem 1.5, relation (1.108) implies that {v,} is
bounded in X*. Next, the inequality (y, — vy, x4, — up,) > 0 implies

Xn — X0 Xn — X0
(Yn,2) < »Yn ) — —Z,VUn
Opn Qn

llxXn — xol| llxn — xoll
§||Yn||nT+M nTJrIIZII < Mot + M (an +IIzll),

n n

where M is a positive constant independent of n and z. Therefore,

. ( Yn
lim sup

n—o00 \Unin

,Z>§1+M||z||<oo for every z € X,

which contradicts the uniform boundedness theorem (see Theorem 1.5), since

ol _ 1 .
= oo asn Q. 0

AnQy Qp
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Remark 1.145 Theorem 1.139 is due to Rockafellar [26].

We assume now that the space X is reflexive and strictly convex along with the
dual X*. Let A be a maximal monotone subset of X x X*. Since the duality mapping
F : X — X™ is demicontinuous, it follows by Corollary 1.140 that, for every x € X
and A > 0, the equation

F(x, —x) +AAx; 30 (1.109)

has at least one solution x;. Since X is strictly convex, F -1ig single-valued and
along with the monotonicity of F and A this implies the uniqueness of x; .
We set

x=Jhx; Ax=A""F(x-x). (1.110)

In Proposition 1.146, we collect for later use some properties of the operators J,
and A, defined above.

First, we notice that the maximality of A implies that, for every x € D(A), Ax
is a closed and convex subset of X*. Hence, if the space X* is strictly convex, there
exists a unique element of minimum norm in Ax, which will be denoted Ax. In
other words,

A% | = [Ax| = inf{lly]; y e Ax}.

Proposition 1.146 For every A > 0, we have the following:

(1) A, is monotone, bounded on bounded subsets and demicontinuous from X to

X*. If X* is uniformly convex, then A, is continuous.

(i) |Axx|| < |Ax| forall x € D(A).

@iii) limy_o Jyx = x for all x € conv D(A).

(iv) For every x € D(A), Ayx — A%x weakly in X* for » — 0. If X* is uniformly
convex, then the convergence is strong.

(v) If, for some sequence A, — 0, x, — x strongly and Aj;,x, — y weakly, then
[x,y] € A.

(vi) If X = H is a Hilbert space, then J;, = (I + »A)~! is a contraction on H, and
A;. is Lipschitzian with constant A~

Proof The proof of the monotonicity, boundedness, demicontinuity as well as of
(i), (iii), (v), and (vi) can be found in the first author’s book [3], p. 42, so it will
be omitted. Here, we prove continuity of A, (under the assumption that X* is uni-
formly convex) and property (iv). Let {x,} C X be strongly convergent to x and let
Uy = pixn, vy = Apx, € Au,, and y, = u,, — x,. We have

Fy, +Av, =0.
Since A and F are monotone, the latter yields

On = Yms Fyn — Fym) < Cllxn — xpl, (L.111)
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because {v,} is bounded. On the other hand, since A, is demicontinuous, we have

Fy, - F(J;x —x) weaklyin X*,

yp = Jix —x  weaklyin X.

Then, by (4.14) and Lemma 1.3, p. 42, in the book cited above, it follows that
. 2
m ([ Fy,l* = (Fyn. ya)) = | F(hx = 0"
n—>0oo

Since the space X* is uniformly convex, the latter implies via Proposition 1.79 that
lim;,— o Fy, = F(J)x — x). Hence, lim;,_, 5c A X, = A, x, as claimed.

(iv) Let x € D(A) be fixed. Since {A;x} is bounded in X*, there exists £ € X*
such that A, x — & weakly in X* on some sequence A, — 0. Since x;, — x and
Ay, x € Ax,,, we may infer that £ € Ax (A is strongly—weakly closed in X x X* as
consequence of the maximal monotonicity).

Next, by (ii) we see that ||£]| < ||A%x|| and hence £ = A%x. We have, therefore,
proved that A;x — A% weakly in X* and || A; x| — [|A%|| for A — 0. If X* is
uniformly convex, the latter implies via Proposition 1.85

Ayx — A% strongly in X*. (1.112)

O

1.4.2 Linear Evolution Equations in Banach Spaces

Let X be a (real or complex) Banach space with norm || - | and dual X*. By L(X),
we denote in the sequel the algebra of linear continuous operators on X.
Consider the Cauchy problem

X' =AWx@)+ f@), 0<r=<T,
(1.113)
x(0) = xo,

where f € LI(O, T; X) and xg € X are given and {A(¢); 0 <t < T} is a family of
closed and densely defined linear operators with domain and range both in X.
Consider also the homogeneous equation

X =AMx@®), 0<t<T. (1.114)

Definition 1.147 The Cauchy problem for (1.114) is said to be well posed if there
exists a function U : A = {(s,1); 0 <s <t < T} — L(X) having the following
properties:

(1) Foreach xq € X, the function (¢, s) — U (¢, s)x0 is continuous on A (that is, U
is strongly continuous on A).
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(i) U (s, s) = I (the identity operator) for every s € [0, T'].

i) U@, s)Us, 1) =U0(@¢, 1) for0<t<s<r<T.

(iv) For each s € [0, T'], there exists a densely linear subspace E; of X such that,
for each xg € Ej, the function t — U/(¢, 5)xg is continuously differentiable on
[s, T] and

9
S U@ =A0Us)x. s<t<T. (1.115)

There is C > 0 such that
|U@ )],y =C for(s)eA.

If the conditions of Definition 1.147 are satisfied, we say that the family
{A(t); 0 <t < T} generates the evolution operator U (t, s).

If the Cauchy problem (1.113) is well posed, then by the solution to the
nonhomogeneous equation (1.113) we mean the continuous function x : [0, T] — X
given by the formula

t

x(t):U(t,O)x0+/ Ut,s)f(s)ds, 0<t<T. (1.116)
0

This is the so-called “mild” solution to (1.114). By a strong solution to (1.113), we
mean an absolutely continuous function x on [0, 7] which is almost everywhere
differentiable on ]0, T'[ and satisfies (1.113) a.e. on ]0, T'[.

It is well known that every strong solution to (1.113) can be written in this form;
(1.113) itself may not be satisfied by x given by the variation of the constant for-
mula (1.116), however.

Now, we point out some standard circumstances when the Cauchy problem for
(1.114) is well posed.

Time-Independent Equations If A(r) = A is independent of ¢, then the condi-
tions of Definition 1.147 are satisfied if and only if A is the infinitesimal generator of
a strongly continuous semigroup {S(¢); ¢ > 0} of linear continuous operators on X
(semigroup of class Cyp). By the classical Hille—Yosida Theorem (see, for instance,
Yosida [30], p. 246) this happens if and only if A is closed, densely defined and
there is w € R, such that

|1 =7, x) sMReh—w)™ forRerA>w, n=1,2,....

In this case, the evolution operator associated to A exists for all 0 <s <t < 00
and has the form: U(t,s) = S(t — s). For each xo € D(A) (the domain of A), the
function x(¢) = S(¢)xp is continuously differentiable and satisfies (1.114) on R™.
The operator A is called the infinitesimal generator of the semigroup S(¢). If A is
dissipative, that is, Re(Ax, Fx) <0, Vx € D(A), where F : X — X* is the duality
mapping of X, then the semigroup S(¢) is contractant, that is,

HS(I)HL(X) <1, Vvt>0.
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If the operator A is dissipative and R(/ — A) = X (that is, A is m-dissipative),
then A generates a contraction semigroup on X. Sometimes we denote by e’ the
semigroup S(¢) generated by A.

Finally, we notice that if A satisfies the condition

||(M—A)_1HL(X)§% for|argk|>9>%, (1.117)

then A generates a semigroup S(¢) which is analytic in ¢t on R. (See, e.g., [20, 24,
30].) It is worth noting that in this case, for each xg € X, x(¢) = S(#)xo is conti-
nuously differentiable on R* and satisfies (1.114) on all of R*. Moreover, we have
the following proposition.

Proposition 1.148 Let X be a Hilbert space and let A satisfy condition (1.117).
Then, for each f € L2(0, T; X) and xo € D(A), problem (1.113) has a unique
strong solution x € wLl2([0, T1; X) satisfying

T T
/0Hx’(t)”zdtSC(||AX0II2+/O ||f(t)||2dt>, (1.118)

where C is independent of xo and f.

Proof To prove the proposition, it suffices to verify estimate (1.118) for any strong
solution x to (1.113). If x is such a solution, let us denote by x the solution to

¥=Ax+fr, t=0,

(1.119)
x(0) = xo,

where fr(t) = f(¢t) for 0 <t <T and fr(t) =0for T <t < oo. Let @ > 0 be
such that ||eA’||L(X) < Me? for all ¢ > 0 (such a constant o always exists). For
L=—a+i&, & eR, weset

) = /ooe“i(z)dt,
0

00
fr= /0 e fr(1)dr.
By (1.119), it follows that
(M + AE) = —x0 — fr (@)
and, therefore,
AT +x0=I+ A "Axg+ AT + A7 fr @) — fro).
Thus, by (1.117),

%) + x0| < CllAxoll | — i& ™" + C| fr ()

, £€R. (1.120)
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Recalling that
0 .
AX(X) + x0 = —/ e e % (1) dt, E€eR,
0

it follows, by (1.120) and the Parseval formula, that

R NP © 2
| e o Pa=a(iasr+ [ e o))
Since x(¢) = x(¢) for t € [0, T, the latter yields (1.118). O

Time-Dependent ‘“Parabolic” Equations, Hilbert Theory Let H be a real
Hilbert space and let V be another real Hilbert space with the dual V’ such that
V C H C V' and such that the inclusion mapping of V into H is continuous and
densely defined. The norms in V and H will be denoted by || - || and | - |, respec-
tively. Denote by || - || the norm (dual) of V' and by (vy, vz) the value of vy € V'
in v € V; if vy, vy € H, this is the ordinary inner product in H. We are given a
family of linear operators A(¢) : V — V’, 0 <t < T, which are assumed to satisfy
the following conditions:

(j) Foreveryu €V, the functiont — A(t)u is strongly measurable on [0, T].
(jj) For everyt € [0, T], A(z) is continuous from V to V' and there exists C >0
such that ||A@®)|lLev,vy <C,a.etel0,T].
(Gjj) There are w > 0 and o € R, such that

(A)y,y) +ollyl* <aly®* forallyeV, ae.t€0,T[. (1.121)

Proposition 1.149 Let xo € H and f € L*(0, T; V') be given. Then, under assump-
tions (j)—(jjj), there exists one and only one function x € W (0, T') satisfying

X =AMx@)+ f(t) aete]0,T[,
x(0) = xp.

(1.122)

If A(t) = A is independent of t, Axog € H, f € L*(0, T; H), then x € W-2([0, T1;
H) and

T T
/ |x’(t)|2dt < c<|Axo|2 +/ |f(t)|2dt>, (1.123)
0 0
where C is independent on xo and f.

The proof can be found in Lions and Magenes [22], Chap. 4. The first part of the
proposition remains valid for nonlinear hemicontinuous monotone operators A(?) :
V — V'’ (Lions [21], Barbu [3]). The second part follows by Proposition 1.1438,
since, as is easily seen, if A(#) = A is independent on ¢ and satisfies (1.121), then A
is the infinitesimal generator of an analytic semigroup on H.
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In applications, X is usually a space of functions defined on a domain £2 of the
Euclidean space R”, and A(¢) is a linear partial differential operator on £2 with
null boundary conditions. Another motivation for considering infinite-dimensional
systems of the form (1.113) comes from differential functional systems. Here, we
present briefly some important examples of this type.

Parabolic Equations with Dirichlet Conditions Let £2 be a bounded and open
domain of R” with a sufficient smooth boundary I". We consider on £2 the second
order differential operator defined by

n
Ly=- Z (aijyx;)xi +ay,
ij=1

where g;j, a; € Cl(ﬁ), a€L*®(£2), a>0in £2, and

n
Z aijEiEj > wlg?, ae.xef2, VEeR", (1.124)
ij=1

where w > 0. (Here, the subscript x; denotes partial differentiation with respect
to x;.) According to a classical result due to Agmon and Nirenberg, the operator
A defined by Ay = —Ly for y € D(A) = Wol’p(.Q) N W2P () is the infinitesimal
generator of a contraction semigroup of class Cp on L?(£2), 1 < p < oo [24].

Parabolic Equations with Homogeneous Neumann Conditions In the space
L%(£2), we define the linear operator Ay = —Ly with the domain

2 dy
D(A) =y € H (£2); Oty+8—=0 onl},
v

where « is a nonnegative constant, and where Bd_v denotes the outward normal deriva-
tive corresponding to L. The operator A is m-dissipative on L?(£2) and, therefore,
it generates a contraction semigroup e’ on L?(£2). Moreover, since A is self-
adjoint, the semigroup e’ is analytic.

Parabolic Equations with Mixed Boundary Value Conditions Let 2 be
a bounded and open domain of R”, whose boundary I" consists of two dis-
joint smooth parts I7 and I»>. Assume that conditions (1.124) hold. We set
V ={y e H'(2); y=0in I'} and define the operator A € L(V, V")

(Ay,z)=/ a,-jyszx,-dx+/ ayzdx forall z € H ().
2 2

Assumptions (j)—(jjj) are satisfied and therefore the operator —A with the domain
D(A) ={y € V; Ay € L*(R2)} generates a Co-semigroup on L?(£2). On the other
hand, by Green’s formula we see that g—;v} =0 in I» for all y € D(A). (Since
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y € H'(£2) and Ay € L?(£2), g% may be defined as an element of H_%(F).) In
other words, D(A) may be regarded as the set of all functions y € H!(£2) which

satisfy the boundary value conditions y =0 in /7, g% =0 in I>.

1.5 Problems

1.1 Let A, B be two nonvoid disjoint convex sets in a linear space X. Show that
there exist two disjoint convex sets Ag, Bg such that A C Ag, B C By, AgU By = X.

Hint. Consider a maximal element of the family .% of all pairs (U, V) of disjoint
convex sets such that A C U, B C V, endowed with the order relation given by
inclusion using the Zorn Lemma.

1.2 Let A, B be two convex sets. Show that co(A U B) = Uxeg [x, y].
ye

Hint. Use formula (1.23).

1.3 Find p4, Dom(pya), A", A%, A™ of the following sets in R:

() A={(x1,x2); x> +x% < lifx; <0and |xp| < 1if x; > 0}
(i) A={(x1,x2);x1x2 <1}
(iii) A ={(x1,x2);x1 + [x2] < 1 and x; > 0}.

Hint. (i) pa(x1,x2) = (x? +x§)% if x1 <0 and pa(x1,x2) = |xz| if x; > 0,
Dom(pa) =R.

(i) pa(xi,x2) = (xl»XZ)% if xix2 >0, and pa(xy,x2) = o0 if x1x2 < O,
Dom(pa) = {(x1, x2); x1x2 > 0}.

(iii) pA(xl,xz) =x1+ |X2| ifxl > 0 and pA(xl,xz) =0 ifxl < 0.

1.4 Are the equalities of Propositions 1.19 and 1.22 and Corollaries 1.21 and 1.23
true for the sets in Problem 1.3?

1.5 Let Ay, Ay, ..., A, be convex sets which contain the origin. Find py4 if A =
(i A; interms of pu,, i =1,n.

Hint. ps = maxi<ij<u Pa; .

1.6 Let R* be the linear space of all sequences of real numbers having a fi-
nite number of fflements different to zero endowed with the Euclidean norm
Ixl = (52, 12, x = (xi)ien € R™. Show that the set S = {m ™! (§m)nene; m €
N*} U {0} is a compact set although its convex hull if not compact.

Hint. We denote e,, = (8,)nen+, m € N*. The sequence (m~'e,)nens — 0 in
R since ||m e, || =m™'. Hence, S is compact. Now, let us consider a sequence
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mzlknmm_lem, where A,,;,;, >0

and Z?,L] Anm = 1. Take Appm = 72”%:,1), n,m € N*, a, =n, n € N*. Then the

sequence (Anm)nens — % for each n € N*, Thus, (x,),en converges in £; to an

(Xn)nen+ in conv S. By (1.23), we have x, = Za"

element which is not in R®. Hence, any subsequence of the sequence (x,),c N+ iS
not convergent in conv S.

1.7 Show that the norm in a linear normed space X is generated by a semi-inner
product, which is an application (-, -) : X x X — R with the following properties:

(i) (x,x)>0forall x € X and (x,x) =0if and only if x =0
(1) (a1x1 4+ axxo2,y) =ai{x1,y) +ax(xz,y), forallaj,ar € R, x1,x2,y € X
@ii) (x, y)2 <{(x,x)(y,y), forall x,y € X.

Hint. Define (x,y) = (fy)(x), x,y € X, where f is a selection of the duality
mapping F (see Definition 1.99), that is, fy € Fy for every y € X.

1.8 Prove that the Dieudonné criterion (Corollary 1.61) is also in order if As, N B
is a closed linear subspace.

Hint. 1t suffices to consider the quotient space with respect to the linear subspace
Ao N Boo.

1.9 Let A be aclosed convex set. Show that x € A if and only if A+tx C A for all
t > 0. In particular, A +x C A for all x € A and so any semi-straight line starting
from an element in A which has the direction of an element in A, is contained
in A.

Hint. Use formula (1.37).
1.10 Show thatin C[0, 1] any weakly convergent sequence is pointwise convergent.

Hint. Consider the Dirac functional defined by &, (x) = x(¢) for all x € C[O0, 1],
where ¢ € [0, 1]. Obviously, é; € (C[0, 1])* for every ¢ € [0, 1]. Now apply Propo-
sition 1.65(@iv).
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Chapter 2
Convex Functions

In this chapter, the basic concepts and the properties of extended real-valued convex
functions defined on a real Banach space are described. The main topic, however, is
the concept of subdifferential and its relationship to maximal monotone operators.
In addition, concave—convex functions are examined because of their importance in
the duality theory of minimization problems as well as in min-max problems.

2.1 General Properties of Convex Functions

We develop here the basic concepts and results on convex functions which were
briefly presented in Chap. 1.

2.1.1 Definitions and Basic Properties

In Chap. 1, we have already become familiar with convex functions (see Defini-
tion 1.32) and their relationship to convex sets. In this section, the concept of convex
function on a real linear space X will be extended to include functions with values
inR = [—00, +00] (extended real-valued functions).

Definition 2.1 The function f : X — R is called convex if the inequality

Fx+A=1y) < Af@+A = f) (2.1)

holds for every A € [0, 1] and all x, y € X such that the right-hand side is well
defined. The function f is called strictly convex if an inequality strictly holds in
inequality (2.1) for every A € ]O, 1[ and for all pairs of distinct points x, y in X with
f(x) <ooand f(y) < oo.

V. Barbu, T. Precupanu, Convexity and Optimization in Banach Spaces, 67
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68 2 Convex Functions

The function g : X — R is said to be (strictly) concave if the function —g is
(strictly) convex. It should be observed that if f is convex, then the inequality

n n n
f(Z)»ixi) Szkif(xi), A >0, Z)w':l
i=1 i=1 i=1

holds for all x1, ..., x; in X, for which the right—hang side makes sense.
Another consequence of convexity of f : X — R is the convexity of the level
sets,

{reX: f() =i},

where A € R. However, as is readily seen, the functions endowed with this property
are not necessarily convex. Such functions are called quasi-convex.

The function f is called proper convex if f(x) > —oo for every x € X, and if
f is not the constant function +oo (that is, f % +00). Given any convex function
f: X — R, we denote by Dom( f) (sometimes dom f) the convex set

Dom(f)z{xeX; f(x)<+oo}. 2.2)

Such a set Dom( f) is called the effective domain of f.If f is proper, then Dom( f)
is the finiteness domain of f. Conversely, if A is a nonempty convex subset of X
and if f is a finite and convex function on A, then one can obtain a proper convex
function on X by setting f(x) = 400 if x € X \ A. Using all this, we are able to
introduce an important example of convex function. Given any nonempty subset A
of X, the function /4 on X, defined by

Ip(x) = {0’ ifx<c4, (2.3)

+o0, ifx€A,
is called the indicator function of A.
The characterization of convexity follows.

Proposition 2.2 The subset A of X is convex if and only if its indicator function I 5
is convex.

Let f : X — R be any extended real-valued function on X. The set
epif={(x,0); x€X, ¢ €R, f(x)<a} 2.4)
is called the epigraph of f. The set
hypo f ={(x,@); x€ X, a €R, f(x)>a} (2.5)

is called the hypograph of f.
Proposition 2.3, which follows, demonstrates that the above-mentioned theory of
convex functions and that of convex sets overlap considerably.
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Proposition 2.3 A function f : X — R is convex if and only if its epigraph is a
convex subset of X x R.

Proof Sufficiency. Suppose that f is convex and (x,«), (y,B) €epif and A €
[0,1]. Weset w = (1 —A)x + Ay and r = (1 — A) + AB. From the inequality

Jw)=A =) fx)+rf(y) =t

it follows that (w, ¢) € epi f. This proves that epi f is a convex set of X x R.
Necessity. Suppose that epi f is convex, but for some x, y € X and some A €
[0, 1] the inequality

fw) = f(A=x+21y) > 1 =2 fx) +af(y)

holds. In particular, the latter shows that 0 < A < 1 and that neither f(x) nor f(y)
can be +o0o. Thus, there exist real numbers ¢, B such that (x, «) and (y, 8) belong
to epi f. Thus, for each x, y and A, one has

inf{(1 =M +218; (x,0), (v, B) €epi f} =1 =2 f(x) +Af ().

Since the epigraph of f is convex, we have

fw)=inf{; w,) eepif} < (1= f0)+Af() < f(w).

The contradiction we arrived at concludes the proof. (]

A similar characterization of concave function can be given in terms of its hypo-
graph.

2.1.2 Lower-Semicontinuous Functions

Let X be a topological space.

Definition 2.4 The function f : X — R is called lower-semicontinuous (upper-
semicontinuous) at xq if

f(x0) =liminf f(x) (f(xo) = lim sup f(x)). (2.6)
X—>X( X—>X0
We recall that
liminf f(x) = sup inf f(s) 2.7
X—>XxQ VeV (xg) s€V
and
limsup f(x)= inf sup f(s), (2.8)
X—>X0 Ve¥ (xg) seV

where ¥ (xp) is a base of neighborhoods of x¢ in X.
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A function which is lower-semicontinuous at each point of X is called lower-
semicontinuous on X. .

Let us denote by 7, the topology on R defined by the following basis of open
sets:

t¢ = {la, +-00[; a € [~o0, +ool} U {#, R}.

It is readily seen that the function f : X — R is lower-semicontinuous (1.s.c.) at x
if and only if f: X — (R, 7¢) is continuous at xo. The topology 7, is called the
lower-topology of R. The upper-semicontinuity is similarly defined.

Since a function f is upper-semicontinuous if and only if —f is lower-
semicontinuous, the following considerations will be restricted to the basic pro-
peries of lower-semicontinuous functions as required for the purpose of the next
section.

Proposition 2.5 Let X be a topological space and let f : X — R be any extended
real-valued function on X. Then, the following conditions are equivalent:

(i) f is lower-semicontinuous on X.
(1) The level sets {x € X; f(x) <A}, A € R, are closed.
(iii) The epigraph of the function f is closed in X x R.

Proof 1t is well known that a function is continuous if and only if the inverse image
of every closed subset is closed. Since {x € X; f(x) <A} = f~ 1 ([—o00, A]) and (i) is
equivalent to the continuity of f : X — (R, 7,), we may conclude that conditions (i)
and (ii) are equivalent.

We define

ox,t)=f(x)—t forxeXandreR

and observe that f is lower-semicontinuous on X if and only if ¢ : X x R — R is
lower-semicontinuous on the product space X x R. Furthermore, the equivalence of
conditions (i) and (ii) for ¢ implies that (ii) and (iii) are also equivalent, since

epi f—(0,1) ={(x,1) € X xR; p(x,1) <A},

that is, the level sets of the function ¢ are translates of epi f. Proposition 2.5 has
now been proved. (|

Corollary 2.6 The upper-envelope of a family of lower-semicontinuous functions is
also a lower-semicontinuous function.

Proof 1Tt suffices to apply Proposition 2.5, condition (ii), and to observe that

{x € X; sup fi(x) 5)»} :ﬂ{x eX; filx) E)»}-

iel iel
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Corollary 2.7 A subset A of X is closed if and only if its indicator function 14 is
lower-semicontinuous.

An important property of lower-semicontinuous functions is given by the follow-
ing well-known Weierstrass theorem.

Theorem 2.8 (Weierstrass) A lower-semicontinuous function f on a compact topo-
logical space X takes a minimum value on X. Moreover, if it takes only finite values,
it is bounded from below.

Proof Since, by Proposition 2.5, every level subset of f is closed, using the
nonempty ones among them we form a filter base on the compact space X. This
filter base has at least one adherent point xo which clearly lies in all the nonempty
level subsets. Thus, f(xg) < f(x) for all x in X, thereby proving Theorem 2.8. [

2.1.3 Lower-Semicontinuous Convex Functions

Throughout this section, X is a topological linear space over a real field. It may be
seen that, if a convex function f takes the value —oo, then the set of all points where
f 1is finite is quite “rare”. If f is actually convex and lower-semicontinuous on X,
then f is nowhere finite on X. Namely, one has the following proposition.

Proposition 2.9 Let f : X — R be a convex and lower-semicontinuous function.
Assume that there exists xo € X such that f(xo) = —oo. Then f is nowhere finite
on X.

Proof If there was a yg € X such that —oco < f(y9) < +00, then the convexity of f
would imply that f(Axg + (1 — X)yo) = —o0, for each 1 € ]0, 1].

Inasmuch as f is lower-semicontinuous, letting A approach to zero, f(yg) = —oo
would hold, which contradicts the assumption. The proof is now complete.

Let f: X — R be any convex function on X. The closure of the function f,
denoted by cl f, is by definition the lower-semicontinuous hull of f, that is,
cl f =liminfy_,, f(y) for all x € X if liminf,_,» f(y) > —oo for every x" € X
orcl f() = —oo for all x € X if liminf,_, v f(y) = —oo for some x’ € X. The con-
vex function f is said to be closed if cl f = f. Particularly, a proper convex function
is closed if and only if it is lower-semicontinuous.

For every proper closed convex function one has

(cl f)(x) =liminf f(y), VxeX. 2.9)
yA)X
As a consequence of equality (2.9), one obtains

epi(cl f) =epi f, (2.10)
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or, more specifically,

[reX: @H@) <a}=[{xeX: f(x) <A}

A>a

for every « € R. In particular, it follows from (2.7) that
inf{ f(x); x € X} =inf{(cl f)(x); x € X}. (2.11)

Likewise, it should be observed that in general the closure of the convex function
f is the greatest closed convex function majorized by f (namely, the pointwise
supremum of the collection of all closed convex functions g, such that g(x) < f(x),
for every x € X). 0

Furthermore, we give some simple results pertaining to lower-semicontinuous
convex functions.

Proposition 2.10 Let X be a locally convex space. A proper convex function
f X — ]—00,400] is lower-semicontinuous on X if and only if it is lower-
semicontinuous with respect to the weak topology on X.

Proof We have already seen in Chap. 1 (Proposition 1.73 and Remark 1.78) that
a convex subset is (strongly) closed if and only if it is closed in the corresponding
weak topology on X. In particular, we may infer that epi f is (strongly) closed if it
is weakly closed. This establishes Proposition 2.10. O

Theorem 2.11 Let f be a lower-semicontinuous, proper and convex function on a
reflexive Banach space X . Then f takes a minimum value on every bounded, convex
and closed subset M of X. In other words, xo € M exists such that

f(xo) =inf{ f(x); x € M}.

Proof We apply Theorem 2.8 to the space X endowed with weak topology. (Accor-
ding to Corollary 1.95, every closed and bounded subset of a reflexive Banach space
is weakly compact.) O

Remark 2.12 1f in Theorem 2.11 we further suppose that f is strictly convex, then
the minimum point x¢ is unique.

Remark 2.13 In Theorem 2.11, the condition that M is bounded may be replaced
by the coercivity condition

" %mj f(x) =+o0. (2.12)
xeM

In fact, let x; € Dom(f) and k£ > 0 be such that

f(x)> f(x1) forlx|| >k, xeM.
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Obviously,

inf{f(x); X € M} =inf{f(x); X eMﬂS(O,k)},

where S(0,k) = {x € X; ||x|| < k}. Thus, we may apply the preceding theorem
where M is replaced by M N S(0, k).

Now, we divert our attention to the continuity properties of the convex functions.
The main result is contained in the following theorem.

Theorem 2.14 Let X be a topological linear space and let f : X — 1—00, +00] be
a proper convex function on X. Then, the function f is continuous on intDom( f)

if and only if f is bounded from above on a neighborhood of an interior point of
Dom( f).

Proof Since the necessity is obvious, we restrict ourselves to proving the sufficiency.
To this end, consider any point xo which is interior to the effective domain Dom( f).
Let V € ¥ (xp) be a circled neighborhood of xq such that f(x) <k forall x € V.
Since X is a linear topological space, the function f is continuous at x = x if and
only if the function x — f(x + xg) — f(x0) is continuous at x = 0. Thus, without
any loss of generality, we may assume that xo =0 and f(x¢) = 0. Furthermore, we
may assume that V is a circled neighborhood of 0. Since f is convex, we have

f(x)=f<s Z+a —8)0) sef<f) < ek,
£ £
for all x € ¢V, where ¢ € |0, 1[. On the other hand,

1
0=7(0) = 5(]‘()6) + f(=x))
and therefore
—f(x) < f(—x)<ek foreveryx e —eV =e¢eV.

Thus, we have shown that | f (x)| < ek for each x € ¢V In other words, the function
f is continuous at the origin. Now, we prove that f is continuous on int Dom( f).
Let z be any point in intDom(f) and let p > 1 be such that zo = pz € Dom(f).
According to the first part of the proof, it suffices to show that f is bounded from
above on a neighborhood of z. Let V be the neighborhood of the origin given above,
and let V (z) be a neighborhood of z defined by

V(z)=z+<l—l)V.
0
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Once again, making use of the convexity of f, we obtain

1 1 1 1
f(u)=f(—zo+<1 ——>X> <—fQo)+ (1 - —)f(X)
o o o Lo
1 1
<— f(z0) + (1 — —)k forall u € V(2).
P P
Hence, f is bounded above on V (z), as claimed. This completes the proof. O

As a consequence, we obtain the next corollary.

Corollary 2.15 If a proper convex function f : X — ]—00,400] is upper-
semicontinuous at a point which is interior to its effective domain Dom( f), then
f is continuous on int Dom( f).

For a lower-semicontinuous convex function, this result may be clarified as fol-
lows.

Proposition 2.16 Let X be a real Banach space and let f : X — ]—00, +00] be a
lower-semicontinuous proper convex function. Then f is continuous at every alge-
braic interior point of its effective domain Dom(f).

Proof Without any loss of generality, we may restrict ourselves again to the case
in which the origin in an algebraic interior to the effective domain Dom( f). We
choose any real number « such that @ > f(0) and set A = {x € X; f(x) <«}. The
level set A is convex, closed and contained in the effective domain of f. Let us
observe that the origin is an algebraic interior point of A. Indeed, for every x € X,
there corresponds p > 0 such that xo = px € Dom(f). Here, we have used the fact
that the origin is an algebraic interior point of Dom( f). Since f is convex, we have

fox) = f(rxo+ (1 —21)0) <A(f(x0) — £(0)) + £(0),

for every X € [0, 1]. Therefore, there exists § > 0 such that f(lpx) < « for every
A € [0, 8]. This shows that the origin is an algebraic interior point of A. According
to Remark 1.24, this fact implies that the origin is an interior point of the closed
convex set A. In other words, we have shown that f is bounded from above by o on
the neighborhood A of the origin. Applying Theorem 2.14, we may infer that f is
continuous on this neighborhood, thereby proving Proposition 2.16. O

If X is a finite-dimensional space, Proposition 2.16 can be considerably
strengthened. More precisely, we have the next proposition.

Proposition 2.17 Every proper convex function f on a finite-dimensional separated
topological liner space X is continuous on the interior of its effective domain.
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Proof We suppose again that the origin belongs to the interior of the effective
domain Dom( f) of the function f. Let {¢;;i = 1,2,...,n} be a basis of the n-
dimensional space X, and let a be a sufficiently small positive number such that

n
U={XEX; x=2xiei, 0<ux; <g, i=1,2,...,n} C Dom(f).
n

i=1

Using the convexity of f, since

n n n
x=2xiei=2%aei+(l—z%>.0,
i=1

i=1 i=1

we obtain the inequality

n ; n ; 1 n
f(X)SZ%f(aei)Jr (1— %)f(o)f = |f@en|+[f©)
i=1 i=1 i=1

for every x € U.

Thus, the function f is bounded from above on U C Dom( f). But it is obvious
that U is open. This implies, according to Theorem 2.14, that f is continuous on
intDom( f), which completes the proof. U

Concerning the continuity of proper convex functions, the results are similar to
those obtained for linear functionals: the continuity at a point implies the continuity
everywhere and this is equivalent to the boundedness on a certain neighborhood.
However, for convex functions these facts are restricted to the interior of effective
domain. In this context, our attention has to be restricted to those points of Dom( f)
which do not belong to intDom( f). In addition to the continuity of f on X, we
introduce the concept of continuity on Dom( f). These two concepts are clearly
equivalent on int Dom( /), but not necessarily on Dom( f). Also, we notice for later
use that

int(epi f) = {(x, @) € X x R; x €intDom(f), f(x) <a}. (2.13)

2.1.4 Conjugate Functions

Let X be a real linear locally convex space and let X* be its conjugate space. Con-
sider any function f : X — R. The function f*: X* — R defined by

() =sup{(x, x*) — f(x); xe X}, x*eX* (2.14)

is called the conjugate function of f. The conjugate of f*, that is, the function f**
on X defined by

) =sup{(x,x*) — fF(x"); x* e X}, xeX, (2.15)
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is called the biconjugate of f (with respect to the natural dual system given by X
and X*). The conjugate of order n, denoted by f)*, of the function f is similarly
defined.

We pause briefly to observe that relations (2.14) and (2.15) yield

fO)+ fF(x") = (x,x%) (2.16)
and
FrE) 4+ () = (x, x5, (2.17)

for all x € X and x* € X*. Inequality (2.16) is known as the Young inequality.
Observe also that if f is proper, then “sup” in relation (2.14) may be restricted to
the points x which belong to Dom( f).

Example 2.18 The conjugate of the indicator function /4 of a subset A of X is
given by
I3 (x*) =sup{(x, x*); x € A}. (2.18)

The function I}, usually denoted by s4, is called the support functional of A. It
should be observed that A is contained in a closed half-space, {x € X; (x, x*) <
a} if and only if @ > If(x*). Thus, I} (x*) may be determined by the minimal
half-space containing A. In other words, if the linear function x — (x, x*) reaches
its maximum on A, then (x, x*) = I’ (x*) represents the equation of a supporting
hyperplane of A.

Let A° be the polar of A, that is,
A°={x*e X*; (x,x") <1, Vx e A}. (2.19)
In terms of Iy defined above, the polar of A may be expressed as
A°={x* e X*; I;(x") <1} (2.20)

We observe that, if A = C is a cone with vertex in 0, then the polar set C° is again
a cone with vertex in 0, which is given by

C°={x*eX* (x,x*) <0, Vx € C} (2.21)

and is called the dual cone of C.
If A=Y is alinear subspace of X, then

Yo ={x*e€X* (x,x*)=0, Vx e Y} (2.22)

is also a linear subspace, called the orthogonal of the space Y, sometimes denoted
by Y.

As is readily seen, the polar A° of a subset A is a closed convex subset which
contains the origin. If we take into account (2.20) and Corollary 1.23, the question
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arises whether I’y is a Minkowski functional associated with the subset A°. In gen-
eral, the answer is negative. However, we have

pac(x™) =max{I;(x*),0}, Vx*eX* (2.23)
Therefore, if 0 € A, then I{(x*) > 0 and
pac =1} (2.24)

Furthermore,
ph =14 forevery AC X withO € A. (2.25)

Indeed, if x* € A°, then there exists X € A such that (x*, x) > 1. This implies that

patx™) = sug{(x, x*) = pa(®)} = MXx, x*) — pa(rx)

XE

=A@ x") = pa@®] = A[(x. x) = 1], VA>0.

Hence, pjj‘(x*) = 400 for every x* € A°. Now, if x* € A°, since for every x €
Dom(pa), x € (pa(x) +¢)A, for all € > 0, we have

pa(x®) =sup{(x,x*) — pa(x); x € Dom(pa)}
<sup sup {(pa(x)+e)a.x*)—pax)} <e. Ve>0.

acA xeDom(py)

Hence, p’ (x*) < 0. Because 0 € Dom(p,), we may infer that p’ (x*) > 0, which
completely proves relation (2.25).
Proposition 2.19 contains some elementary facts concerning conjugacy relations.

Proposition 2.19 Let f : X — R be any function on X. Then

(1) The functions f* and f** are always convex and lower-semicontinuous in the
weak-star topology of X* and in the weak topology of X, respectively.
(i) f* =< f.
(i) f®* = f* or f = £** depending on whether n is odd or even.
(iv) fi1 < f2 implies that f{" > f5.

Proof We observe that f* is the supremum of a family of convex and weak-star
continuous functions on X*. Similarly, relation (2.15) shows that f** is the supre-
mum of a family of convex and weakly continuous functions on X. Thus, we obtain
part (i) as an immediate consequence of Corollary 2.6.

As already mentioned, it follows from relation (2.14) that

x,x") — ff(x*) < f(x) forallx € X, x* € X*,

which clearly implies that f** < f, as claimed. Part (iv) is immediate, and therefore
its proof is omitted. To prove part (iii), it suffices to show that f*** = f*. In fact,
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it follows from part (ii) that f*** < f*, while part (iv) implies that f* < f***, as
claimed.

We observe from the definition of f* that, if the function f is not proper, that is,
if f takes on —oo or it is identically 400, then its conjugate is also not proper. Fur-
thermore, the conjugate f* may not be proper on X* though f is proper on X. This
is the reason for saying that a function admits conjugate if its conjugate is proper.
In particular, it follows from Proposition 2.19 that, if f admits a conjugate, then it
admits conjugate of every order. We shall see later that a lower-semicontinuous con-
vex function is proper if and only if it admits conjugate. This assertion will follow
from the Proposition 2.20 below. O

Proposition 2.20 Any convex, proper and lower-semicontinuous function is
bounded from below by an affine function.

Proof Let f: X — ]—o00, +00] be any convex and lower-semicontinuous function
on X, f s 4+o00. As already seen, the epigraph epi f of f is a proper convex and
closed subset of product space X x R. If xg € Dom( f), then (xq, f(x0) —¢) € epi f
for every ¢ > 0. Thus, using the Hahn—Banach theorem (see Corollary 1.45), there
exists u € (X x R)* such that

sup  u(x,t) < u(xo, f(xp) — 8).
(x,t)eepi f

Identifying the dual space (X x R)* with X* x R, we may infer that there exist
x5 € X* and a € R, not both zero, such that

sup  {xg(x) + ra} < x§(xo) +a(f(x0) —&).
(x,t)eepi f

We observe that o # 0 and must be negative, since (xo, f (xp) +n) € epi f for every
n € N. On the other hand, (x, f(x)) € epi f for every x € Dom(f). Thus,

x5 (x) +af (x) <x5(x0) +af(x0), VxeDom(f),
or
1 1
fx)=> —&xa"(X) + ;x(’)‘(xo) + f(x0), Vxe€Dom(f),

but the function in the right-hand side is affine, as claimed. g

Corollary 2.21 A lower-semicontinuous convex function is proper if and only if its
conjugate is proper.

Proof If the function f : X — ]—o0, 400] is convex lower-semicontinuous and
nonidentically 400, then relation (2.14) and Proposition 2.20 show that f* £ 400
and f*(x*) > —oo for every x* € X*. Next, we assume that f* is proper on X*.
Then, inequality (2.16) implies that f is nowhere —oo on X while relation (2.14)
shows that f must be nonidentically +ooc. O
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Now, we establish a central result of Convex Analysis which is known in the
literature as the biconjugate theorem.

Theorem 2.22 Let f : X — ]—o00, +00] be any function nonidentically +00. Then
[ = fifand only if f is convex and lower-semicontinuous on X.

Proof If f = f**, then Proposition 2.19 implies that f is convex and lower-
semicontinuous. Now, we assume that f is proper, convex and lower-semicontinuous
on X. Since the conjugate f* of f is proper, using Corollary 2.21, we may
infer that f** > —oo everywhere on X. Moreover, Proposition 2.19(ii) implies
that f**(x) < f(x), for every x € X. Suppose that there exists xo € X such that
f**(x0) < f(xp) and we argue from this to a contradiction. Thus, (xg, f**(x9)) €
epi f, so that, using the same reasoning as in the proof of Proposition 2.20, we may
conclude that there exist x; € X* and o € R such that

x5 (x0) + o f " (x0) > sup{x(’)“(x) +at; (x,t) € epif}. (2.26)

Since (x,t +n) € epi f for every n € N and (x, t) € epi f, relation (2.26) implies
that ¢ < 0. Furthermore, o must be negative. Indeed, otherwise (that is, o = 0),
inequality (2.26) implies that

x5 (x0) > sup{x(’; (x); x € Dom(f)}. (2.27)

Let & > 0 and y; € Dom(f™) be arbitrarily chosen. (We recall that Dom(f*) # ¢
because f* is proper.) One obtains

F*O¢ + hxd) = sup{(x, y§) + h(x,x}) — f(x); x € Dom(f)}
< sup{(x, y3) — f(x); x € Dom(f)}
+ hsup{(xj,x); x € Dom(f)}
= f*(3¢) + hsup{(x§, x); x € Dom(f)}.

On the other hand, a simple calculation involving the latter expression and inequa-
lity (2.17) yields

¥ (x0) = (g + hxg., x0) — f*(vg + hx)
> (35, x0) — fF ) + k[ (x5, x0) — sup{(x§, x); x € Dom(f)}].

Comparing this inequality with (2.27) and letting 7 — +o00, we obtain f**(xg) =
+o0, which is absurd. Therefore, « is necessarily negative. Thus, we may divide
inequality (2.26) by —« to obtain

xS(—%) — [ (x0) > sup{xf)k(—g) —t; (x,1) eepif}

1 1
=sup{(—;x6‘,x> — f(x); xeDom(f)} :f*(—;x(’)‘).
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But this inequality obviously contradicts inequality (2.17). Hence, f**(xo) = f(xo)
for every xg € Dom(f**). Since f**(x) = f(x), for all x € Dom( f**), it results
that f**(x) = f(x) for all x € X. Thus, the proof is complete. O

More generally, if f is not lower-semicontinuous, then f** =cl f. Thus, we
obtain the following corollary.

Corollary 2.23 The biconjugate of a convex function f coincides with its closure,
that is, f** =cl f.

Proof 1t is clear that cl f is lower-semicontinuous if it is proper and, therefore,
(cl f)*™ =cl f as a consequence of Theorem 2.22. But as has already been men-
tioned, f* = (cl f)*, which shows that f** =cl f, as claimed. If cl f is not proper,
the result is immediately clear, since f** = (cl f)** =cl f = —o0. O

Corollary 2.24 A proper function f is convex and lower-semicontinuous on X if
and only if it is the supremum of a family of affine continuous functions.

Proof 1f f is a proper convex and lower-semicontinuous, then f(x) = f**(x) =
sup{(x, x*) — f*(x*); x* € D(f*)} forevery x € X, and x — (x,x™) — f*(x*) is
an affine continuous function for each x* € Dom( f*), as claimed. The converse is
obvious (see Corollary 2.6). O

There is a close connection between the effective domain Dom( f) of a lower-
semicontinuous convex function f : X — R and the growth properties of its con-
. —x%
jugate f*: X* >R .

Proposition 2.25 Assume that X is a reflexive Banach space. Then the following

two conditions are equivalent:

(1) intDom(f) # @.
(ii) There are p > 0 and C > 0 such that

f“(p) = plplx-—C, VpeX. (2.28)
Moreover, Dom( f) = X if and only if
3
") _ (2.29)
Ipll—=oo IIpll

Proof If intDom( f) # @, then there is a ball B(xg, p) C intDom(f) and by Theo-
rem 2.14, f is bounded on B(xp, p). Then, by the duality formula (2.14), we have
(for simplicity, assume xg = 0)

f*(p)Zpllpllx*—f< )zpllpllx*—C, Vp e X",

X
p —_—
llxllx

as claimed.
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If (ii) holds, then by (2.15) we see that
FG) = £0) < sup{(x,x*) — pllx*llx- — C} <00 for [lxllx < p
X

and therefore B(0, p) C Dom( f), as claimed.
Now, if Dom( f) = X, then by the above argument it follows that (2.28) holds
for all p > 0, that is, for all p > 0,

*(p) = plplixs—C,, VpeX*,

which implies that (2.29) holds. Conversely, if (2.29) holds, then, by (2.15), we see
that Dom( f) = X, as claimed. (I

Theorem 2.22 and Corollary 2.23, in particular, yield a simple proof for the well-
known bipolar theorem (Theorem 2.26 below), which plays an important role in the
duality theory.

Theorem 2.26 The bipolar A°° of a subset A of X is the closed convex hull of the
origin and of A, that is,

A°° = conv(A U{0}). (2.30)

Proof Inasmuch as the polar is convex, weakly closed and contains the origin, it
suffices to show that A°° = A for every convex, closed subset of X, which contains
the origin. In this case, relations (2.24) and (2.25) imply that

* kk
IAooszO :IA ZIA,
because [4 is convex and lower-semicontinuous. Hence, A = A®°, as claimed. O

Remark 2.27 We notice that the conjugate correspondence f — f* is one-to-one
between convex and lower-semicontinuous convex functions on X and weak-star
lower-semicontinuous convex functions on X*. In this context, the concept of con-
jugate defined above seems to be more suitable for convex functions.

For concave functions, it is more natural to introduce a concept of conju-
gate which preserves the concavity and upper-semicontinuity. Given any function
g :x — R, the function g* : X* — R defined by

g ) = inf{(x,x*) —g(x); x € X}, (2.31)

is called the concave conjugate function of g. We observe that the concave conjugate
g* of a function g can be equivalently expressed with the aid of convex conjugate
defined by relation (2.14) as it follows that

g ") =—(—g)*(—x*) forevery x* € X*,

where the conjugate in the right-hand side is in the convex sense.
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In general, facts and definitions for concave conjugate functions are obtained
from those above by interchanging < with >, 400 with —oo and infimum with
supremum wherever these occur. Typically, we consider the concave conjugate for
concave functions and the conjugate for convex functions.

Remark 2.28 Let f be a convex function on a linear normed space X and let
f*: X* — R be the conjugate function of f. Let (f*)*; X** — R be the conjugate
of f* defined on the bidual X** of X. It is natural also to call (f*)* the biconju-
gate of f and, if X is reflexive, obviously (f*)* coincides with f**. In general, the
restriction of (f*)* to X (when X is regarded in the canonical way as the linear
subspace of X**) coincides with f**.

Remark 2.29 The theory of conjugate functions can be developed in a context more
general than that of the linear locally convex space. Specifically, let X and Y be
arbitrary real linear spaces paired by a bilinear functional (-, -) and let X and Y be
endowed with compatible topologies with respect to this pairing. Let f : X — R be
any extended real-valued function on X. Then the function f* on Y defined by

F*) =sup{(r,y) - f(x): xe X}, yeV, (2.32)

is called the conjugate of f (with respect to the given pairing). A closer examination
of the proofs shows that the above results on conjugate functions are still valid in
this general framework.

2.2 The Subdifferential of a Convex Function

The subdifferential of a convex is a basic concept for convex analysis and it will be
developed in detail in this section.

2.2.1 Definition and Fundamental Results

Throughout this section, X denote a real Banach space with dual X* and norm || - ||.
As usually, (-, -) denote the canonical pairing between X and X*.

Definition 2.30 Given the proper convex function f : X — ]—o0, +00], the subd-
ifferential of such a function is the (generally multivalued) mapping df : X — X*
defined by

af ) ={x"eX*; f(x)— fu) <(x—u,x%), VueX}. (2.33)

The elements x* € 9f (x) are called subgradients of f at x.
It is clear from relation (2.33) that df (x) is always a closed convex subset of X*.
The set df (x) may well be empty as happens, e.g., if f(x) =400 and f £ +o0.
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The set of those x for which df (x) # @ is called the domain of df and is denoted
by D(9f). Clearly, if f is not the constant +oc0, D(3f) is a subset of Dom( f). The
function f is said to be subdifferentiable at x, if x € D(3f).

Example 2.31 Let K be a closed convex subset of X. The normal cone Nk (x) to K
at a point x € K consists, by definition, of all the normal vectors to half-spaces that
support K at x, that is,

Ng(x)={x* e X*; (x*,x —u)>0forallu € K}.

This is a closed convex cone containing the origin and, in terms of the indicator
function /g of K, we can write it as

Ng(x)=0Ig(x), xeKk.

Clearly, D(01g) = K and d/x(x) = {0} when x € intK. In particular, if K is a
linear subspace of X, then d/g (x) = K+ forall x € K (K= is the subspace of X*
orthogonal to K).

Example 2.32 Let f(x) = % |lx||?. Then, f is a convex continuous function on X.
Furthermore, f is everywhere subdifferentiable on X and the subdifferential df
coincides with the duality mapping F : X — X* (see Definition 1.99). Indeed, if
x* € F(x), then, by the definition of F, one has

(o —u, x®) =[x = G, x*) =[x = flul flx]]
> %(I|xl|2 — lull?), foreveryueX.
In other words, x* € 9f (x). Conversely, suppose that x* € 3f (x). Hence,
(= 2 3 (P~ ), Vue X,
Taking in the latter inequality u = x + Av, where A € R* and v € X, we see that
—A(v,x*) > —%(mnxn ol + A2[[v]1%).

Therefore
|, x| < vl lIxll, YveX.
Furthermore, we take u = (1 — A)x, divide by A and let 1 N\ O; we get

2
(e, x™) = [lx) .
Combining these inequalities, we obtain
2 2
(e, x*) = [lx]I7 = [Ix*]~

Thus, we have shown that x* € F(x), as claimed.
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In the general theory of convex optimization, the following trivial consequence
of Definition 2.30 plays an important role.

If f is a proper convex function on X, then the minimum (global) of f over X
is attained at the point x € X if and only if 0 € 3f (x).

It must be observed that, if f is strictly convex, then for every x* € X* the func-
tion f(x)— (x, x*) attains its minimum in at most one point x = (3f )~1(x*). Hence,
in this case, the map (3f)~! is single valued.

To make use of this minimum (necessary and sufficient condition), it is necessary
to calculate the subdifferentials of certain convex functions; this can be easy or
difficult, depending on the nature and the complexity of the given function. It is
found as a result that, if f is lower-semicontinuous, the subdifferential df™* of the
conjugate function f* coincides with (3f)~!. More precisely, one has the following
proposition.

Proposition 2.33 Let f: X — ]—o00, +00] be a proper convex function. Then, the
following three properties are equivalent:

(1) x*eaf(x).
() f0)+ f5F) < (e, x7).
(i) f(0) + (") = (x, x7).

If, in addition, f is lower-semicontinuous, then all of these properties are equivalent
to the following one.

@iv) x € 9f*(x™).

Proof The Young inequality (relation (2.16)) shows that (i) and (iii) are equivalent.
If statement (iii) holds, then, using again the Young inequality, we find that

f@)—f)=@w—x,x%), YueX,

that is, x* € df (x). Using a similar argument, it follows that (i) implies (iii). Thus,
we have shown that (i), (ii) and (iii) are equivalent. Now, we assume that f is a
lower-semicontinuous, proper convex function on X. Since statements (i) and (iii)
are equivalent for f*, relation (iv) can be equivalently expressed as

FREH + () = (e, x79), (2.34)

where (f*)* : X** — ]—o00, +00] is the conjugate function of f*. As mentioned in
Sect. 2.1.4, the restriction of (f*)* to X (which, from the canonical viewpoint, is
regarded as a subspace of X**) is f** and the latter coincides with f (see Theo-
rem 2.22). Thus, (iii) and (iv) are equivalent. This completes the proof of Proposi-
tion 2.33. [l

Remark 2.34 Since the set of all minimum points of the function f coincides with
the set of solutions x of the equation 0 € df (x), Proposition 2.33 implies that in the
lower-semicontinuous case, a function f attains its infimum on X if and only if its
conjugate function f* is subdifferentiable at the origin, that is, 3f*(0) N X™* £ @.
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Remark 2.35 1f the space X is reflexive, then it follows from Proposition 2.33 that
af* . X* — X** = X is just the inverse of df, in other words,

xedff (x*) = x*edf(x). (2.35)

If X is not reflexive, 9f™ is a (multivalued) mapping from X* to the bidual X**,
which strictly contains X, and the relation between df and df* is more complicated
(see, for example, Rockafellar [59]).

Proposition 2.36 If the convex function f : X — ]1—00, +00] is (finite and) contin-
uous at xo, then f is subdifferentiable at this point, that is, xo € D(3f).

Proof Let us denote by H the epigraph of the function f, that is,
H={(x,0)eXxR; f(x)<Ar}.

H is a convex subset of X x R and (xq, f(x9) + ¢) € int H for every ¢ > 0, because
f is continuous at xo. We denote by H the closure of H and observe that (xo, f(x0))
is a boundary point of H. Thus, there exists a closed supporting hyperplane of H
which passes through (xo, f(xp)) (see Theorem 1.38). In other words, there exist
xj € X* and ap € R™, such that

ao(f(x0) — f(x)) < (x0 —x,x) forevery x € Dom(f). (2.36)

It should be observed that g # O (that is, the hyperplane is not vertical) because,
otherwise, (xg — x, x(’)“) =0 for all x in Dom( f), which is a neighborhood of x.
But this would imply that x; = 0, which is not possible. However, inequality (2.36)

shows that Z_(()) is a subgradient of f at xq, thereby proving Proposition 2.36. O
Remark 2.37 From the above proof, it follows that a proper convex function f is
subdifferentiable in an element xo € Dom( f) if and only if there exists a nonvertical
closed support hyperplane of the epigraph passing through (xg, f(x0)).

Corollary 2.38 Let f be a lower-semicontinuous proper convex function on a Ba-
nach space X. Then

intDom(f) C D(3f). (2.37)

Proof We have seen in Sect. 2.1.3 (Proposition 2.16) that f is continuous at every
interior point of its effective domain Dom( f). Thus, relation (2.37) is an immediate
consequence of Proposition 2.36.

The question of when a convex function is subdifferentiable at a given point is
connected with the properties of the directional derivative at this point. Also, we
shall see later that the subdifferential of a convex function is closely related to other
classical concepts, such as the Gdreaux (or Fréchet) derivative.

First, we review the definition and some basic facts about directional and weak
derivatives.
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Let f be an proper convex function on X. If f is finite at the point x, then, for
every h € X, the difference quotient » — A~'(f(x + Ah) — f(x)) is monotonically
increasing on ]0, oo[. Thus, the directional derivative at x in the direction h

F(x, h) =1Aii3r1(f(x+,\h) — f(x) =Ainf0,\—1(f(x+xh) - f(x) (238)

exists for every h € X. The function h — f/(x, h) is called the directional differen-
tial of f at x. It is immediate from the definition that for fixed x € Dom(f), f'(x, h)
is a positively homogeneous subadditive function on X. The function f is said to be
weakly or Gateaux differentiable at x if h — f'(x, h) is a linear continuous function
on X. In particular, this implies that

—f' =k = f'Ce by = lim 270 (f (e ) = £(0)

for every h € X. If f is weakly differentiable at x, then we denote by V f(x) or
grad f(x) (the gradient of f at x) the element of X* defined by

f'(x,h) = (h,grad f(x)) foreveryh e X.

The function f is said to be Fréchet differentiable at x if the difference quotients
in (2.38) as a function of / converges uniformly on every bounded set. ]

Proposition 2.39 Let f : X — ]—o00, +o0] be a proper convex function. If f is
finite and continuous at xg, then

F' (o ) = sup{(h, x*): x* € Bf (x0)]} (2.39)
and, in general, one has
af (xo) = {x* € X; (h,x*) < f'(x0,h), Vh € X}. (2.40)

Proof Since (2.40) is immediate from the definition of df and (2.38), we confine
ourselves to prove (2.39). For the sake of simplicity, we denote by fy the function
fo(h) = f'(x0, h), Vh € X. Inasmuch as f is continuous at xg, the inequality

(h, w) < fo(h) < f(xo+h) — f(x0), Yw €df(xo)

implies that fy is everywhere finite and continuous on X. Furthermore, a simple
calculation involving the definition of conjugate (see relation (2.14)) shows that
the conjugate of the function x — A~!1(f(xg 4+ Ax) — f(x0)) is just the function
x* = A7) + f(xo) — (x0, x*)). Therefore,

fi®) = iur())/\_l(f(m) + (%) = (x0, %)),

because

foth) = inf AH(f (o + Ah) = f(x0)).
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According to Proposition 2.33, one has
f (x0) = {x* € X*5 f(x0) + f*(x*) — (x0,x*) =0}
and, therefore,

0, if x* € af (xo),
+o00, otherwise.

o™= I

Thus, f3* = fo is the support functional of the closed convex set df (xo) C X*.
This, clearly, implies relation (2.39), thereby proving Proposition 2.39.

If 9f(xp) happens to consist of a single element, Proposition 2.39 says that
f'(x0, h) can be written as

f(x0,h) = (h, 8f(x0)) forevery h € X.

In particular, this implies that f is Géateaux differentiable at x¢ and grad f(x¢) =
af (x0). It follows that the converse result is also true. O

Namely,

Proposition 2.40 If the convex function f is Gdteaux differentiable at xo, then
df (xo) consists of a single element x; = grad f (xo). Conversely, if f is continu-
ous at xo and if of (xo) contains a single element, then f is Gdteaux differentiable
at xo and grad f (xg) = 3f (xo).

Proof Suppose that f is Gateaux differentiable at x¢, that is,
(h, grad f (x0)) = A11351—1(10(% +Ah) — f(x0)), VheX.
However,
27N f (o + M) = f(x0)) < fxo+h) = f(xo) for k€O, 1]

because f is convex. This implies that

f(x0) — f(xo+h) < —(h,grad f(xg)) forallh e X,
that is, grad f (xg) € df (x0). Now, let xS‘ be any element of df (xg). We have

fxo) = f(u) < (xo —u,x5), VueX,

and, therefore,

AT (f (o + Ah) — f(x0)) = (h,x§)  for every A > 0.

This show that (grad f(xo) — x;, /) > 0 for all & € X, that is, x5 = grad f (xo). We
conclude the proof by noting that the second part of Proposition 2.40 has already
been proven by the above remarks. U
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Remark 2.41 Let f be a continuous convex function on X. If f* is strictly convex,
then, as noticed earlier, (3f *)_l = df is single valued. Then, by Proposition 2.40,
f is Gateaux differentiable. In particular, if f(x) = % llx |2, this fact leads to a well-
known result in the metric theory of normed spaces. (See Theorem 1.101.) Namely,
if the dual X* of X is strictly convex, then X is itself smooth.

Remark 2.42 1f g is a concave function on X, then, by definition its subdifferential
is g = —3(—g). In other words, x* € dg(x) if and only if

g(x) —gw) > (x —u,x*) foreveryu e X.

2.2.2 Further Properties of Subdifferential Mappings

It is apparent from Definition 2.30 that every subdifferential mapping 9f : X — X*
is monotone in X x X*. In other words,

(x1 —x2,x{ —x3)>0 forxe€df(x;), i=1,2. (2.41)

The theorem below ensures us that any subdifferential mapping is maximal mono-
tone.

Theorem 2.43 (Rockafellar) Let X be a real Banach space and let f be a lower-
semicontinuous proper convex function on X. Then, df is a maximal monotone op-
erator from X to X*.

Proof In order to avoid making the treatment too ponderous, we confine ourselves
to proving the theorem in the case in which X is reflexive. We refer the reader to
Rockafellar’s work [59] for the proof in a general context. Then, using the renorming
theorem, we may assume without any loss of generality that X and X* are strictly
convex Banach spaces. Using Theorem 1.141, the maximal monotonicity of df is
equivalent to R(F + df) = X*, where, as usual, F : X — X* stands for the duality
mapping of X. Let x; be any fixed element of X*. We must show that the equation

F(x)+3f(x) 3 xg,
has at least one solution xg € D(9f). To this end, we define

2
X
fix) = % + f(x) — (x,x5) forevery x € X.
Clearly, f : X — ]—o0, +00] is convex and lower-semicontinuous on X. More-
over, since f is bounded from below by an affine function, we may infer that

lim £ (x) = +o0.

[|x]|— 400
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Thus, using Theorem 2.11 (see Remark 2.13), the infimum of f; on X is attained.
In other words, there is xg € Dom( f) such that

fi(xo) < fi(x) forevery x € X.
We write this inequality in the form
f(x0) — f(x) < (xo — x,x5) + (x — X0, F(x)) for every x € X

and set x = txo + (1 — t)u, where ¢ € [0, 1], and u is any element of X. Since the
function f is convex, one obtains

fxo) — fu) < (xo —u, x3) + (u — xo, F(txo + (1 — t)u)).

Passing to limit # — 1, we obtain
f(x0) = f(u) < (xo —u,x3) + (u — xo, F(x0))

because F is demicontinuous from X to X* (see Theorem 1.106). Since u was
arbitrary, we may conclude that

xp — F(x0) € 3f (x0),
as we wanted to prove. O

Corollary 2.44 Let f : X — ]—00,+00] be a lower-semicontinuous proper and
convex function on X. Then D(0f) is a dense subset of Dom( f).

Proof For simplicity, we assume that X is reflexive. Let x be any element of
Dom( f). Then, Theorem 1.141 and Corollary 1.140 imply that, for every A > O,
the equation

F(xy—x)+219f(x;)>0 (2.42)

has a unique solution x; € D(df). By the definition of df, we see that, multiplying
equation (2.42) by x; — x, we obtain

12 = xII* + Af (62) < Af (x)
and therefore

lim [lx; — x|l =0,
r—0

because f is bounded from below by an affine function. Therefore, x € D(df) and
the corollary has been proved. O

It is well known that not every monotone operator arises from a convex function.
For instance (see Proposition 2.51 below), a positive linear operator acting in a real
Hilbert space is the subdifferential of a proper convex function on H if and only if
it is self-adjoint. Thus, we should look for properties which should characterize the
maximal monotone operators which are subdifferentials.
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Definition 2.45 The operator (multivalued) A : X — X™* is said to be cyclically
monotone if

(xo —x1,x5) + -+ (Xn—1 — Xn, X)) + (X, — x0,x,,) >0, (2.43)

for every finite set of points in the graph of A, that is, xl?“ € Ax; fori =0,1,...,n.
The operator A is said to be maximal cyclically monotone if it is cyclically monotone
and has no cyclically monotone extension in X x X*.

Obviously, every cyclically monotone operator is also monotone. If f is a proper
convex function on X, then a simple calculation involving the definition of 3 f shows
that the operator df is cyclically monotone. Moreover, it follows from Theorem 2.43
that, if f is in addition lower-semicontinuous on X, then its subdifferential df is
cyclically maximal monotone. Surprisingly, it turns out that condition (2.43) is both
necessary and sufficient for an operator A to be the subdifferential of some proper
convex function. The next theorem is more precise.

Theorem 2.46 Let X be a real Banach space and let A be an operator from X to
X*. In order that a lower-semicontinuous proper convex function f on X exists such
that A = 9f, it is necessary and sufficient that A be a maximal cyclically monotone
operator. Moreover, in this case, A determines f uniquely up to an additive constant.

Proof The necessity of the condition was proved in the above remarks. To prove the
sufficiency, we suppose therefore that A is maximal cyclically monotone in X x X*.
We fix [xo, x5] in A. For every x € X, let

f(x) = Sup{(x _xnv-x:) +---+ (-xl _-an-xg)}s

where xi* € Ax; fori =1, ..., n and the supremum is taken over all possible finite
sets of pairs [x;, x]'] € A. We shall prove that A = df. Clearly, f(x) > —oo for all
x € X. Note also that f is convex and lower-semicontinuous on X. Furthermore,
f(x0) =0 because A is cyclically monotone. Hence, f % +o00. Now, choose any X
and X* with x* € Ax. To prove that [x, X*] € df, it suffices to show that, for every
A < f(X), we have

fX)>A+(x—X,x% foralxeX. (2.44)

Let A < f(x). Then, by the definition of f there exist the pairs [x;,x]] € A, i =
1,...,m, such that

A< (X —xm,xp) + -+ (x1 — x0, X7)-
Let x,,+1 = X and x;; = X*. Then, again by the definition of f, one has
f(x) Z (x _xm+1ﬂx;‘:1+]) + (xm—l-l - -xM7-x;’k1) + oo + (-xl — X0, x(>)k)a

for all x € X, which implies inequality (2.44).
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By the arbitrariness of [x, x*] € A, we conclude that A C 9f. Since A is maximal
in the class of cyclical sets of X x X*, it follows that A = df, as claimed. It remains
to be shown that f is uniquely determined up to an additive constant. This fact will
be shown later (see Corollary 2.60 below). Il

As mentioned earlier (see Theorem 1.143 and Corollary 1.140), if a maximal
monotone operator A : X — X* is coercive, then its range is all of X*. We would
like to know more about A~! in the case in which A is cyclically maximal mono-
tone. This information is contained in the following proposition.

Proposition 2.47 Let X be reflexive and A = df, where f : X — ]—00, 400] is
a lower-semicontinuous proper convex function. Then, the following conditions are
equivalent.

im M = +o00, (2.45)
[|x[|—4o00 ||x||
R(A)=X* and A~ isbounded on bounded subsets. (2.46)

Proof 1°. (2.45)=(2.46). Let x( be arbitrary, but fixed in D(A). By the definition
of df, one has

(8f (x),x —x0) = f(x) — f(x0) foranyx € D(A)
and therefore
Ee Il

Thus, Corollary 1.140 quoted above implies that R(A) = X*. Moreover, it is readily
seen that the operator A~! is bounded on every bounded subset of X*.

2°.(2.46)=(2.45). Inasmuch as f is bounded from below by an affine function,
no loss of generality results in assuming that f > 0 on X. Let r > 0. Then, for every
ze€ X*, |zl <r,ve D(A) and C > 0 such that

z€Av, |v|| <C.

Next, by
fw)— f(w)>w—v,z) foralluinX,

it follows that (1, z) < f(u) + Cr for any u € Dom(f) and z in X with ||z]| <r.
Hence,

f@)+Cr=rlul,

or

C
f zr——r forall u € X.
[leell flull

This shows that condition (2.45) is satisfied, thereby completing the proof. 0
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Remark 2.48 A convex function f satisfying condition (2.45) is called cofinite
on X. Recalling that (3f)~! is just the subdifferential 3f* of the conjugate func-
tion f* (see Proposition 2.33). Proposition 2.47 says that a lower-semicontinuous
proper convex function f is cofinite on X if and only if its conjugate f* is every-
where finite and df™* is bounded on every bounded subset of X*. In particular, if
X =R, then condition (2.46) and Dom( f*) = R are equivalent. Thus, in this case,
a lower-semicontinuous convex function f is cofinite if and only if f* 7 400 ev-
erywhere on X*.

We conclude this section with some examples of cyclically monotone operators.

Example 2.49 (Maximal monotone graphs in R x R) Every maximal monotone
graph in R? is cyclically monotone. Indeed, let f be a maximal monotone graph
in R x R. We prove that there exists a lower-semicontinuous convex function
Jj : R — ]—00, 400] such that 9j = B. Indeed, there exist —oo <a < b < +o00
such that ]a, b[C Dom(8) C [a, b]. Let B° : Dom(8) — R be the minimal sec-
tion of B, that is, |8°(r)| = inf{|w|; w € B(r)} (see Sect. 1.4.1). Clearly, the
function B° is single valued, monotonically increasing and, for each r € ]a, bl,
B(r)=[8°(r —0), B°(r +0)] while B(a) =]—o00, B°(a + 0)] if a € Dom(8) and
Bb) =[B°(b —0),+oo[ if b € Dom(p) (this is an immediate consequence of the
maximality).
Now, let rg be fixed in Dom(8) and define the function j : R — ]—00, +00]

j(r):{frtoﬂo(s)ds’ %fi’f[a,b],
00, if r €[a, b].

Then, we have
Jjr)—j@) = / Bo(s)ds <&(r —1),
t
for all r € Dom(B), t € R and & € B(r). Hence, S(r) € dj(r) for all r € Dom(p).

We have therefore proved that 8 = d;.

By Corollary 2.60 below, the function j is uniquely defined up to an additive
constant.

Example 2.50 (Self-adjoint operators in Hilbert spaces) Let H be a real Hilbert
space whose norm and inner product are denoted | - | and (-, -), respectively. Let A
be a single-valued, linear and densely defined maximal monotone operator in H.

Proposition 2.51 A is cyclically maximal monotone if and only if it is self-adjoint.
Moreover, in this case, A = df , where

1144 2 . L
51AZx|%, ifx € D(AZ),

+o00, otherwise.

f) = (2.47)
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Proof First, suppose that A is self-adjoint. Then, f defined by (2.47) (A% denotes
the square-root of the operator A) is convex and lower-semicontinuous on H

(because A% is closed). Let x € D(A). We have

%|A%x|2 - %|A%u|2 < (Ax,x—u), forallue D(A?),

because (Ax,u) = (A%x, A%u) for all x in D(A) and u € D(A%). Hence, A C 9f.

On the other hand, it follows by a standard device that A is maximal, that is,
R(I + A) = H. (One proves that R(/ + A) is simultaneously closed and dense
in H.) We may conclude, therefore, that A = df.

Suppose now that A is cyclically maximal monotone. According to Theo-
rem 2.46, there exists f : H — ]—o00, +00] convex and lower-semicontinuous,
such that A = df. Inasmuch as A0 = 0, we may choose the function f such that
f(0) =0. Let g(¢) be the real-valued function on [0, 1] defined by

g(1) — f(tu),
where u € D(A). By the definition of the subgradient, we have
g®)—g(s) <@ —s)t(Au,u) fort,s el0,1].

The last inequality shows that g is absolutely continuous on [0, 1] and % gt =
t(Au, u) almost everywhere on this interval. By integrating the above relation on
[0, 1], we obtain

fu) = % (Au,u) foreveryu € D(A)

and, therefore,
1
af (w) = E(Au + A*u) forevery u € D(A) N D(A™).
This, clearly, implies that A = A*, as claimed. O

Example 2.52 (Convex integrands and integral functionals) Let 2 be a Lebesgue
measurable subset of R” and let L% (£2), 1 < p < oo, be the usual Banach space of
p-summable functions y : £2 — R™.

A function g : 2 x R" — R = ]—00, 4+00] is said to be a normal convex inte-
grand on §2 x R™ if the following conditions are satisfied:

1 gk, ):R"— R is convex, lower-semicontinuous and # +00, a.e. x € §2.
(ii) g is measurable with respect to o-field of subsets of 2 x R™ generated by
products of Lebesgue sets in §2 and Borel sets in R™.

It is easy to see that, if g is a normal convex integrand on §2 x R™, then for
every measurable function y : 2 — R™ the function x — g(x, y(x)) is Lebesgue
measurable on 2.
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Condition (ii) extends the classical Carathéodory condition. In particular, it is
satisfied if g(x, y) is finite, measurable in x and continuous in y. If g satisfies con-
dition (i) and int D(g(x,-)) # @ a.e. x € £2, then condition (ii) is satisfied if and
only if g(x, y) is measurable with respect to x for each y € R™. The proof of this
assertion along with other sufficient conditions for normality of convex integrands
can be found in the papers [61, 63] of Rockafellar who introduced and developed
the theory of convex normal integrands (see also the survey of loffe and Levin [32]).

Besides (i), (ii), we assume that g satisfies the following two conditions:

(iii) g increases at least one function h on 2 x R™ of the form
h(x,y) = (v, a(x) + Bx),
where a € LE (2), (p)~" 4+ p~' = 1) and B € L} (2).
(iv) There exists at least one function yy € L (82) such that g(x,y) € L'(£2).

It must be observed that conditions (iii) and (iv) automatically hold if g is inde-
pendent of x.
For any y € L% (£2), define the integral

I (y) = /Qg(x,y(x))dx. (2.48)

More precisely, the functional I, is defined on L (£2) by

[o g, y(x)dx, if g(x,y) €L} (),
+o00, otherwise.

Ig(y) = {

Proposition 2.53 Let conditions (i), (ii), (iii) and (iv) be satisfied. Then, the func-
=%

tion I : Lf,, (£2) > R, 1 < p < 400, is convex, lower-semicontinuous and % +00.

Moreover, for every y € LY (2), the subdifferential 014(y) is given by

A, (y)={we LY (2): w(x) € 3g(x, y(x)) a.e. x € 2}. (2.49)

Proof By conditions (ii) and (iv), it follows that the integral I,(y) is well defined
(either a real number or +00) for every y € L% (£2). The convexity of I ¢ is a di-
rect consequence of the convexity of g(x, -) for every x € §2. To prove the lower-
semicontinuity of /¢, consider a sequence {y,} strongly convergent to y in LD ().
On a subsequence, again denoted {y, }, we have

Yp(x) > y(x) ae.xef
and, therefore,

g(x, yn () = (), a(x)) — B(x) = g(x, y(x)) — (y(x), (x)) — B(x)

ae. x €52.
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Then, by the Fatou Lemma
liminf 7, (y,) > I¢(y)
n—0oo

because liminf,_, o g(x, y,(x)) > g(x, y(x))(g(x, -)) is lower-semicontinuous.
Now, let w € 31, (y). By the definition of d/,(y), we have

/Q(g(x,y(x))—g(x,u(x)))dx5/;2(w(x),y(x)—u(x))dx

forall u € LY (£2). Let E be any measurable subset of £2 and

- u, ifxekE,
u(x) = .
y(x), ifxefQ\E,

where u is arbitrary in R”. We have

/ (g(x, y(x)) —g(x,u)— (w(x), y(x) — u))dx <0.
E
Since E is arbitrary, we may conclude that

glx, y() =glx,u) + (wx), y(x) —u) ae xes,
and therefore

w(x) € 8g(x, y(x)) ae. x € £2,

as claimed. Conversely, it is easy to see that every w € L,’:(.Q) satisfying the latter
belongs to 3/, (y). |

Remark 2.54 Under the assumptions of Proposition 2.53, the function /, is weakly
lower-semicontinuous on L%, (£2) (because it is convex and lower-semicontinuous).
It turns out that the convexity of g(x,-) is also necessary for the weak lower-
semicontinuity of the function I, (see loffe [29, 30]). This fact has important impli-
cations in the existence of a minimum point for /.

We note also that in the case p = oo the structure of d/,(y) € (L°°(£2))* is
more complicated and is described in Rockafellar’s work [61]. (See, also, [32].) In
a few words, any element w € 3/, (y) is of the form w, + wy, where w, € L'(£2),
wq(x) € 9g(x, y(x)), a.e., x € 2, and w, € (L*°(£2))* is a singular measure.

Now, we shall indicate an extension of Proposition 2.53 to a more general context
when R™ is replaced by an infinite-dimensional space.

Let H be a real separable Hilbert space and [0, 7'] a finite interval of real axis. Let
¢:[0,T]— R be such that, for every t € [0, T'], the function x — ¢(¢, x) is convex,
lower-semicontinuous and # +oo. Further, we assume that ¢ is measurable with
respect to the o-field of subsets of [0, T] x H generated by the Lebesgue sets in
[0, T'] and the Borel sets in H.
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In accordance with the terminology used earlier, we call such a function ¢ a
convex normal integrand on [0, T'] x H.

Assume, further, that there exist functions «g € LY (0,T; H), Be L'(0,T) and
xo € LP(0, T; H) such that ¢(¢, xo) € L'(0, T) and

o(t,x) > (o), x) + B(1), (2.50)
forallx e Handt € [0, T]. _
Define the function I, : L7 (0, T; H) — R*, 1<p<oo,

S e v dr, ife,x) e L0, T),
o 00, otherwise.

I, (x) (2.51)

Proposition 2.55 The function I, is convex, lower-semicontinuous and # 400 on
L?(0,T; H). The subdifferential 1, is given by

AM,(x)={we LY, T; H); w(t) e dp(t,x(1)) a.e. 1 €10, T[}, (2.52)

1 1 _
where > + i =1.

The proof closely parallels the proof of Proposition 2.53, and so, it is left to the
reader.

Example 2.56 Let §2 be a bounded and open domain of R" with a smooth bound-
ary I'. Let g : R — R" be a lower-semicontinuous convex function and let 8 = dg
be its subdifferential. Define the function ¢ : LZ(Q) SR = ]—00, +00]

I o lgrady?dx + [, g(»)dx, if y € H}(£2) and g(y) € L!(£2),

o) = +00, otherwise.

Proposition 2.57 The function ¢ is convex, lower-semicontinuous and
dp(y) = {w e L*(2); wx) € —Ay(x) + dg(y(x)) a.e. x € 2},
D(d¢) = {y € Hy(£2) N H*(2); 3w € L*(2), b (x) € dg(y(x)) (2.53)
a.e. x € .Q}
Proof We have
0 =T, +1a(), VyeL* (),

where I, is defined by (2.48) and /4 : L2(2) — ﬁ*,

1 1
1A<y)=—5/9y4\yds=5/9|Vy|2ds, vy e HL(9).
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This implies that ¢ is convex and lower-semicontinuous. If we denote by F :
L%(£2) — L%(£2) the map defined by the right-hand side of (2.53), we see that Fy €
dp(y),Vy € D(F) ={y € Hj (£2) N H*(2); 3w € L*(2), w(x) € dg(y(x)) a.e.
x € 2}.

To show that F' = d¢, it suffices to check that F' is maximal monotone, that is,
the range of I + F is all of L?(£2). In other words, for each fe L?(£2), the elliptic
equation

y—Ay+09g(y)>f inQ;  yeH;(2)NH*(2)

has solution.
One might apply for this the standard existence theory for nonlinear elliptic equa-
tions or Theorem 2.65, because, as easily seen, condition (2.89), that is,

fg(<1+eA>*‘y)dxsf g dx, VyeL*(£2),
2 22

where A = —A, D(A) = H} (2) N H*(2), is satisfied. (We assume that g(0) = 0.)
A similar result follows for the function @ : L%(£2) — R, defined by

o) = 5 JolgradyPdx + [ g(ydx, if ye H'(2), g(y) e L'(I),
too, otherwise. 0

Arguing as in the preceding example, we see that ¢ is convex and lower-
semicontinuous. As regards its subdifferential d¢ : L2(£2) — L*(£2), it is given
by (see Brezis [11, 12])

dp(y)=—Ay, Vye D(3g), (2.54)

where

dy

D(3¢p) = {y € H*(2); —5

€ B(y) a.e. on F}.

In particular, if g =0, the domain of d¢ consists of all y € H?(£2) with zero Neu-
mann boundary-value conditions, that is, 3—“) =Qae.onl".

2.2.3 Regularization of the Convex Functions

Let X and X* be reflexive and strictly convex. Let f : X — R" be a lower-
semicontinuous convex function and let A = df. Since A : X — X* is maximal
monotone, for every A > 0 the equation

F(x, —x) +AAx; 30, (2.55)
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where F : X — X™* is the duality mapping of X, has at least one solution x; € D(A)
(see Theorem 1.141). The inequality

(Fx) = F(y),x —y) = (Ixll = lIyl)> forall x,yin X

and the strict convexity of X and X™* then imply that the solution x; of (2.55) is
unique. We set

X)) = J;\x, (2.56)
Ajx = =2 F (g — x). (2.57)
(See Sect. 1.4.1.)
For every A > 0, we define
=2
fi(x) =inf TE +f(0); yeX xeX. (2.58)

Since, for every x € X, the infimum defining f, (x) is attained, we may infer that f;
is convex, lower-semicontinuous and everywhere finite on X. One might reasonably
expect that the function fj “approximates” f for A — 0. Theorem 2.58 given below
says that this is indeed the case.

Theorem 2.58 Let f : X — ]—00, 400] be a lower-semicontinuous proper and
convex function on X. Let A = df. Then, the function f) is Gdteaux differentiable
on X and A, = df, for every A > 0. In addition,

filx) = <%) ||Apc||2 + f(Jrx) foreveryxe X, (2.59)
}imo H(x)=f(x) foreveryxeX, (2.60)
f(hx) < fri(x) < f(x) foreveryx e X and X > 0. (2.61)

Proof 1t is readily seen that the subdifferential of the function y — W + f(y)
is just the operator y — A~ 'F(y — x) 4+ 3f(y). This fact shows that the infimum
defining f (x) is attained in a point x;, which satisfies the equation

F(x;, —x)+Adf(x))20.

Thus, x; = Jyx and equality (2.59) is immediate. Since inequality (2.61) is ob-
vious, we restrict ourselves to verify relation (2.60). There are two cases to be
considered. If x € Dom(f), then lim;_, » Jyx = x, by using Corollary 1.70 and
Proposition 1.146. This fact, combined with the lower-semicontinuity of f and in-
equality (2.61), shows that limy_.¢ f(x) = f(x). Now, assume that f(x) =400
We must show that f (x) — 400 for A — 0. Suppose that this is not the case, and
that, for example,

fr,(x) <C where A, — 0.
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If equality (2.59) is used again, it would follow that, under the present circum-
stances, J,,x — x and f(J,,x) < C. Then the lower-semicontinuity of f would
imply that f(x) < C, which is a contradiction. To conclude the proof, it must be
demonstrated that f is Gateaux differentiable at every point x € X and dfy(x) =
A, x. A simple calculation involving relations (2.56), (2.57), and (2.59), and the
definition of df gives

L) = flx) < % (1A I1P = [1Axx]?) + (Axy. oy — Jax),
that is,
HO) = filx) <Ay, y —x) + Ay, Ly —y) + (Ary, x — Jrx)
£ 5 (1A P+ 1A?).
Finally,

0= fi(y) = fulx) = (Apx,y —x) < (Apy — Apx, y — X), (2.62)

forall A > 0and x, y in X.
In inequality (2.62), we set y = x + tu, where ¢ > 0 and divide by ¢. We obtain

i Hlx +tu) — fi(x)
m

= (Ayx,u) foreveryx € X,
t—0 1

because A, is demicontinuous by Proposition 1.146. Therefore, f; is Gateaux diffe-
rentiable at any x € X and 9f3 (x) = Apx. 0

Corollary 2.59 In Theorem 2.58, assume that X = H is a real Hilbert space. Then,
the function f is Fréchet differentiable of H and its Fréchet differential df, = Ay
is Lipschitzian on H.

Proof Denote by I the identity operator in H. Then, F = I and J,, respectively,
A;, can be expressed as

= +1A)"!
and
Ay =2"11 = ).
1

Then, A, is Lipschitzian on H with the Lipschitz constant 3 (see Proposi-
tion 1.146), so that inequality (2.62) yields

y—x|?

| A.(0) = frlx) = (Apx,y —x)| < ”_Tx forall A > 0,

which, obviously, implies that f is Fréchet differentiable on H. |
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Corollary 2.60 Let X be a reflexive Banach space and let f and ¢ be lower-
semicontinuous, convex and proper functions on X. If dp(x) = df (x) for every
x € X, then the function x — ¢(x) — f(x) is constant on X.

Proof Let ¢ and f; be defined by formula (2.58). Then, using Theorem 2.58, we
may infer that dg, = df, for every A > 0, so that

@) (x) — fo(x) =constant, foreveryx € X and A > 0,
because ¢, and f, are Gateaux differentiable. But this clearly implies that

@1.(x) — fa(x) = ¢r(x0) — fi(xo) forevery x € X and 2 >0,

where xg is any element in X. Again, using Theorem 2.58, we may pass to the limit,
to obtain

@(x) — f(x) =(x0) — f(xo) foreveryxeX,

as claimed. O

Remark 2.61 Let X = H be a Hilbert space and g(x) = % |x|%. Then the function
f>. can be equivalently written as

H="+2r9)"

2.2.4 Perturbation of Cyclically Monotone Operators
and Subdifferential Calculus

It is apparent that, given two lower-semicontinuous proper convex functions f and
¢ from X to ]—o0, +00], then

af (x) + dp(x) CI(f +¢)(x) forevery x € D(Af) N D(dgp). (2.63)

Thus, it may be ascertained that 0f 4+ d¢ = d(f + ¢) if and only if the monotone
operator df + d¢ is again maximal. More generally speaking, the following is an
interesting problem: if A and B are maximal monotone operators, is A + B again a
maximal monotone operator? In general, the answer has to be negative since A + B
can even be empty, as happens, for example, if D(A) does not meet D(B). The main
result for the problem in this line is due to Rockafellar [60] and it states that, if at
least one of the maximal monotone operators A or B has a domain with a nonempty
interior and (int D(A)) N D(B) # @ (or (D(A) Nint D(B) # ¥), then A + B is
maximal monotone. Instead of proving this theorem in full, we generally restrict
ourselves to the case when B =0f.
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Theorem 2.62 Let X be a reflexive Banach space and let A be a maximal monotone
operator from X to X*. Let f : X — ]—00, +00] be a lower-semicontinuous proper
and convex function on X. Assume that at least one of the following conditions is
satisfied.

D(A) NintDom( f) # @, (2.64)

Dom(f) Nint D(A) # @. (2.65)

Then A + 0f is a maximal monotone operator.

Proof Using the renorming theorem, we can choose in X and X* any strictly convex
equivalent norms. Without loss of generality, we may assume that 0 € D(A), 0 € AO
and 0 € 9f(0). Moreover, according to relations (2.55) and (2.65), we may further
assume that

0 € D(A) NintDom( f), (2.66)
or
0 € Dom(f) Nint D(A). (2.67)

This can be achieved by shifting the domains and ranges of A and df. In view of
Theorem 1.141, A 4+ 0f is maximal monotone if and only if, for every y* € Y'*,
there exists x € D(A) N D(df) such that

F(x)+ Ax +9f(x) > y*. (2.68)

To show that equation (2.68) has at least one solution, consider the approximate
equation

Fx) +Ax), +0fs(x)3y%, A>0, (2.69)

where f; is the convex function defined by (2.58). According to Theorem 2.58,
the operator df, = (df), is monotone and demicontinuous from X to X*. Corol-
lary 1.140 and Theorem 1.143 are therefore applicable. These ensure us that, for
every A > 0, equation (2.69) has a solution (clearly, unique) x; € D(A). Multiply-
ing equation (2.69) by x;, it yields

lxall < ly*|I forevery A > 0, (2.70)

because A, , df; are monotone and df3 (0) =0,0 € A).
First, we assume that condition (2.66) is satisfied. Since f is continuous on the
interior of its effective domain Dom( f), there is p > 0 such that

Hlpw) < fpw) <C foreverywe X, |lw|| =1,

where C is a positive constant independent of A and w is in X. Then, multiplying
equation (2.69) by x; — pw, it yields

(Fxy, x5, — pw) + (Ax;, x, — pw) + fo(xp) < (", x — pw) + C. (2.71)
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Let yf = y* — Fx; — 9f5.(x;) € Axy. In relation (2.71), we choose
e ()
Iy;l

plyill<C forall x> 0. (2.72)

to obtain

(We shall denote by C several positive constants independent of X.) Thus, with the
aid of equations (2.69) and (2.70), this yields

[af.(xp)|| =€ forall 2 > 0. (2.73)

Next, we assume that condition (2.67) is satisfied. Then, according to Theo-
rem 1.144, the operator A is locally bounded at x = 0, so that there is p > 0, such
that

sup{llz*|l; z* € Ax; |x]| <p} <C. (2.74)

Let w be any element in X such that ||w]| = 1.
Again, multiplying equation (2.69) by x; — pw, we obtain

(Fx., 0, — pw) + (3/5.(x2), x2 — pw) + (Axp, xp — pw) = (¥}, x5 — pw).

w:—F‘l( af5.(x3) )
105 Cen)l

and use the monotonicity of A and estimate (2.74) to get

Then, we put

H afa(xy) H <C forevery A > 0.

So far, we have shown that yi‘, Fx; and 9f; (x;) remain in a bounded subset of X*.
Since the space X is reflexive, we may assume that

X, — x weaklyin X,
(2.75)
Fx) +y; — z* weakly in X*.

To conclude the proof, it remains to be seen that [x,z*] € A + F and y* — z* €
af (x). Let A, u > 0. Subtracting the corresponding equations yields

(Fx + Fxu, 0. — x0) + (F = v 50— x0) 4 (/3 (x2) — 0f (), x5 — x,) =0
and therefore

lim (Fxy + y§ — Fxp — v, 2, —x,) =0 (2.76)
r,u—0
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because
(83 (x2) — 3fu(xp), X — xp0)
> (95.060) — 0 (X). X0 — T XA — Xy + Tyt
= —(|afcen ] + |0fu e [) (M 0£ o | + [0 G ])-

Here, we have used relations (2.56), (2.57) and the monotonicity of df. Extracting
further subsequences, if necessary, we may assume that

lim (F x =/.
AI_I)I})( (x2) +yi. ;) =¢

Then, relation (2.75) shows that (z*, x) = £. Now, let [u, v] be any element in the
graph of A + F. We have

(Fx; +yf—v,x —u)>0, VA>0.

Hence,
(" —v,x —u) >0, 2.77)

because (z*, x) = £. Since F is monotone and demicontinuous from X to X*, it
follows from Corollary 1.140 quoted above that A 4+ F is maximal monotone in
X x X*. Inasmuch as [u, v] was arbitrary in A 4+ F, then inequality (2.77) implies
that [x, z*] € A + F. In other words, z* € Ax + Fx.

Now, we fix any # in X and multiply equation (2.69) by x; — u. It follows from
the definition of the subgradient that

H.00) < fuw) + (3 x0 —u) — (e +y5, x00 —u) (2.78)
and therefore
limsup f5,(x3) < f(w) + " x —u) — (%, x —u). (2.79)
A—0

Here, we have used in particular Theorem 2.58 and relation (2.77).
Since {df(x;); A > 0} is bounded in X*, we have

)}irrb(xk — J;L(xk)) =0 strongly in X.

Hence,
Jr(xp) > x  weaklyin X as A — 0.

We recall that a convex function f on a topological vector space X, which is
lower-semicontinuous with respect to the given topology on X, is necessarily lower-
semicontinuous also with respect to the corresponding weak topology on X. Thus,
the combination of relations (2.59) and (2.79) yields

fO=f@+ 0" x—u) — (& x—u)
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and therefore
yr =zt edf(x),
because u was arbitrary in X. Hence, x satisfies equation (2.68). The proof of The-

orem 2.62 is complete. O

Corollary 2.63 Let f and ¢ be two lower-semicontinuous, proper and convex func-
tions defined on a reflexive Banach space X. Suppose that the following condition is
satisfied.

Dom( f) NintDom(g) # @. (2.80)

Then
I(f +¢)=0f + dg. (2.81)
Proof Since D(d¢) is a dense subset of Dom(¢) (see Corollary 2.44), condi-
tion (2.80) implies that Dom(f) N int D(d¢) # @. Theorem 2.62 can therefore be

applied to the present situation. Thus, the operator dp + df is maximal monotone
in X x X*. Since dp + df C d(¢ + f), relation (2.81) follows. O

Remark 2.64 1t results that Corollary 2.63 remains valid if X is a general Banach
space. An alternative proof of Corollary 2.63 in this general setting will be given in
the next chapter.

We conclude this section with a maximality criterion for the case in which neither
D(A) nor Dom( f) has a nonvalid interior.

Theorem 2.65 Let f : H — |—00, +00] be a lower-semicontinuous, proper convex
function on a real Hilbert space H. Let A be a maximal monotone operator from H
into itself. Suppose that, for some h € H and C € R,

f((] + kA)_l(x + Ah)) <f(x)+Cr forallx € Hand > 0. (2.82)

Then the operator A + 0f is maximal monotone and

D(A + 9f) = D(A) N D(3f) = D(A) N Dom(f). (2.83)

Proof To prove that A + df is maximal monotone, it suffices to show that for every
y € H there exists x € D(A) N D(3f) such that

x+Ax+0df(x)>y. (2.84)
To show that this is indeed the case, consider the equation

X+ Ajxp +0f(x1) 3y, (2.85)
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where A, =1~ — (I — AA)™!). Since A, is monotone and continuous on H,
equation (2.85) has, for every A > 0, a unique sol x; € D(3f). Let xo be any ele-
ment in D(A) N D(3f). Since ||A,xoll < ||A%] and the operators A and df are
monotone, we see by multiplying equation (2.85) by x; — xo that {||x, ||} is bounded.
Next, we observe that condition (2.82) implies that

(3f (%), Ax(x + Ah)) =271 (0f (x), x + 1h — (I +2A) " (x + Ah))
> (3f (0), h) + (f(x) — FU+2A) 7 x + am)a™!
=—C—|hllaf . (2.82)
Now, we write equation (2.82') as
X+ Ap(e +Ah) +9f (x2) =y + Aj (o + Ah) — Ajxy,

and multiply it (scalarly in H) by A, (x, + Ah). Recalling that A, is Lipschitzian
with Lipschitz constant A~!, it follows by (2.82) that {||A;x; ||} is bounded for
A — 0. We subtract the defining equations for x; and x, and then multiply by
X) — X5 we obtain

2
lxa — xp 17 + (Anxn — Apxp, X —x,) < 0.
Since A, x; € AJ,x; and A is monotone, we see that
lxa —xﬂ||2 -0 asA,u—0.

Hence, lim;_, ¢ x; = 0 exists in the strong topology of H. It remains to be shown
that x satisfies equation (2.84). The techniques is similar to the one previously used,
but with some simplifications. Indeed, we can extract from {x; } a subsequence {x;, }
such that

Ay, %y, — yo in the weak topology of H.

Since A is maximal monotone, it is also demiclosed (that is, its graph is strongly—
weakly closed in H x H) (see Proposition 1.146). Therefore, x € D(A) and yg €
Ax. The same argument applied to df shows that y — A, x; — x) converges weakly
to y; € af (x). Hence, x satisfies equation (2.84). To prove (2.83), we fix any x in
D(A) NDom( f). Then, there exist x, € Dom(f) such that x, — x strongly in H as
e — 0. Wesetu, = (I +eA)~ (x, + eh) and observe that

lue — x| < Jlue = (I +eA) x| + [T +e4) " x — x|
<llxe—xl+ | +eA)'x — x| + &l

Hence, u, — x as ¢ — 0. Moreover, by condition (2.82), u, € D(A) N Dom(f).
Briefly, we have shown that D(A) N Dom(f) C D(A) N Dom(f). Now, we prove
that D(A) NDom(f) C D(A) N D(3f). Let u be any element in D(A) N Dom( f)
and let u, € D(A) N D(3f) be the unique solution to the equation

Us +eAue +€0f (ug) du.
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‘We have

U—Ug

1
fug) — fu) < < — Autg, ug — u) =— lue —ull* — (Au, ue — u),
which implies that lim,_, g u, = 0. Since u is arbitrary in D(A) N Dom(f), we may
infer that D(A) NDom( f) C D(A) N D(3f), as claimed. Since D(A) NDom( f) C
D(A) N Dom( f), Relation (2.83) follows, and this completes the proof. O

We have shown, incidentally, in the proof of Theorems 2.62 and 2.65 that, under
appropriate assumptions on A and f, the solution x of the equation

Ax+9f(x)>0

can be obtained as a limit, as A tends to O of the solutions x; to the approximating
equations

Ax) +3fn(3) 0.

This approach to construct the solution x closely resembles the penalty method in
constrained optimization. To be more specific, let us assume that f = I, where K
is a closed convex subset of a Hilbert space H and A = d¢.

Thus, equation Ax + df (x) > 0 assumes the form

min{go(x); X € K},
while the corresponding approximate equation can be equivalently expressed as the
following unconstrained optimization problem:

1
min{(p(x) + ﬁ||x — Pgx|*: x € H},

because fi(x) = 5 13f.O)I% + £((I + 23f)~'x) and (I + 231k)~'x = Pgx
(Pk x is the projection of x on K).

The family of continuous functions x — %Hx — Pxx||?, x € H, for a fixed
A > 0, is a family of exterior penalty functions for the closed convex set K.

Now, we prove a mean property for convex functions.

Proposition 2.66 Let X be a real Banach space and f : X — R be a continuous
convex function. If x and y are distinct points of X, then there is a point 7 on the
open segment between x and y and w € df (z) such that

f) = f)=w,x—y). (2.86)

Proof Without loss of generality, we may assume that y = 0. Define the function
p:R—>R

()= f(px), pnelR.
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Since dp(u) = (8f (ux),x) for all u € R, it suffices to show that there exist
0 €10, 1[ and ¢ € dp(0) such that ¢(1) — ¢ (0) = ¢6. To this end, consider the regu-
larization ¢, of ¢ defined by formula (2.58). Since ¢,, is continuously differentiable,
for every A > 0, there exists 6, € ]0, 1[, such that ¢, (1) — ¢1(0) = 3¢, (6,). On a
sequence A, — 0 we have 6, — 6 and d¢;,, (63,) = 1 € d¢(). Since ¢, — ¢ for
A — 0, we infer that ¢ (1) — ¢(0) = n € dp(#), as claimed (obviously, 6 € 10, 1[). O

2.2.5 Variational Inequalities

Let X be a reflexive real Banach space and X™* its dual space. Let A be a linear or
nonlinear monotone operator form X to X* and let K be a closed convex set of X.
We say that x satisfies a variational inequality if

xekK, (Ax—fu—x)>0 forallueKk, 2.87)

where f is given in X*. In terms of subdifferentials, inequality (2.87) can be writ-
ten as

Ax +dlg(x) > f. (2.88)

where /g : X — [0, +00] is the indicator function of K (defined by relation (2.3)).
Note that, when K = X or x is an interior point of K, inequality (2.87) actually
reduces to the equality

(Ax — f,w)=0 forall win X,

thatis, Ax — f =0.

It should be said that many problems in the calculus of variations naturally arise
in the general form of a variational inequality such as (2.87). For instance, when A is
the subdifferential of a lower-semicontinuous convex function ¢ on X, then any so-
lution x of the variational inequality (2.87) is actually a solution of the optimization
problem

Minimize ¢(x) — (f,x) overall x € K.

Theorem 2.67 Let A : X — X™ be a monotone, demicontinuous operator and let
K be a closed convex subset of X. In addition, assume that either K is bounded or
A is coercive on K, that is, for some xy € K,

(Ax.x - xo) [1x 7! = +o0. (2.89)

1m
{llx]|—>+4o00, xeK

Then, the variational inequality (2.87) has at least one solution. Moreover, the set
of solutions is bounded, closed and convex. If A is strictly monotone, the solution
to (2.87) is unique.
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Proof By Corollary 1.142, the operator A is maximal monotone and by Theo-
rem 2.62, A 4+ 91k is a maximal monotone subset of X x X*. Since, by assump-
tion, A + 9l is coercive, it follows by Theorem 1.143 that the range R(A + dlk)
of A + 9l is all of X*. Hence, the set C of solutions to the variational inequal-
ity (2.87) is nonempty. Since C = (A + dIx)~'(0) and (A + d1g)~" is maximal
monotone (because so is A + d/x ), we may conclude that C is convex and closed.
Using the coercivity of A+ d Ik, we see that C is bounded. If A is strictly monotone,
that is,

(Ax —Ay,x —y)=0 ifandonlyifx =y,

then obviously C consists of a single point. Thus, the proof is complete. (I

We pause, briefly, to point out an important generalization of Theorem 2.67
(see Brezis [10]).

The operator A : K — X* is said to be pseudo-monotone if the following condi-
tions are satisfied:

(1) If {un} C K is weakly convergent to u in X and limsup,,_, . (Au,, u, —u) <0,
then liminf, , oo (Auy, up, —v) > (Au,u —v) forallve K.

(i) Forevery v € K, the mapping u — (Au, u — v) is bounded from below on every
bounded subset of K.

It is easy to show that every monotone demicontinuous operator from K to X* is
pseudo-monotone.

The result is that Theorem 2.67 remains valid if one merely assumes that A is
pseudo-monotone and coercive from K to X*. Other existence results for the above
variational inequality could be obtained by applying the general perturbations the-
orems given in Sect. 2.2.4. We confine ourselves to mention the following simple
consequence of Theorem 2.65.

Corollary 2.68 Let X = H be a real Hilbert space and K be a closed convex subset
of H. Let A be a maximal monotone (possible) multivalued operator from H into
itself such that

(I +*A)""(x+rh) €K forallx € K and ) >0, (2.90)

where h is some fixed element of H.
If, in addition, either K is bounded, or A is coercive on K, then the variational
inequality (2.87) has at least one solution.

Proof Applying Theorem 2.65, where f = Ik, we infer that the operator A 4 0/
is maximal monotone in H x H. Since A 4+ dlk is coercive, this implies that its
range is all of H (see Corollary 1.140).

To be more specific, let us suppose in Theorem 2.67 that X =V and X* =V’
are Hilbert spaces which satisfy

VcHcCV
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where H is a real Hilbert space identified with its own dual and the inclusion map-
ping of V into H is continuous and densely defined. We further assume that the
operator A : V — V' is defined by

(Au,v) =a(u,v) forallu,vinV,

where a(u, v) is a bilinear continuous form on V x V, which satisfies the coercivity
condition

a(u,u) > ollul|> foralluinV, (2.91)

where w > 0. (As usual, || - | denotes the norm in V, and (-, -) the pairing between
V and V'.) Clearly, A is linear, continuous and positive from V to V’. Let K be a
closed convex subset of V. Observe that in this case the variational inequality (2.87)
becomes

au,v—u)>(f,v—u) foralvek. (2.92)

In particular, if the bilinear form a is symmetric, problem (2.92) can be equivalently
expressed as

min{%a(v,v)—(f, v); veK}. (2.93)
O

We deduce from Theorem 2.67 the following corollary.

Corollary 2.69 For every f € V', the variational inequality (2.92) has a unique
solutionu € K.

It should be observed that relation (2.92) implies that the mapping f — u is
Lipschitzian from V' into V with Lipschitz constant %

The variational inequality (2.92) includes several partial differential equations
with unilateral boundary conditions and free boundary-value problems of elliptic
type. In applications, usually A is an elliptic differential operator on a subset of R”,
and K incorporates various unilateral conditions on the boundary I" or on £2. We
illustrate this by a few typical examples.

Example 2.70 (The obstacle problem) Consider in a bounded open subset §2 of R”,
the second-order differential operator

Av = —(a;; (x)vxi)xj, (2.94)
where the coefficients a;; are in L°°(£2) and satisfy the condition (w > 0)

aj(0)EE > wlE?, YEER", £=(&,...,&).
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In equation (2.94), the derivatives are taken in the sense of distributions in 2. More
precisely, the operator A is defined from H'(£2) to (H!(£2))’ by

(Au,v):a(u,v):/ aij (X)ux; vy, dx forallu,veH](Q). (2.94)
o .

Let V be a linear space such that H} (2) C V C H'(2) and let f € (H'(£2)). An
element u € V, which satisfies the equation

a(u,v)=(f,v) forallvinV,
is a solution to a certain boundary-value problem. For instance, the Dirichlet prob-
lem
—(aijuxl.)szf in £2, u=0 inl

arises for V = H& (£2).

Let V = Hol(.s?), felL'(2),and K ={veV;v>1y ae. in 2}, where ¢ €
H*(2) is a given function such that ¥ (x) <0 a.e. x € I". Then, the variational
inequality (2.92) becomes

[y @y arz [ fo-war foratvex. 99
Q 2

According to Corollary 2.69, the latter has a unique solution u# € K. We shall see
that # can be viewed as a solution to the following boundary-value problem (the
obstacle problem):

—(aij(x)ux,.)xj =f imE={xe2; ux)>yx)]} (2.96)
—(aij(x)uxi)sz f in £, (2.97)
u>1Yy on§2, u=vy in2\E, u=0 inT. (2.98)

To this end, we assume that £ is an open subset. Let « € C§°(E) and p > 0 be such
that u & pa > 1 on £2. Then, in (2.95), we take v =u + po to get

/;2aijuxiocxjdX=/Efotdx forall « € C°(E).

The latter shows that u satisfies equation (2.96) (in the sense of distributions). Next,
we take in (2.95) v = o+, where e € C;°(£2) is such that o > 0 on 2, to conclude
that u satisfies inequality (2.97) (again in the sense of distributions). As regards
relations (2.98), they are simple consequences of the fact that u € K.

Problem (2.96)—(2.98) is an elliptic boundary-value problem with the free boun-
dary 01, where I is the incidence set {x € £2; u(x) = ¥ (x)}. For a detailed study
of this problem, we refer the reader to the recent book [37] by Kinderlehrer and
Stampacchia.
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As seen earlier, in the special case a;; = a;j;, the variational inequality (2.95)
reduces to the minimization problem

min{/ aij(x)vxivxjdx—/ fdx; veK}.
Q Q

The variational inequality (2.95) models the equilibrium configuration of an elas-
tic membrane §2 fixed at I", limited from below by a rigid obstacle ¥ and subject to
a vertical field of forces with density f (y is the deflection of the membrane). Simi-
lar free boundary-value problems occur in hydrodynamic and plasma physics. For
instance, such a free boundary problem models the water flow through an isotropic
homogeneous rectangular dam (see Baiocchi [3]).

Example 2.71 Suppose now that the energy integral

1
—/ |gradv|2dx—/ fvdx
2Ja 2

has to be minimized on K = {v € HO1 (£2); |gradv| <1, a.e. on £2}. As seen earlier,
this problem can be equivalently expressed as

fgradugrad(u—v)dxf/f(u—v)dx forallve K.
2 2

This is a variational inequality of the form (2.92) and it arises in the elasto-plastic
torsion of beams of section §2 under a torque field f (see Duvaut and Lions [19]).
Arguing as in Example 2.56, it follows that formally the solution u satisfies the free
boundary-value problem

—Au=f on 2y, u=0 onl,
|gradu| =1 on §2;,

where 21 N2, =@ and 2, U 2, = $2.

Example 2.72 Leta: H'(£2) x H'(£2) — R be the bilinear form

a(u,v):/ gradugradvdx—i—/ uvdx
Q Q2
and

K:{ueHl(Q); u>0aconl}.

We recall that, by Theorem 1.133, the “trace” of u € H'(£2) belongs to H% () c
L*(I'), so that K is well defined. Invoking once again Corollary 2.69, we deduce
that, for every f € L?(£2), the variational inequality

a(u,v—u)z/f(v—u)dx, forallv e K, (2.99)
2
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has a unique solution # € K. Let v =u £ ¢, where ¢ € Cgo (£2). Then, inequal-
ity (2.99) yields

a(u,q))—/fgpdx:O, for all ¢ € C3°(£2).
2

Hence,
—Au+u=f onS$2 (2.100)

in the sense of distributions. In particular, it follows from equation (2.100) that the

outward normal derivative % belongs to H -3 (I') (see Lions and Magenes [42]).

We may apply Green’s formula

9
/(Au—u)vdx:/ v 4o —a@,v) orallve H'(2). (2.101)
Q r 8\)

In formula (2.101), we have denoted by fF vg—]’f do the value of g—‘“} € H_% (I") at
NS H? (I'). Thus, comparing equation (2.101) with (2.99) and (2.100), it yields

9
/(v—u)—udoz() forallv e K.
r 81)

To sum up, we have shown that the solution u of the variational problem (2.99)
satisfies (in the sense of distribution) the following unilateral problem:

—Au+4u=jf onS2,

u " (2.102)

u=>0, — >0, ua—=0 onl.

ov ov

Remark 2.73 The unilateral problem (2.102) is the celebrated Signorini’s problem
from linear elasticity (see Duvaut and Lions [19]) and under our assumptions on
f it follows that u € H 2(£2) (see Brezis [12]) and equations (2.102) hold a.e. on
£2 and I', respectively. As a matter of fact, the variational inequality (2.99) can be
equivalently written as d¢(u) > f, where ¢ : L*>(£2) — ]—00, +00] is given by (see
Example 2.56)

1
go(y>=5/ |grady|2dx+/ ¢(y)do
2 r

and g(r) =0 for r >0, g(L) =+4o0 forr < 0.

Similarly, if a;; € C 1(£2) and f e L2(£2), then the solution u to the variational
inequality (2.95) belongs to H(} (£2) N H%($2) and satisfies the complementarity
system

—(aij(x)ux[)xj — f(x)(u(x) — l/f(x)) =0 ae.xe,

(2.96")
u(x) > ¥ (x); —(aij (X uy, (x))xj > f(x) ae.xef2.
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Indeed, by Corollary 2.68, the equation
Agu+dlg(u) > f, (2.103)
where

Apu=AunH forueD(Ay)=H}(2)NH*(£2) and

(2.104)
K={ueL?(f2); ux)>yx)ae x e}

has a unique solution # € K N D(Ag). (It must be noticed that condition (2.90)
holds for h(x) = (a;; (x) ¥y, )xj by the maximum principle for linear elliptic equa-
tions.) Since, by Proposition 2.53,

g (u) = {w € LZ(Q); w(x)(u(x) — w(x)) =0, wx)>0ae. x e Q}, (2.105)
we see that u satisfies equation (2.96'), as claimed.

Example 2.74 (Generalized complementarity problem) Several problems arising in
different fields such as mathematical programming, game theory, mechanics, theory
of economic equilibrium, have the same mathematical form, which may be stated
as follows:

For a given map A from the Banach space X into its dual space X*, find xo € X
satisfying

x0€C, —Axge C°, (xg,Axp) =0, (2.106)

where C is a given closed, convex cone with the vertex at 0 in X and C° is its
polar, that is, C° = {x* € X*; (x,x*) <0 forall x € C}.

This problem is referred to as the generalized complementarity problem. In the spe-
cial case, when X = X*=R", C = R’i (where R" is the n-dimensional Euclidean
space and R} the set of nonnegative n-vectors), the above problem takes the familiar
form

x0>0, Axo>0, (x0, Axo) =0. (2.107)

The following simple lemma indicates the equivalence between problem (2.106)
and a variational inequality.

Lemma 2.75 The element xo € C is a solution of problem (2.1006) if and only if

(Axg,x —x0) >0 forallx eC. (2.108)

Proof 1t is obvious that every solution x( of the complementarity problem (2.106)
satisfies the above variational inequality. Let xo € C be any solution of inequal-
ity (2.108). Taking x = xp + y in (2.108), where y € C, it follows that (Axgp, y) > 0.
Hence, —Axg € C°. Also, taking x = 2x¢, we see that (xp, Axg) > 0, while, for
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x =0, (2.108) implies that (xg, Axg) < 0. Therefore (xg, Axg) = 0. This completes
the proof. O

Now, we are ready to prove the main existence result for the complementarity
problem.

Theorem 2.76 Let X be a real reflexive Banach space, C a closed convex cone in
X, and let A be a monotone, demicontinuous operator from X to X*. If, in addition,
A is coercive on C, then the generalized complementarity problem (2.106) has at
least one solution. Moreover, the set of all solutions of this problem is bounded
closed convex subset of C, which consists of a single vector if A is strictly monotone.

Proof There is nothing left to do, except to combine Theorem 2.67 with Lem-
ma 2.75. O

As mentioned earlier, Theorem 2.67 remains valid if the operator A is pseudo-
monotone and coercive from K to X*. In particular, this happens when the space X
is finite-dimensional and A is continuous and coercive on K.

Corollary 2.77 Let X be finite-dimensional and let A be continuous on C. If, in
addition, there exists a vector xy € C such that

A —
@xnx—x) _ (2.109)

Izl -+o0 llx]]
then the generalized complementarity problem (2.106) has at least one solution.

Before leaving the subject of complementarity problems, we should point out
another existence result which can be derived on the basis of Corollary 2.68.

Corollary 2.78 Let X = H be a real Hilbert space and let A be a maximal mono-
tone (possible) multivalued operator from H into itself, which is coercive on C.
Assume further that there is h € H such that

(I4+2A)""(x+Arh) CcC forallx € C and x> 0.

Then, problem (2.106) has at least one solution.

2.2.6 e-Subdifferentials of Convex Functions

In the following we present a generalization of subdifferential taking into ac-
count its characterization with the aid of support hyperplanes to the epigraph
(see Remark 2.37). It is clear that, if x € D(3f), then x € Dom(f) and f is
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lower-semicontinuous at x. Conversely, for a given proper convex lower-semi-
continuous function f, the existence of support nonvertical hyperplanes passing
through (x, f(x)) is not ensured for every x € Dom(f), that is, it is possible that
xeD@f).

But for any x € Dom( f) there exists at least one closed hyperplane passing
through (x, f(x) — ¢), e > 0, such that epi f is contained in one of the two closed
half-spaces determined by that hyperplane. These hyperplanes can be considered as
the approximants of support hyperplanes passing through (x, f (x)). Consequently,
we get a notion of approximate subdifferential.

Definition 2.79 The mapping 9. f : X — X* defined by
de fx)={x" X" f(x)— fu) <(x—u,x*)+e, YueX*}, (2.110)

where f is an extended real-valued function on X, is called the e-subdifferential
of f at x.

It is clear that this mapping is generally multivalued and D (9, f) =@ if f is not
proper. If f is a proper function, then we must have ¢ > 0 and D (9, f) C Dom(f).
For ¢ = 0 we obtain the subdifferential defined by Definition 2.30. Also, we
have

3f (x)=(")d./(x). xeDom(f). 2.111)

e>0

Some properties of e-subdifferential generalize properties of subdifferential but
most of their properties are different because df is a local notion while 9. f is a
global one.

Proposition 2.80 If f is a proper convex lower-semicontinuous function, then
0¢ f (x) is a nonvoid closed convex set for any ¢ > 0 and x € Dom(f).

Proof We have (x, f(x) —¢e)€epi f for any fixed ¢ > 0, x € Dom( f). By hypoth-
esis, epi f is a nonvoid closed convex set (see Propositions 2.36 and 2.39). Using
Corollary 1.45, we get a closed hyperplane passing through (x, f(x) — ¢) at epi f.
This hyperplane is necessarily nonvertical, that is, it can be considered of the form
(x*, 1). Thus, we obtain x* € 9, f (x). O

Corollary 2.81 For any proper convex lower-semicontinuous function f we have
D(0; f) =Dom(f), where ¢ > 0.

It should be observed that the reverse of Proposition 2.80 is also true. Conse-
quently, it can be given a characterization of proper convex lower-semicontinuous
functions in terms of e-subdifferentials.
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Theorem 2.82 An extended valued function f on X is convex and lower-semi-
continuous if and only if 0, f (x) # ¥ for all x € Dom(f).

Proof According to Proposition 2.80, we must prove only the sufficiency part. First,
we remark that, if there exists # € X such that f (i) = —oo, then u € Dom(f),
while 9, f (1) = . Hence, f must be a proper function. Now, if x € Dom(f) and
(x, ) € epi f, then there exists ¢ > 0 such that (x, f(x) — &) € epi f. But since
9¢ f (x) # ¥, we have a closed nonvertical hyperplane passing through (x, f(x) —¢€)
such that epi f is contained in one of the two closed half-spaces determined by
that hyperplane. Consequently, epi f is an intersection of closed half-spaces. Hence,
epi f is a closed set. Therefore, f is convex and lower-semicontinuous (see Propo-
sitions 2.3, 2.5). O

Proposition 2.33, concerning the relationship between the subdifferential and the
conjugate, becomes the following proposition.

Proposition 2.83 Ler f: X —] — o0, +00] be a proper convex function. Then the
following three properties are equivalent:

(i) x* €0, f(x).
() fx)+ f*(x) < (x,x*)+e.

If, in addition, f is lower-semicontinuous, then all these properties are equivalent
to the following one.

(iii) x € 3 f*(x*).

Remark 2.84 1f X is reflexive, then 9, f* : X — X is just the inverse of d; f, that is,
(i) and (iii) are equivalent for each proper convex function f.

Remark 2.85 As follows from Definition 2.79, if x € Dom(f), then f(u) >
f(x) — ¢ for all u € Dom(f) if and only if 0 € 9, f (x). Therefore, for a lower-
semicontinuous function f, 9, f*(0) is just the set of all e-minimum elements

of f.

Now, to describe some properties of monotonicity of e-subdifferential we give a
weaker type of monotonicity for a multivalued mapping.

Definition 2.86 A mapping A : X — X* is called e-monotone if
(x —y,x*—y") > —-2¢, forallx*e Ax, y* € Ay. (2.112)
It is obvious that d, f is e-monotone for each ¢ > 0. But while df is a maximal

monotone operator, d, f may be not maximal ¢-monotone. In this line, we shall give
the following two examples.
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Example 2.87 Let f be the indicator function of the closed interval (—oo, 0]. By
an elementary computation for a given ¢ > 0, we find 9. f(0) = [0, co], 9 f(x) =
[0, —%] if x <0, and 9; f(x) =@ if x > 0. Thus, —2¢ €9, f(1), but for any x €
0¢ f(a),a <0,weobtain (x +2¢&)(a—1) =ax —x +2ea —2& > —2¢ forall x <O0.
Hence, 0. f U {(—2¢, 1)}, € > 0, is also the graph of an ¢-monotone operator, that
is, d¢ f is not maximal e-monotone.

Example 2.88 Let X be a real Hilbert space and f : X — R the quadratic form
defined by

1
f) = §<Ax’x> + (b, x)+c, forallxeX,

where A is one-to-one linear continuous self-adjoint operator, b € X and ¢ € R. For
any ¢ > 0, we get

df)=Ax+b+{yeA; (A7'y,y) <2}, 20, xeX. (2.113)

Indeed, if z € 9, f (x), then we must have
1 1
§<Ax,X> +(b,x) — 3 (Au,u) — (b,u) < {(x —u,z) +¢,

for all u € X. But, for fixed x € X and z € 9, f (x), this quadratic form of u takes a
maximum value on X in an element 1y where its derivative is null, that is, Augy +
b — 7z =0. Thus, we have

%<Ax,x> + (v,x) — %(z b AT = b))+ (e —b AT = b)) < (x.2) e,
from which we obtain
(Ax,x)+2(x,b—z) + (A" (z = b), 2 — b) < 2e,
and so,
(x =A@z —b),b—2)+ (x,b — 2+ Ax) < 2e.
Therefore, if we denote y =z — Ax — b, then
A1y, y) <2,

that is, equality (2.113) is completely proved.
Now, let us consider (u,v) € X x X such that (x — u,z — v) > —2¢, for all

z € 0e f(x).
According to equality (2.113), it follows that

(x —u,Ax+b+y—v)>-2¢ forallx € X, (2.114)
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and every y € X fulfilling the inequality (A~'y, y) < 2&. But the quadratic form
from (2.114) has a minimal element xo € X where the derivative is null, that is,
2Axg+ b+ y — v — Au = 0. Consequently, we have

1
Z(A*I(v—y—u)—u,Au+y+b—v)z—28,

whenever (A_ly, y) <2e.
Taking z =v — Au — b, we get

(A7 (y—2),y—z) <8 if(A7y,y)<2e. (2.115)

Therefore it is necessary that (A_lz, z) < 2e¢. Indeed, if there exists zg € X such

that (A~1zg, z0) > 2e, it follows that ||A_%ZO||2 > 2¢. Hence, A_%ZO = (/2¢e +
a)ug, where a > 0 and |Jug|| = 1. Taking yo = —+/2¢ A%uo, we have (A_lyo, Yo) =

1 1 .
2¢, but (A~ (yo — 20). yo — 20)2 = [|A"Z (o — 20) | = 2v/2¢ + a > 24/2¢, which
contradicts (2.115). Thus, we proved that v = Au + b + z, where (A_lz, z) < 2e,
that is, v € d¢ f (u). Hence, 0. f is a maximal e-monotone mapping.

Remark 2.89 Since A is a self-adjoint operator, we have

<A*1y,y>=(A*Zy,A*%>= “Af%y 2

b

and so, (A~ly,y) < 2¢ if and only if y = +/2¢ A%u, where ||u|] < 1. Conse-
quently, (2.113) can be rewritten in the form

def(x)=Ax +b+26 A2 (3(0: 1)), £>0, xeX.

If A is the identity operator, we obtain
1 —
ag<§ ||-||2>(x):x+«/ZS(o; 1), >0, xeX. (2.116)

It is obvious that the e-subdifferential can be considered as an enlargement of
subdifferential satisfying a weak property of monotonicity. In the sequel, we prove
that the e-subdifferential can be obtained by a special type of enlargement of subd-
ifferential. Firstly, we define the notion of e-enlargement which was considered by
Revalski and Théra [54] in the study of some important properties of monotonicity.

Definition 2.90 Given an operator A : X — X™* and ¢ > 0, the e-enlargement of A,
denoted by A?, is defined by

Alx={x* e X" (x —y,x* —y") = =2¢ forall y* € Ay}, xeX. (2117

Proposition 2.91 Letr A : X — X™* be an arbitrary operator. Then, the following
properties are true:



2.2 The Subdifferential of a Convex Function 119

(1) A®x is convex and w* closed for any x € X.
(i) A C A® ifand only if A is e-monotone.
(iii) If A is e-monotone, then ‘A, conv A, convA and A~ are e-monotone.
(iv) A1 C A2 jf0<¢g| <eéy.
(v) If A is e-monotone and locally bounded, then A and ConvA are g-monotone,
where A : X — X* is defined as closure of Graph A in X x X™* with respect to
strong, weak-star topology on X and X*, respectively.

Proof Since properties (i)—(iv) are immediate from the definition of A®, we confine
ourselves to prove (v). Let us consider (x, x*), (v, y*) € A. Hence, there exist two
nets (x,-,xj‘)iel C A such that x; — x, y; — y, strongly in X and xl.* — x*, yl?k —
y*, weak-star in X*. Since A is an e-monotone locally bounded operator, by passing
to the limit in the equality (x —y, x* — y*) = (x —x;, x7 — y*) + (y; — y, x] —y;‘) +
(xi —yj,xf — y;‘) +x =y, xf —xf)+ (x — y,y;’f — y*), we obtain (x — y, x* —
y*) > —2¢, that is, A is e-monotone. According to property (iii), CONvA is also
g-monotone. O

Concerning the maximality of an e-monotone operator, we have the following
special case.

Proposition 2.92 If A is an e-monotone operator, then A is e-monotone if and
only if there exists a unique maximal e-monotone operator which contains A.

Proof 1f B is an e-monotone operator which contains A, then B C A?, and so, if A®
is e-monotone, then A? is the unique maximal e-monotone operator. 0

Generally, A¢ is not an e-monotone operator even if A is monotone. In the special
case A = df, where f is a subdifferentiable function, the e-enlargement (3f)¢ is
larger than the e-subdifferential of f, thatis, 9. f C (3f)°. Generally, this inclusion
is strict. However, formula (2.111) remains true in the case of e-enlargement of df .
Firstly, it is obvious that x* € A®x for all ¢ > 0 if and only if (x* — y*, x — y) >0,
for every y* € Ay, and so, in the case of maximal monotone operator we have the
following result.

Proposition 2.93 If A is a maximal operator, then

Ax = mAEx, forall x € X.

e>0

Corollary 2.94 [f f is a proper convex lower-semicontinuous function, then

of ) =[)@)* ). forallxeX. (2.118)

e>0

Now, we give a formula for e-differential established by Martinez-Legaz and
Théra [44]. This formula proves that the e-subdifferential can be considered as a
special type of enlargement of subdifferential.
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Theorem 2.95 Let X be a Banach space and f a lower-semicontinuous proper
convex function. Then

m—1
e f(x) = 1x* € X (. xo—x)+ ) (5. xip1 —X;) + (s x —xp) <&
i=0

forallxf €df(x;), i=0,1,...,m¢, (2.119)

where x € Dom(f) and ¢ > 0.

Proof According to the proof of Theorem 2.46, for a fixed element xg € D(3f),
taking xg € df (xo), we have

fx) = f(x0)
n—1

Hsupd Y G X —x) + (6, x = x0); X €9f(xi), i=Tn, ne N* L,
i=0

for all x € Dom( f). Therefore, for any > 0 there exist a finite set {x;; i = 1,n} C
D(df) and x* € 9f (x;), i = 1, n, such that

n—1

Z(x;k,xm +xi) 4 (x;, x — xp) > f(x) — f(x0) — 1.

i=0

Thus, if x* is an element belonging to the right-hand side of formula (2.119),
we have

f(x) = f(xo) —n < (x*,x —x0) +¢&, foralln>0,
that is,
Fx) — f(xo) < (x*,x —x9) +¢, foreveryxge D(@f).

Now, since D(df) is a dense subset of Dom( f) (see Corollary 2.44), by lower-
semi-continuity this inequality holds for every xo € Dom(f), and so, x* € 9. f (x).
Conversely, if x* € 9, f(x), since df is cyclically monotone (see Defini-
tion 2.45), by Definition 2.104 of the e-subdifferential it is easy to see that x*
satisfies the inequality of the right-hand side of formula (2.119), thereby proving
Theorem 2.95. 0

Remark 2.96 The multivalued operator defined by the right-hand side of (2.119)
can be considered the e-enlargement cyclically monotone of of .
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2.2.7 Subdifferentiability in the Quasi-convex Case

Here, we consider the special case of quasi-convex functions. (See Sect. 2.1.1.) We
recall that a function is quasi-convex lower-semicontinuous if and only if its level
sets are closed convex sets. Thus, similarly to the convex case, if the role of epigraph
is replaced by level sets, the continuous linear functionals that describe the closed
semispaces whose intersection is a certain level set are candidates for the approx-
imative quasi-subdifferentials (see Theorem 1.48). Given a function f and A € R,
we denote by N*(f) the corresponding level set, that is,

N (f)={reX; f(x)<r}. (2.120)
Let us consider the following sets:

Dy, f(x0) = {(x*,8) € X* x (0, 00); x*(x9 — x) > § whenever f(x) <A},
(2.121)
for every xp € X and A e R.
It is obvious that, if D, f(xg) # @, then f(xg) > A. Indeed, if we suppose that
f(x0) < A, then, for an element (x*, 8) € D, f(xp), we have 0 = x™(xog — x9) > 6,
which is a contradiction with the choice of §.

Definition 2.97 The projection of D; f(xg) on X* is called the A-quasi-
subdifferential of f at xo and is denoted by 9 f (x0).

Taking into account the correspondence between the convexity and quasi-
convexity, we see that this type of approximate subdifferential is proper to the quasi-
convex functions.

Indeed, it is well known that a function f is convex if and only if the associated
function Fy: X xR — R defined by

Frix,t)=f(x)—t, (x,1)e X xR, (2.122)
is quasi-convex, since NA(Ff) = —(0,A) +epi f, for all > € R. Thus, we have

D3 Fy(xo,10) = {(x*, @, 8) € X* x R x (0, 00); x*(xo—x) +alto—1) >3,
whenever f(x)—tfk}.

By a simple calculation, we find that (x*, «,8) € Dy Fy(xo, ) if o =0 and
sup{(x*, x); x € Dom(f)} < x*(x9) — 8 or @ < 0 and —’;—* € Jg, f(x0), where
go= f(xo) —to— A — g We recall that, necessarily, we must have f(xg) — tp =
Fr(xo,1t0) > A, a <0, whenever D; Fr(xo, to) # .

Therefore, the projection on X* contains elements of approximative subdifferen-
tial defined for convex functions. More precisely, (x*, —1,8) € D, F (x0, 0) if and
only if x* € ¢, f (x0), €0 = f(x0) —to — A > 0, xo € Dom(f).

Now, we can establish the following characterization of quasi-convex lower-
semicontinuous functions.
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Theorem 2.98 A function f : X — R is quasi-convex and lower-semicontinuous
if and only if, for all A € R and xo € X such that f(xg) > A, the set D; f(xq) is
nonempty.

Proof According to Theorem 1.48, the function f is quasi-convex and lower-
semicontinuous if and only if its level sets can be represented as an intersection
of closed half-spaces.

Equivalently, for every xo € N*(f) there exists a closed hyperplane strongly se-
parating N*(f) and xo. Thus, if f(xo) > A, there exist x* € X*\ {0} and k € R such
that x*(xo) > k and x*(x) < k for all x € N*(f). Taking 8 = x*(xo) — k > 0, we
obtain x*(x — xg) < —8 for all x € N*(f), equivalently (x*, 8) € D; f(xo). This
finishes the proof of Theorem 2.98. ]

Corollary 2.99 A proper function f : X — R is quasi-convex and lower-semicon-
tinuous if and only if(’);‘f(xo) # @ forall xg € X, » e R, with f(x0) > X.

Now, it is easy to see that the A-quasi-subdifferential of a function f can also be
defined by the formula

0} f (xo) = {x* € X* sup x*(x —xp) < 0}. (2.123)
xeN*f

Proposition 2.100 Let us consider f : X — R, xo € X, f(xo) # —00, &€ > 0. Then
the following properties are equivalent:

(1) xo is an e-minimum element of f.
(ii) Bg‘f(xo) = X*, whenever A < f(xg) — ¢.
(i) O e Bé‘f(xo), whenever A < f(xg) — €.

Proof If there exists x; € X such that f(x1) < f(xp) — &, then, taking A = f(x1),
we have N*(f) 5 @ and so, 0€ 9 f(xo). On the other hand, if 0 € 3 f (xo), then,

for all A < f(xp) — &, we get Nk(f) =, thatis, f(x) > f(xg) — ¢ forall x € X.
Also, (ii) and (iii) are obviously equivalent. O

In the following, we establish some relationships between the quasi-subdiffe-
rential defined by (2.123) and other two notions of quasi-subdifferentials introduced
as extensions to the case quasi-convex of the subdifferential of a convex function.
We denote

oo f(x0) = {x* € X*; x*(x —x0) <0if f(x) <A}, x€X, (2.124)
Om-L f (x0) = {x™ € X*; there exists k € K such that k o x* < f
and k(x*(x0)) = f(x0)}, x0€X, (2.125)

where K is a given family of functionals k € R — R closed under pointwise supre-
mum.
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If x = f(x0) € R, the A-quasi-subdifferential (2.124) was introduced by Green-
berg and Pierskalla [23] for X = R", while the quasi-subdifferential (2.125) was
introduced by Martinez-Legaz and Sach [43]. It is well known that dgp f (xp) =
ok f (xg) if K is the family of all nondecreasing functions.

The A-quasi-subdifferential associated to the quasi-subdifferential (2.125) is de-
fined as follows:

a&if(xo) = {x* € X*; there exists k € K suchthatk ox™ < f

and k((x*)(x0)) = A} (2.126)

Proposition 2.101 Let K be the family of all nondecreasing functions k : R — R.
If f: X—>R,xo€ X and A € R, then

3p f (x0) = g f (x0).

Proof From the definition of a@d_L given by (2.126), we obtain the inclusion
Oy r f(x0) C 3%p f(x0). Conversely, if x* € 8%p f (x0), taking k : R — R defined
by

k(t) = inf{a; x*(x)>tif f(x) < a},
we have k(x*(x)) < a whenever f(x) < a. But k is obvious a nondecreasing func-

tion, and so k o x* < f. Also, k(x*(xg)) > A. Hence, x* € BIQ,I_Lf(xo) and the proof
is complete. g

Proposition 2.102 Let K be the family of all nondecreasing lower-semicontinuous
functions. If f: X — R, xo € X, A1, A2 € Rand Ay > Ay, then

() a4y f (x0) C 82 f(xo) C 37 f (x0)-
G (i< o) 0 L @0) =M< £ RS @0) = I f (x0), if f (x0) € R.

Proof Equality (ii) follows by using (i) and the equality

() 9/ @o) =L (o).

A< f(xo)

Now, if x* € 89 f(x0), taking the function k defined in the proof of Proposi-
tion 2.101, we notice that k is also lower-semicontinuous. Hence, k(x*(x)) < a
if f(x) <a, and so, k o x* < f. Since supxeNx(f)x*(x — x0) < 0, it follows that
k(x*(x0)) > A. Hence, 8; f (x0) C 83y f (x0). On the other hand, if d3_; f (x0) =¥
or N*( f) =0, then the inclusion of the left-hand side of (i) is obvious. Let us sup-
pose that N*(f) # @. Thus, if x* € Bﬁ_Lf(xo), we have k(x*(x)) — k(x*(xp)) <
A — Aq, for all x, such that f(x) < A. Let us denote o = supxeNx(f)x*(x — X0)
and consider a net (x;) C N*(f) such that x*(x;) — supxeNA(f)x*(x). Since
k(x*(x;)) — k(x*(x9)) < A — A1, by passing to the limit we obtain

k(x*(xo) + a) — k(x*(xo)) <A—Ai1 <0.
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Hence, « < 0 and so, x* € Bgf(xo). Thus, Proposition 2.102 is completely
proved. (]

2.2.8 Generalized Gradients

In this section, we briefly present a theory of generalized gradients for lower-
semicontinuous functions of R"” due to Clarke [17]. This theory is still under de-
velopment but some significant results have already become known.

Assume first that f : R” — R is a locally Lipschitz function. According to
Rademacher’s theorem, f is a.e. differentiable on R”. By definition, the general-
ized gradient of f at x, denoted by df (x), is the convex hull of the set of points of
the form {lim, o V f (x + x,,)}, where x, — 0 and V f(x + x,,) (the gradient of f
at x + x,,) exist.

In order to extend this definition to general lower-semicontinuous functions, we
consider a closed subset C of R” and denote by d¢(x) the distance from x to C,
that is,

de(x) =inf{|lx — y|; yeC}.

Since dc is locally Lipschitz, we may define ddc. By analogy with the case when
C is convex, we define the cone of normals to C at x, denoted N (x; C), the closure
of the set

{z €R"; Az € ddc (x) for some A > 0}. (2.127)

We observe that, if C is convex, then, by Theorem 2.58, where f = I, it follows
that d¢ is differentiable outside C and

Vde(x) = (x — Pe@))|x — Pco)|| ™", xec,

where Pc is the projection operator on C (we take the Euclidean norm on R").
Hence, for all x € R", we have

Vdc(x) € dlc(Pcx)

and, therefore, if C is convex, then N (x; C) is just the cone of normals to C at x
(see Example 2.31).

It is obvious that, if f is continuously differentiable on a neighborhood of x, then
af (x) =V f(x).If f is convex, then its epigraph E(f) is a convex closed subset
of R"*1 and, as observed earlier, N((x, f(x)); E(f)) = NEg(p (x; f(x)). Hence, in
this case, df (x) is the set of all subgradients of f at x (here, E(f) =epi f).

Given the lower-semicontinuous function f : R" — R, we define the upper
derivative of f at x with respect to y, as

" 1) — ’
Aayy= lim  nf LEFIZSE) (2.128)
x'—>x Y=y A
FOD— £ ()
210

It should be observed that, if f is convex, then f1 = f’.
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Now, let x be a point where f (x) is finite.
We define

9F () = (2 € R (o =1) € N((x, F0): E(F)]

and call df (x) the generalized gradient of f at x.

Proposition 2.103 The generalized gradient of (x) is also given by
af(x)={zeR" f1(x,y) = (y,2), ¥y eR"}. (2.129)

If f1(x,0) = —oo0, then df (x) is empty, but otherwise df (x) # ¥ and one has
fT(x,y)zmax{(y,z); z€adf (x), Vye]R"}. (2.130)

The reader will be aware of the analogy between Propositions 2.39 and 2.103.
Formula (2.129) represents another way (due to Rockafellar) to define the gener-
alized gradient. The proof of Proposition 2.103, which is quite technical, can be
found in the work of Rockafellar [64] (see also [65, 66]). In this context, the works
of Hirriart-Urruty [25, 26] must be also cited. The above definition of generalized
gradient can be extended to infinite-dimensional Banach space. For instance, if X is
a Banach space and f : X — R alocally Lipschitz function, we define the general-
ized directional derivative of f at x in the direction z, denoted by f 0(x, 7) by

fO(X,Z)=1imsup flx +)‘Z)_f(2).

x'—>x )\’

A0

If X =R", then /0= 1.

It is easy to see that £ is a positively homogeneous and subadditive function
of z. Thus, by the Hahn—Banach theorem, we may infer that there exists at least one
x* € X* satisfying

0%, 2) > (z,x*) forallz € X. (2.131)

By definition, the generalized gradient of f at x, denoted by df (x) is the set of all
x* € X* satisfying (2.131).

It is readily seen that, for every x € X, df(x) is a nonempty, closed, convex
and bounded subset of X*, thus 3f (x) is w*-compact. Moreover, df is w*-upper-
semicontinuous, that is, if n; € df (x), where n; — n weak-star in X* and x; — x
strongly in X, then ny € 8f (x) (see Clarke [18]). Note also that fO(x, -) is the support
functional of af (x), that is, for any z in X, we have (compare with (2.130))

fOx, 2) = max{(z, x*); x* € If (1)}

For the definition and the properties of generalized gradient of vectorial functions
defined on Banach spaces, we refer the reader to the work of Thibault [73].
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2.3 Concave-Convex Functions

This section is concerned mainly with minimax problems for concave—convex func-
tions. This subject is discussed in some detail in Sect. 2.3.3. Relevant to it are the
closed saddle functions studied in Sect. 2.3.2.

2.3.1 Saddle Points and Mini-max Equality

Let X, Y be two nonempty sets and let F' be an extended real-valued function on the
product set X x Y.
It is easy to prove that we always have

sup inf F(x,y) < inf sup F(x,y). (2.132)
xeX yeY yeY xeX

If the equality holds, the common value is called the saddle value of F on X x Y.
Furthermore, we shall require that the supremum from the left side and the infimum
from the right side are actually achieved. In this case, we say that F verifies the
mini-max equality on X x Y and we denote this by

max min F(x,y) =min max F(x,y).
xeX yeY yeY xeX

Of course, the mini-max equality holds if and only if the following three condi-
tions are satisfied:

(1) F has saddle value, that is, sup, cy infyey F(x,y) =infycy sup,cx F(x,y).
(ii) Thereis X € X such that infyecy F (X, y) = sup, .y infycy F(x,y).
(iii) Thereis 'y € Y such that sup,cy F(x,y) =infycy sup, cy F(x,y).
Clearly, F(x,y) is the saddle value of F. Also, sup,.y F(x,y) and
infyey F (X, y) are attained, respectively, at X and y since, from conditions (ii) and
(iii), one easily obtains

sup inf F(x,y) = inf F(X,y) < F(x,y) <sup F(x,y) = inf sup F(x, y).
xeX yeY yeY xeX yeY xeX

According to condition (i), this inequality becomes an equality. Moreover, we
obtain

sup F(x, §) = F(%, ) = inf F(&, y)
xeX yey

from which we obtain
F(x,y) <FX,y) <F(,y), Y(x,y)eXxY. (2.133)

Definition 2.104 The pair (X, ¥) € X x Y is said to be a saddle point for the function
F : X x Y — Rifrelation (2.133) holds.
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Thus, the mini-max equality implies the existence of a saddle point.
It is easily proven that the converse of this statement is also true. Indeed,
from (2.133), we have

inf sup F(x,y) <sup F(x,y) <inf F(Xx,y) <sup inf F(x,y),
yeY xeX xeX yeY xeX yeY

which, by (2.132), implies conditions (i), (ii) and (iii). Thus, the following funda-
mental result holds.

Proposition 2.105 A function satisfies the mini-max equality if and only if it has a
saddle point.

2.3.2 Saddle Functions

The purpose of this section is to present a new class of functions (that is, functions
which are partly convex and partly concave), which are closely related to extremum
problems.

We assume in everything that follows that X and Y are real Banach spaces with
duals X* and Y*. For the sake of simplicity, we use the same symbol || - || to denote
the norms || - || x, || - lv, || - | x+ and || - ||y* in the respective spaces X, Y, X* and Y*.
As usual, we use the symbol (-, -) to denote the pairing between X, X* and Y, Y*,
respectively. If f is an arbitrary convex function on X, then we use the symbol cl f
to denote its closure (see Sect. 2.1.3). For a concave function g, the closure cl g is
defined by

clg =—cl(—g).

Definition 2.106 By a saddle function on X x Y, we mean an extended real-valued
function K defined everywhere, such that K (x, y) is a concave function of x € X
for each y € Y, and a convex function of y € Y for each x € X.

Given a saddle function K on X x Y, we denote by cl; K the function obtained by
closing K (x, y) as a concave function of x for each y. Similarly, cl, K is obtained
by closing K (x, y) as a convex function of y for each x.

Definition 2.107 A saddle function K is said to be closed if the following condi-
tions hold:

clicl, K =cl; K, che] K =ch K. (2.134)

It should be observed that conditions (2.134) automatically hold if K (x,y) is

upper-semicontinuous in x and lower-semicontinuous in y. Two saddle functions K
and K’ are said to be equivalent if

ci K=c{K' and ch K=chK'.
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In other words, the saddle function K is closed if cl; K and cl; K are equivalent
to K.

It is worth mentioning that equivalent saddle functions have the same saddle
value and saddle points (if any). In fact, let K be an arbitrary saddle function on
X x Y. Inasmuch as the infimum of a convex function is the same as the infimum of
its closure, one obtains

inf{K(x, y); Y€ Y} = inf{clz K(x,y); ye Y} for every x € X, (2.135)
and, similarly,
sup{K(x,y); x € X} =sup{cl; K(x,y); x€ X} foreveryyeY. (2.136)
Hence, if (xg, yo) is a saddle point of K, that is,
K (x, yo) = K(x0, y0) < K(xo,y) forall (x,y)eX xY,
we have
sup{cl; K (x, yo); x € X} = K (x0, yo) = inf{cl> K (x0, y); y € Y}
and therefore for any saddle function K’ equivalent with K,
sup{K'(x, y0); x € X} = K (x0, yo) = inf{K'(x0,y): y € K},
which implies that K (xg, yo) = K’ (x0, yo), and therefore (xg, yo) is a saddle point
of K'.
Let K be a saddle function on X x Y and let
D1(K)={xeX; K(x,y) > —o0 foreveryer}, (2.137)
D2(K)={er; K(x,y)<—|—oof0reveryxeX}. (2.138)
It is easy to see that D1(K) and D,(K) are convex sets. The set
dom K = D{(K) x Dy(K) (2.139)

is called the effective domain of K. Obviously, K is finite on dom K and, if K is
finite everywhere, one has dom K = X x Y.
As an example, let A and B be nonempty convex sets in X and Y, respectively,
and let
Ko(x,y), ifxeAandyeB,
K(x,y)=1+o0, if x € Aand y € B, (2.140)
—00, ifxEéAandy ey,

where K is any finite saddle function on A x B. Then, K is a saddle function on
X x Y with

domK = A x B.
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A saddle function K : X x ¥ — R = [—00, +00] is called proper if dom K # .
Most of the results which are proved below closely resemble the corresponding
properties of lower-semicontinuous convex functions previously established.

Theorem 2.108 Let K be a closed proper saddle function on X x Y. Then

(i) Foreveryy € int Dy(K), the function K (-, y) is concave, upper-semicontinuous
and proper on X. Furthermore, its effective domain coincides with D1(K).

(ii) For every y € int D1 (K), the function K (x, -) is convex, lower-semicontinuous
and proper on Y, and its effective domain is D>(K).

Proof (i) The closedness of K implies that clj cl; K =cl; K. Hence

ci K(x,y)=1lim sup clpK(u,y) foreveryye Dy(K).

e=0 |x—ull<e
We set

@e(x,y) = sup ch K(u,y).
[lx—ull<e
Since cl; K <cl; K and the function x — cl; K(x, y), x € X, is upper-semicontin-
uous and concave on X, we may infer that

@e(x,y) <400 foreveryx € X and y € Dy(K). (2.141)

Here, we have used in particular Corollary 2.6. On the other hand, ¢, (x, y) is lower-
semicontinuous and convex as a function of y, because this is true for each of the
functions cly K (u, -). Therefore, . (x, y) is, for any & > 0, a continuous function
of y € int D>(K) (see Proposition 2.16). But this function majorizes the convex
function cl; K (x, -), and hence we may conclude that the latter is also continuous
onint Dy(K). Of course, cl; K > K > cl, K, while the closedness of K implies that
clp K =clp cly K. From the latter relation, we have

cli K(x,y)=clh K(x,y) foreveryx e X and y € int D>(K),

hence
K(x,y)=cli K(x,y) foreveryx e X and y €int D(K).

Hence, K (-, y) is concave and upper-semicontinuous for every y € int D»(K). Ob-
viously, the effective domain of this function includes D (K). We shall prove that
it is just D1 (K). To this end, let xop € X be such that K (xq, yg) > —o0o, where yy is
arbitrary but fixed in int D, (K).

Therefore, the convex function y — cly K (xg, y), ¥y € Y, is not identically —oco
which shows that cly K (xg, ¥) is nowhere —oo. This implies that xo € D{(K), as
claimed. The proof of part (ii) is entirely similar to that of part (i), so that it is
omitted.
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Given a saddle function K : X x ¥ — R, we denote by dyK(x, y) the set of
all subgradients of K(x,-) at y and by —d, K (x, y) the set of all subgradients of
—K (-, y) at x. In other words,

WK, y)={y eV Kx,y) <K&, )+ —v,y"), YveY}, (2142
WK, y)={x*eX* Ku,y) <K@, y)+@—x,x", YueX}. (2.143)
The multivalued operator 0K : X x ¥ — X* x Y* defined by
oK (x,y) = {—BXK(x, y), 0y K (x, y)}, (x,y)e X x 7Y, (2.144)
is called the subdifferential of the saddle function K.

It should be observed that the concave—convex function K has a saddle point
(x0, yo) if and only if

(0,0) € 0K (x0, yo)- (2.145)
0

Proposition 2.109 Let K be a proper saddle function on X x Y. The multivalued
mapping 0K : X x Y — X* x Y* is a monotone operator with

D(3K) C domK. (2.146)

Proof Let (x{, y{) € 0K (x1, y1) and (x3, y;) € 9K (x2, y2). By definition,

—K(x,y1) = —K(x1,y1) + (x —x1,x]), VxeX, (2.147)
K, y) = K@, y)+ G =y, Vyev, (2.148)
—K(x,y2) = —K(x2,y2) + (x —x2,x3), VxeX, (2.149)
K(x2,y) = K(x2,y2) + (y —y2.53), VyeY. (2.150)

Since (x,y) is arbitrary, we have —K (x1, y1) < 400 from relation (2.147) and
K (x1, y1) < +oo0 from relation (2.148). Hence, K (x1, y;) is finite, and from condi-
tions (2.147) and (2.148), we have (x1, y;) € dom K, establishing relation (2.146).
Taking x = x7 in (2.147), y = y; in (2.148), x = x1 in (2.149), and y = y; in (2.150),
by adding the four inequalities we obtain

(] —x3,x1 —x2) + (] — ¥, y1 —¥2) =0,
which means that d K is a monotone operator (see Sect. 1.4.1). O
Corollary 2.110 Let K be a proper closed saddle function on X x Y. Then

intdomK € D(0K) C domK. (2.151)
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Proof Let (x, y) €intdom K. Thus, x € int D1(K) and y € int D>(K), so that The-
orem 2.108 together with Corollary 2.38 imply that K is subdifferentiable at (x, y),
establishing (2.151). O

Corollary 2.111 Let K be a proper and closed saddle function on X x Y. Then K
is continuous on intdom K .

Proof From Theorem 1.144, and Corollary 2.110, it follows that the monotone oper-
ator 0K is locally bounded on intdom K C int D(dK). Let (xg, yo) be any element
in intdom K. By definition, for all (x x Y, one has

K (x0, yo) — K (x,y) < (o — ¥, y3) + (x —x0, x™) (2.152)
and

K(x,y) = K(x0, y0) < (y = Y0, ¥*) + (x0 — x, x5), (2.153)

where (x5, y5) € 9K (xo, yo) and (x*, y*) € 9K (x, y). Since 9K is locally bounded
at (xo, yo), there exist p > 0 and C > 0 such that

x*| 4+ lly*[l < C  for [|x —xoll < p and ||y — yoll < p.
Inserting this in relations (2.152) and (2.153), it follows that
|K (x0, y0) = K (x, )| = C1(llx = xoll + Iy — yoll)

for all (x,y) € X x Y such that ||x — xo|| < p and ||y — yo|| < p. Here, Cy is a pos-
itive constant independent of x and y. Thus, we have shown that K is Lipschitzian
in a neighborhood of (xg, yo). The proof of Corollary 2.111 is complete. U

The results presented above bring out many connections between closed saddle
functions and lower-semicontinuous functions. The most important fact is stated in
Theorem 2.112 below.

Theorem 2.112 The formulas
L(x,y*) =sup{(y,y") — K(x,y); yeY}, (2.154)
K(x,y) =sup{(y,y*) = L(x,y*; y* €Y} (2.155)

define a one-to-one correspondence between the lower-semicontinuous proper con-
vex functions L on the space X x Y* and the closed saddle functions K on X x Y

satisfying
clhclj K =K. (2.156)

Moreover, under this correspondence, one has

(*, v €dK(x,y) <= (—x*,y)€dL(x,y"). (2.157)
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Proof Let L : X x Y* — ]—00, +00] be convex, lower-semicontinuous and non-
identically 400 on X x Y*. Formula (2.155) says that K is he partial conjugate of
L and this implies that the function K (x, y) is convex and lower-semicontinuous
in y on Y. Furthermore, it follows that L(x, -) is in turn the conjugate of K (x, -),
establishing formula (2.154). Lastly, a simple calculation involving relation (2.155)
and the convexity of L on X x Y* implies that K (x, y) is concave as a function of
x on X. We leave the simple details to the reader. Now, we prove that K defined by
formula (2.155) satisfies condition (2.156). To this end, we consider the conjugate
L*: X* xY — ]—o00, +00] of L, that is,

L*(x*, y) =sup{(x,x™) + (3, y) = L(x,y%); x € X, y* € Y*}.
According to relation (2.155), we get
L*(x*,y) =sup{(x, x*) + K(x,y); x € X}. (2.158)
Hence,
cli K (x, y) = —sup{(x,x*) — L*(x*, y); x* € X*}. (2.159)
But L = L**, because L is lower-semicontinuous. In other words,
L(x,y") =sup{(x,x*) + (y, y*) = L*(x*, y); x* € X*, ye Y*}.

Hence, by equality (2.159), we must have

L(x,y*) =sup{(y,y*) —cli K(x,y); y €Y},
and therefore
clacli K (x, y) =sup{(y, y*) = L(x, y); y* e Y*}.
Combining this with relation (2.155), we obtain
clocli K(x,y) =K(x,y) forevery (x,y)eX xY,

as claimed.

Next, we assume that K is any closed proper saddle function on X x Y which sat-
isfies condition (2.156). First, we note that the function L defined by formula (2.154)
is convex on the product space X x Y*. Furthermore, since dom K # ), we must
have

L(x,y*) > —oo forevery (x,y*)e X x Y*

and L £ +oo. It remains to be proved that L is lower-semicontinuous on X x Y*.
Let L* be the conjugate of L. One has

clL(x,y*) =sup{(x,x*) + (y,y") = L*(x*,y); x* € X*, yeY}.
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Combining this with equality (2.159), we obtain
clL(x,y*) =sup{(y,y*) —cli K(x,y); yeY}
=sup{(y,y*) —chcli K(x,y);: ye Y},

which is equivalent to
clL(x,y*) =sup{(y,y") — K(x,y); yeY}=L(x,y")

in view of relations (2.156) and (2.154). Thus, L is lower-semicontinuous on X x Y *.
In order to verify relation (2.157), we fix any (x*, y*) in K (x, y) and use the
definition of 9, K (x, y). Then

—(xFx=x)+ O,y =y ==K, y)+ K, y) + (v, v —y))
forall x; € X, yf e Y™ (2.160)

From relation (2.154), we have
K(x1,y) = (v, 1) = —L(x1,57) (2.161)
while (2.142) implies that
K(x,y)+Lx,y) = (.5 (2.162)

because y — K (x,y) is the conjugate of the proper convex function L(x,-) (see
Proposition 2.33). Adding relations (2.161) and (2.162) and substituting the result
in (2.160), one obtains

—(x*, x —x) 4+, ¥y =y = Lx,y*) — L(x1, ¥)), (2.163)

for all x; € X and y{ € Y*. In other words, we have proved that (—x*,y) €
dL(x, y*). It remains to be proved that (—x*, y) € dL(x, y*) implies that (x*, y*) €
0K (x, y). This follows by using a similar argument, but the details are omitted. [

Remark 2.113 The closed saddle function K associated with a convex and lower-
semicontinuous function L are referred to in the following as the Hamiltonian func-
tion corresponding to L.

Given any closed and proper saddle function K on X x Y, there always exists an
equivalent closed saddle function K’ which satisfies condition (2.156). An exam-
ple of such a function could be K’ = ¢l K. This fact shows that formulas (2.154)
and (2.155) define a one-to-one correspondence between the equivalence classes
of closed proper saddle functions K on X x Y and lower-semicontinuous, proper
convex functions L on X x Y*.

Theorem 2.114 below may be compared most closely to Theorem 2.43.
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Theorem 2.114 Let Y be a reflexive Banach space and let K : X x Y — R be a
proper, closed saddle function on X x Y. Then the operator 0K : X xY — X* x Y*
is maximal monotone.

Proof Tt should be observed that, if K’ is a saddle function equivalent to K,
then 0K’ = 9K. Indeed, as observed earlier, (xa" , y(’)“) € 0K (xg, yp) if and only
if (x0, yo) is a saddle point of the function (x,y) — K(x,y) + (x,x5) — (¥, y)
which is in turn equivalent to (x,y) = K'(x,y) + (x,x}) — (v, ¥}). Since two
equivalent closed saddle functions have the same saddle points, we conclude that
(xg, y(*)‘) € 0K’ (x0, yo), as claimed. Thus, replacing, if necessary, the function K by
cly K, we may assume that the concave—convex function satisfies condition (2.156)
in Theorem 2.112. If Y is reflexive, then X x Y* is a Banach space, whose dual may
be identified with X* x Y. Since the function L defined by formula (2.154) is convex
and lower-semicontinuous on X x Y*, its subdifferential d L is maximal monotone
(see Theorem 2.43) from X x Y* into X* x Y. Hence, using relation (2.157), 0K is
also maximal monotone. O

Remark 2.115 Theorem 2.114 follows also in the case when X rather than Y is
reflexive, by replacing K by —K.

Corollary 2.116 Let X and Y be two reflexive Banach spaces, and let K : X x Y —
R be a proper, closed saddle function on X x Y. Then, the domain D(0K) of the
operator 0K is a dense subset of dom K.

Proof Let (xo, yo) be any element of dom K, and let (x;, y») € X x Y be such that

Fi(xy —x0) —A0xK (x5, v:) 30, A>0, (2.164)
Fy(y5. —y0) =20, K(x;,y,) 30, A>0, (2.165)

where F; : X — X* and F, : Y — Y™ are duality mappings of X and Y, re-
spectively. Since dK is maximal monotone and the operator (x,y) — (Fj(x —
x0), F>(y — y0)) is monotone, coercive and demicontinuous from X x ¥ to X* x Y*
(without any loss of generality, we may assume that X and Y as well as their duals
are strictly convex), the above equation has at least one solution (x, yy) € D(0K)
(see Corollary 1.140). We multiply the first equation by x; — xo, the second by
¥, — yo and add the results; thus, we obtain

(F1 (x5 — x0), X2 — x0) + (F2(y» — ¥0), ¥ — Y0)
<MK (x5, y0) — K (x0, y)), forall A > 0. (2.166)

Inasmuch as (xgp, yp) € dom K, the functions x - —K (x, yp) and y — K (xg, y) are
convex and not identically +o00 on X and Y, respectively. Thus, these functions are
bounded from below by affine functions (see Proposition 2.20). This fact implies

26, — xo0lI* + Iy — yoll* < CA(Ixall + llyall + 1). (2.167)

Therefore x) — xo and y, — yp as A — 0, thereby proving Corollary 2.116. U
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Remark 2.117 1t turns out that Corollary 2.116 remains true if one merely assumes
that X or Y is reflexive (see Gossez [22]).

As a final (but, actually, immediate) application of Theorem 2.114, we cite a
minimax result which plays a fundamental role in game theory (see, for instance,
Aubin [1]).

Corollary 2.118 Let X and Y be reflexive Banach spaces, and let A and B be
two closed and convex subsets of X and Y, respectively. Let K¢ be a closed saddle
function on X x Y satisfying the following condition:

(a) There exists some (xg, yo) € A X B such that

ux||+%ivnrg+oo(K0(x’ y0) — Ko(xo, )’)) =—00. (2.168)
X€A, :veB

Then, the function K¢ has at least one saddle point on A x B.

Proof Let K : X x Y — [—o00,+00] be the closed saddle function defined
by (2.140). By Theorem 2.114, the operator K : X x ¥ — X* x Y* is maximal
monotone. Hence, for each A > 0 (x;, y») € D(0K) = A x B such that

AF1(x3) — 0x K (xa, y) 20, (2.169)
AF2(y) + 9y K (x3, y:) 20, (2.170)

where F] : X — X* and F, : Y — Y™ are dually mappings of X and Y, respectively.

Let (xg,y0) € A x B be fixed as in condition (2.168). We multiply equa-
tion (2.169) by x; — xo, equation (2.170) by y, — yo, and use the definition of 9 K
to obtain

A(F1(x), %0 — x0) < K (x3, y2) — K (x0, y2),
AM(F2(y2). yo. — y0) < K (xa, y2) + K (x1, y0).
Therefore,
(1l 4 yall?) < Al Ixoll + yall 1yoll) + K (s yo) — K (x0, y2)-

According to condition (a), this inequality shows that (x;, y») must be bounded in
X x Y as A tends to 0. Thus, without loss of generality, we may assume that

X, — X weaklyin X,
~ (2.171)
v, —y weaklyinY,

as A — 0. If we let A — 0 in equations (2.169) and (2.170), we may infer that

Alin}) 0K (x;,v,) =(0,0) stronglyin X* x Y*. (2.172)
e
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Since dK is maximal monotone, from assumptions (2.171) and (2.172) it is imme-
diately clear that (x, y) € D(dK) and

(0,0) e 0K (x, y). (2.173)

Thus, we have shown that K has a saddle point (X, y) on X x Y. But it is not difficult
to see that (X, y) is a saddle point of K if and only if (X, y) is a saddle point of K¢
with respect to A x B, that is,

Ko(x,y) < Ko(x,y) < Ko(x,y) forallx € Aandy € B,

and this establishes Corollary 2.118. O

Let K*: X* x Y* — R be the concave—convex conjugate of K . By analogy with
the terminology used in the study of convex functions, K* is called the conjugate
of K. If K is closed, so is K* and, according to Theorem 2.114, if X and Y are
reflexive, then the subdifferential d K* of K* is a maximal monotone operator from
X* x Y*into X x Y. It is not difficult to see that  K* is the inverse of 9K, that is,

(x,y) € IK*(x*,y*) = (x* y")edK(x,y). (2.174)

In particular, this means that the saddle points of K are just the elements of
dK*(0,0). Thus, K has a saddle point, if and only if K* has a subgradient at (0, 0).
In particular, this implies that the set of all saddle points of the proper closed saddle
function K is a closed and convex subset of the product space X x Y. Furthermore,
if K* happens to be continuous at (0, 0), then this set is weakly compactin X x Y. It
follows that the conditions ensuring the subdifferentiability of K* may be regarded
as mini-max theorems. This subject is discussed in some detail in the sequel.

2.3.3 Mini-max Theorems

Let X, Y be two separated linear topological spaces and let F : X x ¥ — R. An
important problem is to establish certain conditions on F, X and Y under which the
mini-max equality

max min F'(x, y) = min max F(x, y) (2.175)
xeX yeY yeY xeX

is true or at least a saddle value exists, that is,

sup inf F(x,y) = inf sup F(x,y). (2.176)
xeX yeY yeY xeX

All the results of this type are termed mini-max theorems. In view of Proposi-
tion 2.105, the mini-max equality is equivalent to the existence of a saddle point
of FonX x Y.
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This section is concerned with the main mini-max theorems and some general-
izations of the famous mini-max theorem of von Neumann [76].
First, we prove a general result established by Terkelsen [72].

Theorem 2.119 Let A b e a compact set in a topological space, let B be an arbi-
trary set, and let F be a real-valued function defined on A x B such that F (-, y) is
an upper-semicontinuous function on A for every y € B. Then, the following state-
ments are equivalent.

(a) ForeveryaeRandyi, y2, ..., yn € B suchthat @ > maxye4 minj<;<, F(x, yi),
there is yo € B such that o > max,c F(x, o).
(b) F satisfies the equality

max inf F(x,y) = mf max F(x, y). 2.177)
x€A yeB eB xeA

Proof First, we notice that because A is a compact set according to the Weierstrass
theorem for the upper-semicontinuous functions (see Theorem 2.8), we can take
“max’ instead of “sup”.

We immediately obtain statement (a) from equality (2.177) by using the defini-
tion of a supremum. Let us prove that statement (a) implies (b). Let an arbitrary
o € R be such that

o > max inf F(x,y).

x€eA yeB

We write Ay = {x € A; F(x,y) > a},forevery y € B, and hence ﬂyeB Ay =0.By
hypothesis, Ay is closed; therefore, A being a compact set, there are y1,...,y, € B
with ﬂ?zl Ay, =, which implies min;<;<, F(x, y;) < o, for each x € X. Thus,
maxyed Minj<i<, F(x,y;) <o and then, from statement (a) we obtain yp € B such
that o > max,ea F(x, yo), from which it results that o > infycp max,eq F(x, y).
Now, if o tends to max,e4 infyep F(x, y), we have

max inf F(x,y) > mf max F(x,y).
xeA yeB

Moreover, it follows from (2.132) that equality (2.177) holds. U

Corollary 2.120 Under the same assumptions as in the theorem, if for every
Y1, Y2 € B there is y3 € B such that F(x, y3) < F(x,y1) and F(x,y3) < F(x, y2)
for every x € A, then F satisfies equality (2.177).

Corollary 2.121 If (f,) is a decreasing sequence of real-valued upper-semicontin-
uous functions on a compact set A, then
lim max fn(x)=max lim f,(x). (2.178)
n—-o0o ye XeA n—o0o
Proof To prove this, take B = N and define F (x,n) = f,(x), x € A,n € N. We have

satisfied a directed condition which, obviously, implies statement (a), hence equal-
ity (2.178). O
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Remark 2.122 The previous theorem is not really a mini-max theorem. If, moreover,
B is a compact set and y — F(x,y) is a lower-semicontinuous function on B
for every x € A, then statement (a) is equivalent to the mini-max equality (2.175)
because the infimum is also attained.

Property (a) is a rather natural one because, from equality (2.175), inequal-
ity (2.178) is equivalent to the following assertion:

for every o € R such that o > maxyeainfyep F'(x,y), there is yo € B such that

a >maxyea F(x, yo).

Since the set A is compact and the function F (-, y) is upper-semicontinuous, it
is “possible” to consider the infimum only on the finite subsets of B.

The natural framework for presenting mini-max theorems is that of concave—
convex functions. Among the various methods used in the proof of mini-max theo-
rems, we notice the following: the first relies on separation properties of convex
sets and the second is based on the celebrated Knaster—Kuratowski-Mazurkiewicz
Theorem [38] (Theorem 2.129 below). However, these methods can be extended to
functions more general than concave—convex functions.

Definition 2.123 A function F : X x ¥ — R is said to be concave—convex-like if
the following conditions hold:

(i) For every x1,x3 € X and ¢ € [0, 1] there is an x3 € X such that
tF(x1,y)+ (1 —=t)F(x2,y) < F(x3,y) forallyeY, (2.179)

whenever the left-hand side makes sense.
(ii) For every y;, y2 € Y and ¢ € [0, 1], there is a y3 € Y such that

F(x,y3) <tF(x,y1))+ (1 —1t)F(x,y;) forallxeX, (2.180)

whenever the right-hand side is well defined.

Definition 2.124 A function F : X x ¥ — R is said to be quasi-concave—convex
if the level sets {x € X; F(x,y) > «} and {y € Y; F(x,y) < a} are convex sets for
everyyeY,xe Xand e e R.

It is clear from condition (i) that the following property results.
(i) Forevery xi,x2 € X and t1,1p,...,1, > 0 with >_*_, #; = 1, there is an xg € X
such that
n
Y tiF(xi.y) < F(xo.y) forallye?, (2.181)
i=1
whenever the left-hand side is well defined.

A similar statement for condition (ii) holds.
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Remark 2.125 The concepts of concave—convex-like and quasi-concave—convex are
independent of each other. However, a concave—convex function is at the same time
concave—convex-like and quasi-concave—convex.

In the following, we assume that A C X, B C Y are two nonempty convex sets
and that F is real-valued on A x B. Hence, for extended real-valued functions, the
set A x B plays the role of effective domain.

Theorem 2.126 Ler X,Y be separated topological linear spaces, A C X, BCY
compact convex sets and F a real-valued upper-semicontinuous concave—convex-
like function on A x B. Then F satisfies the mini-max equality on A X B.

Proof Let us prove that F has property (a) from Theorem 2.119.
Leto e Rand yy, y2, ..., y» € B be such that

o >max min F(x,y). (2.182)

xeA 1<i<n
Now, we consider the following convex sets of R":

C= conv{(F(x, y1), F(x,y2), ..., F(x, y,,)); X € A},

C2={(u1,u2,...,un); u; > o, i=1,2,...,n}.
Obviously, C; is a cone with vertex @ = (o, ¢, ...,a) € R” and C1 N Cy = . In-
deed, if u = (uy,uz,...,uy) € Cy, thereare x; € Aand o; >0, j =1,2,...,m,

with Z;f;] aj =1, such that u; = ZT:] ajF(x;j,y;) foreveryi =1,2,...,n. Now,
from (i)', there exists a point xo € A such that

F(x0.y) =Y ajF(xj.y). (2.183)
j=1

Using (2.182), we find ip for which « > F(xo, yi,). Therefore, it follows from
inequality (2.183) that o > u;,, that is, u = (uy,uz, ..., u,) € Cy. According to
Corollary 1.41, for the disjoint convex subsets Cy, Co we find a nonzero element
c=(cy,c2,...,cn) € R" such that

n n
sup Zciui < inf Zciui. (2.184)
ueCy i=1 ueCr i—1
However, the cone C; contains all the points (o, c,...,0, 0 + n,¢,...,Q),

n € N, and therefore ¢; > 0; hence, the infimum is attained at the vertex. Tak-
ing ¢, = ci(z;le cj)_1 and u; = F(x,y;), from inequality (2.184), we obtain
Y i1 CiF(x,y) <a for all x € A. Combining this with property (ii) from Defi-
nition 2.123, there is a point yg € B such that F(x, yo) < « for every x € A; hence,
a > maxyea F(x, yo) and thus assertion (a) from Theorem 2.119 is really satisfied.
Therefore relation (2.177) is true. Now, using (2.177) and the lower-semicontinuity
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of F(x,-) on the compact B for every x € A, we obtain the mini-max equal-
ity (2.175). O

Corollary 2.127 If X, Y are reflexive Banach spaces, A C X, B C Y are bounded
closed and convex sets, F is an upper-lower-semicontinuous concave—convex func-
tion on A x B, then F has a saddle point on A x B.

Proof Ttis sufficient to recall that in a reflexive Banach space, every bounded closed
convex set in weakly compact (Theorem 1.94) and the lower-(upper-)semicontinuity
is equivalent to the weak lower-(upper-)semicontinuity for the class of convex (con-
cave) functions, by virtue of Proposition 2.10. We can, therefore, apply the theorem
where X, Y are endowed with their weak topologies. (]

Remark 2.128 As is easily seen from the proof of Theorem 2.119, we omit the
compactness condition of the set B and the lower-semicontinuity condition of the
function F(x, -), we obtain equality (2.177).

Now, we prove similar results for quasi-concave—convex functions. As noted
above, we use the following statement due to Knaster, Kuratowski and Mazur-
kiewicz [38].

Theorem 2.129 (Knaster—Kuratowski—-Mazurkiewicz) Let U be an arbitrary set
in a finite-dimensional separated topological linear space E. To every u € U,
let #(u) C E be a compact set such that the convex hull of every finite subset
{ur,uz,...,uy} C U is contained in the corresponding union Ui:l F(u;). Then,

Nucv F W) # 0.
The first main result for the quasi-concave—convex functions is the following.

Theorem 2.130 Let F be a real-valued upper-lower-semicontinuous quasi-
concave—convex function on A x B. If there are yy € B and oy <
infyep sup,cq F(x,y) such that the level set {x € A; F(x, yo) > ag} be compact,
then

sup inf F(x,y) = inf sup F(x,y). (2.185)
xeA yeB yeEB xe€A

Proof Suppose by contradiction that equality (2.185) is not true. From inequal-
ity (2.132), there is @ > ¢, such that

sup inf F(x,y) <a < inf sup F(x,y). (2.186)
x€A yeB yeB xeA

Write Ay ={x € A; F(x,y) > a} and B, ={y € B; F(x, y) <}, which by hypo-
thesis are nonempty convex and closed sets. Using (2.186), it follows that

() Ay=0. [)B:.=0.

yeB xeA



2.3 Concave—Convex Functions 141

Since Ay, is compact, there are yy, ..., ¥, € B such that ﬂ?zl Ay, = (. On the other
hand, as the convex sets finitely generated are compact, there are xi1,...,x, € A
such that

m

ﬂij Nconv{y;; i=1,2,...,n}=0.
i=1

Let A’ = conv{xl,xz, ..., Xu} and B’ =conv{yy, y2, ..., V,}. Define the multi-
valued mapping % on A’ x B’ by

F(u,v)={(w,s) € A" x B'; F(w,v) >aor F(u,s) <a}. (2.187)

One may easily show that all the conditions of Theorem 2.129 are fulfilled. Indeed,
Z (u, v) is a compact set since F is upper-semicontinuous and A’ x B’, A; > 0, with
> A =1 such that

p
in(ui,vi)éﬂ(uj,vj) forall j=1,2,...,p
i=1
it follows that
p p
F<Zkiui,vj)<o¢ and F(uj,ZAivi>>a, j=1L2,...,p.
i=l1 i=l

Since the sets

P P
{yeB/; F(ZMWJ) <oz} and {xGA’; F(x,ZAivl) >a}
i=1 i=1

are convex, at the same time we obtain

p p p p
F(Zkiui,ZAivi> <a and F(Zkiui,ZAiv,) >,
i=1 i=1 i=1 i=1

which is a contradiction. Hence,

p
Z Ai(ui, v;) U 7 (uj, vi).
i=1

<

Thus, according to Theorem 2.129, there is (xq, yp) € A’ x B’ such that (xq, yo) €
Z(x,y) for all (x,y) € A’ x B/, that is, F(xg, yo) > o or F(xg, yo) < a for all
x € A’ and y € B’. On the other hand, it follows that there are ip and jo such that
X0 €A Yo and yg € By io? which implies

a< F(xj,,yo) <a or o=F(xg,y) <a.

This is a contradiction. Therefore, equality (2.185) holds. U
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Remark 2.131 1t is worth noting that it is sufficient to assume that F'(x, -) is lower-
semicontinuous only on the intersection of B with any finite-dimensional space.
It should be emphasized that in equality (2.185) “sup” may be replaced by “max”
because F(-,y) is upper-semicontinuous and A may be replaced by the compact
set Ay,.

According to Theorem 2.130, we obtain a result similar to Theorem 2.126, for
the class of quasi-concave—convex functions.

Theorem 2.132 Let A, B be two compact convex sets and let F be a real-valued
upper-semicontinuous quasi-concave—convex function on A x B. Then F satisfies
the mini-max equality on A x B.

Remark 2.133 By Remark 2.125 and Theorem 2.126 or Theorem 2.132, we find the
classical mini-max theorem for concave—convex functions. Likewise, we find again
Corollary 2.118 for the semicontinuous saddle functions.

Corollary 2.134 Let X,Y be reflexive Banach spaces, and let A C X, B C X be
closed convex sets. If F is a semicontinuous saddle function on A x B satisfying the
conditions:

(a) A and B are bounded, or
(b) There is (xo, yo) € A X B such that

HXIIHIVHﬁoo{F(xO’ y) = F(x, YO)} =0, (2.188)
(x.y)EAXB

then F verifies the mini-max equality on A x B.

Proof If F satisfies condition (a), Theorem 2.132 can be used for the work topolo-
gies on X and Y. Hence, it is sufficient to prove the corollary if F satisfies the
coercivity condition (b). It is clear, from condition (b), that there exists 2 > 0 such
that, for every (x, y) € A x B with ||x| + ||y|| > &, we have

F(x0,y) — F(x,y9) > 0. (2.189)

We can assume that 7 > max{||xog|l, || yoll}. From the first part of the corollary
applied to the function F with respect to nonempty bounded closed convex sets
A'={x € A;|lx|| <h}and B’ ={y € B; ||y|| < h}, it follows that there is a saddle
point (x’, y") € A’ x B/, that is,

F(x,y)<F@&',y)<F',y), (2.190)

for every (x,y) € A’ x B'.
Particularly, since (xg, yo) € A’ x B/, we obtain

F(xo,Y) < F',y) < F', y0)
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from which we see that (x’, y") does not satisfy inequality (2.189); therefore, ||x'|| <
h and ||y’|| < h. Then, for every y € B, we can choose a suitable A € ]0, 1[ such that
Ay + (1 —A)y" € B’. From the right-hand side of inequality (2.190), by virtue of the
convexity of F(x’, -), we obtain

F,y)<F(xX\ay+ 1 =0)y) <AF&, y)+ (1 —=VF &', y),
which leads to
F(x',y) < F(x',y),
for every y € B. Similarly, from the left side of inequality (2.190) and, by virtue of
the concavity of F(-, y’), we have
F(x,y) < Fx',y),

for every x € A. The last two inequalities imply that (x’, ') is a saddle point of F
on A x B and the proof is complete (Proposition 2.105). U

Remark 2.135 Condition (a) or (b) in the previous corollary may be replaced by the
following conditions:

(a)’ B is bounded and there is yg € B such that

Jim F(x, yo) = —o0, (2.191)
xeA

or, by the symmetric condition

(b)" A is bounded and there is xo € A such that

lim | F(x. y) = +oo. (2.192)
y}EB_)OC

Also, relations (2.191) and (2.192) together are sufficient.

All the results in this section can be applied to functions with values in R, defined
on a product of two separated topological linear spaces. It is known that, if Fj is a
real-valued function on A x B, there is an extended real-valued function F defined
on all space X x Y such that F|gom r = Fo (see (2.140) from Sect. 2.3.2). Moreover,
we have

sup inf F(x,y) =sup inf Fy(x,y), (2.193)
xeX yeY x€A yeB
inf sup F(x,y) = inf sup Fo(x, y). (2.194)
yeY xeX yeEB xe€A

Hence, if Fj has a saddle value, then F has the same saddle value and reciprocally.
Also, (x, y) is a saddle point of F on X x Y if and only if (x, y) is a saddle point
of Fy on A x B (provided Fy is a proper function). On the other hand, giving an
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extended real-valued function F : X x ¥ — R, the role of A and B is played by
D1(F) and D>(F). In general, relations (2.193) and (2.194) are not true. However,
we can indicate a sufficiently large class of functions which satisfy these equalities.

Proposition 2.136 If F is a proper closed saddle function on X x Y, then rela-
tions (2.193) and (2.194) hold, where A x B =dom F.

Proof By definition of A = D (F), we have

sup inf F(x,y)=sup inf cly F(x,y)=sup inf cly F(x,y).
xeX yeY xeX yeY xeA yeY

On the other hand, since F is closed, by definition of B = D, (F) we have

inf clp F(x,y) = inf clpcly F(x,y) = inf cl; F(x,y) = inf cl] F(x, y),
yeYy yeY yeY yeB

hence

sup inf F(x,y)=sup infcl; F(x,y)>sup inf F(x, ).
xeX yeY xXeA yeB X€A yeB

Also, the converse inequality holds

sup inf F(x,y) =sup infcl, F(x,y) =sup inf F(x,y) <sup inf F(x,y).
xeX yeY xeA yeY xeA yeY x€A yeB

Similarly an obtains (2.194). O

2.4 Problems

2.1 Let f: 1 — R be a function on the real interval I C R. Prove that f is quasi-
convex if and only if it is either monotone or there exists xo € / such that f is
decreasing on (—o00, xo] N I and increasing on [xg, c0) N 1.

Hint. We denote o = inf{ f (x); x € I}. Let us consider a sequence (x;),en+ C 1
such that f(x,) — a. Let ¥ be a cluster element in R of the sequence (x,,)nen+ and
denote by a, b € R the extremities of the interval /. The following three cases are
possible: (1) x =a; (2) x =b; (3) a < x < b. In the first case, the function f is
increasing on /. Indeed, if u,v € I, u <v and f(u) > f(v), taking f(v) < B <
f(u), we find xj such that f(x;) < B, where x;; < u, since @ < . Therefore, the
interval {x € I; f(x) < B} (see Sect. 2.1.1) contains the points x; and v. Hence, it
also contains the element u, that is, f(u) < 8, which is a contradiction. Similarly,
we prove that f is decreasing if x = b. Now, if a < X < b, then f is decreasing on
[a, x] N I and increasing on [x,b] N 1.
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2.2 Let ¢ be a lower-semicontinuous convex function on the Hilbert space H and
let {x, } be defined by the following algorithm:

Xnt1 + 09 (Xnt1) D xp, neN

Prove that the sequence {x,} is weakly convergent to a minimum point x, €
(99)71(0) of .

Hint. This is the descent step algorithm. If we set

K = {w— lim xnk},

ng— 00

we show first that K C (3¢)~!(0) and then prove that the sequence {|x, — y|%}, is
decreasing for each y € B¢)~10). If

&l=w— lim x, and & =w— lim Xn! s
ng— 00 n;(—>oo

this implies that
: 2 : 2
/hrn |xn1/( — §1| = }1m |xn1/(/ — §1| ,
nk~>oo nk%OO

lim |x,y —&F = lim |x, — &)
}’lk—)OO l’lk—)OO
and therefore & = &;, as claimed.
2.3 Let K be a closed convex subsets of R and let

H =|ye(LP(2))"; y(x) €K, ae.x € 2},

where 1 < p < 0o and £2 is a measurable sub set of R”. Find the normal cone
Ny (y) C (L9(£2))"™ to % at y, % + é =1.

Hint. Apply Proposition 2.53, where g(x,y) =0 if y € K, g(x,y) = +oo if
yeK.

2.4 Find the normal cone N - for

H ={yeLP(R); a<y(x)<b, ae xR},
A ={ye(Lr@)":

Iy, <p. ae xe},

where || - ||;» is the Euclidean norm in R™.

2.5 Find the normal cone Ny to the set # ={y € L2(.Q); a<y(x)<bh, ae.
X € 2, fg y(x)dx = £}, where am(£2) < € < bm(£2) (m is the Lebesgue measure).



146 2 Convex Functions

Hint. We represent % = J#) N5 where ) = {y € L>(2); a < y(x) <b, ae.
xeR}, Hh={ye L?(£2); f_Q y(x)dx = £} and show that

Ny () =Ny () +Ny(y), Vyeld.

Since N (¥) + Nz C N_¢ (y), it suffices to show that, for every f € L%(£2), the
equation y + N (y) + Ny (y) > f has a solution y € . Since N 4 (y) =R, the
above equation reduces to y = Py (f — A), A € R, where P is projection on .%].
2.6 Let g : R — R be alower-continuous convex function such that limj; | oo % =
400 and let ¢ : H~!(£2) — R be defined by

_ | JogGdx, ifg(y) e L),
+o00, otherwise.

o(y)

Show that ¢ is lower-semicontinuous and that
dp(y) ={—Aw; we Hy(2), ye H () NL'(£2),
w(x) € Bg(y(x)) ae. x € .Q} (2.195)

Hint. Let F(y) ={w € H(; (£2); w(x) € 9g(y(x)) a.e. x € £2}. Clearly, F(y) C
dp(y) for each y € D(F). It suffices to show that F' is maximal monotone from
(H(} (22)) = H~'(R2) to itself. Equivalently, for each f e H~1(£2), the equation
—Aw + (3g) ' (w) > f has a solution w € H(} (£2). One takes an approximating
sequence {f,} C L2(9), fn— fin L%(£2), and consider the corresponding solu-
tions w, to the equation —Aw, + (3g) ' (w,) 3 f, in 2, w, € H}(2) N H*(2).
Taking into account that g*(w,) + g((3g) ™ w,) = w,(3g) "' (w,), we infer by the
Dunford—Pettis theorem that {y, € (3g) " (w,)} is weakly compact in L'(£2) and
therefore we may pass to the limit with w, to prove the existence of w € HO1 (£2)

with y € (9g) " 'w e L1(£2).
2.7 Let j : R — R be a lower-semicontinuous convex function such that
wlr|? +c; < jr) Swilr|’ +c1, VreR,

where w1, w2 > 0 and p > 1. We set 8 = 9. Consider the function ¢ : Wol’p(.Q) —
R" defined by

() =/ J(Vy)dx.
2

Show that ¢ is convex, lower-semicontinuous and its subdifferential d¢ : Wol"" (£2)
— WP (2) is given by

dp(y) = {we WL (2); w=—divy, n(x) €8j(Vyx)), ae x € 2}.
(2.196)
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Show that ¢ is lower-semicontinuous on L2(£2), too. Does this result remain true if
p=1?

Hint. Tt suffices to show that the map defined by the second right-hand
side of equation (2.196) is maximal monotone from Wol‘p(.Q) to (Wol’p(.Q))’ =
W‘l*f",(.Q), % +L =11 B is single valued, this reduces to the existence of a
solution y for the nonlinear elliptic boundary-value problem Ay — divdj(Vy) = f
in £2; y=00n 052, where A > 0 and f € L?' (£2). (See [4], p. 81.)

If p =1, then ¢ is no longer lower-semicontinuous on L%(2) if takes D(¢p) =
WO1 o1 (£2), but remains so if D(¢) is taken to be the space of functions with bounded
variation which are zero on 052.

2.8 Let ¢ be a continuous and convex function on Hilbert space H with the norm
| -], 9(0) =0 and let ¢; be its regularization (see (2.58)), that is,

Ix —y|?
2t

@1 (x) =inf{ +o); ye H} =S¢, t=0.

Show that S(¢z +5) = S(#)S(s)g, Vt,s > 0, and
dt 1 2
E(p(t,x)—i—iwxw(t,x)’ =0, V>0, xeH.

Remark 2.137 This means that t+ — S(#)¢ is a continuous semigroup on the
space of all continuous convex functions on H with infinitesimal generator ¢ —

1 Vo).

2.9 Let H be a Hilbert space and let F be a convex and continuously differentiable
function on H such that

. FX)
lim =

|x|—00 |x|

400, VF islocally Lipschitz,

(F/(x) = F'(),x—y) = o lx —y*, Va,y, x|, [yl <r.

We set
(Se)(x) = (9" +1F)*(1), >0, x€H.
Show that:

(D) im0 S@®)e(x) = p(x).
2) SE+s)p=St)S(s)p, Vs, t > 0.
(3) SS9+ F(V(S(1)9) =0,Vt > 0,x € H.

Hint. Show first that (S(#)@)(x) = ¢(y:(x))r + F*(VF(0¢(y:(x))), where
yi(x) = (I +1VF(9¢)~'(x) and Vi (S1)p)(x) = (VF) "1 ¢~ (x = y:(x))). (For
details, see Barbu and Da Prato [5], p. 25.)
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2.10 The unilateral (free boundary problem)

—"(@®)+y@x) = f(x) in[x€[0,T]; yx) > p].
=" (@) +y@x) < f(x) in[x€[0,1]; y(x) = p].
yx)=¢, Vxel0,1], y(0)=y(1) =0,

describes the equilibrium state of an elastic string fixed at x = 0, 1 and pushed
against an obstacle y = p < 0 by a distributed force f(x). Represent it as a vari-
ational inequality and solve it for f(x) = —1.

Hint. This is a problem of the form (2.95).

2.5 Bibliographical Notes

2.1. Most of the material on the general theory of convex functions presented in this
subsection can be found in the mimeographed lecture notes of Moreau [46],
the survey of Rockafellar [57] and the book [21] of Ekeland and Temam. In
finite-dimensional spaces, excellent surveys on the subject are available in the
Rockafellar book [56], the work of Ioffe and Tihomirov [33] and the books of
Stoer and Witzgall [71] and Vainberg [74]. In infinite-dimensional spaces, the
theory of conjugate functions has originally been developed by Bronsted [15]
and, subsequently, studied by Bronsted and Rockafellar [16], Moreau [45, 46].
Some special types of convex function are studied by Ponstein [50] (see also
the monograph of Avriel, Diewert, Schaible and Zang [2]). The first study on
convex functions was published in 1945 by Popoviciu [51].

2.2. Subdifferential mappings were originally studied in Hilbert spaces by Mo-
reau [45]. Theorem 2.43 was first proved by Moreau and later extended to a
general Banach space by Rockafellar [55, 59]. Theorem 2.46 is also due to
Rockafellar [55] and Theorem 2.58 is a slight extension of some results of
Moreau [45] and Brezis [12]. As already noticed, Theorem 2.62 is a special
case of a general perturbation theorem due to Rockafellar [60]. The idea of
the proof given here comes from the work [14] by Brezis, Crandall and Pazy.
Theorem 2.65 is due to Brezis [12, 13]. The theory of variational inequalities
has been the subject of much development in the last fifteen years. For detailed
treatments and applications, we refer the reader to the surveys of Stampacchia
[70], Mosco [47], and to the books of Duvaut and Lions [19]. The nonlinear
complementary problem in infinite dimension has been investigated by Kara-
mardian [35], Habelter and Price [24], Eaves [20], Saigal [67], among others.
Theorem 2.76 may be compared most closely with some results given by Kara-
mardian [36], and Bazaraa et al. [6-9].

The concept of e-subdifferential of convex function was introduced by
Brgnsted and Rockafellar [16]. The properties concerning the maximality with
respect to the e-monotonicity (Definition 2.86) considered for the first time
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2.3.

by Vesely [75] (see also Jofré, Luc and Théra [34]) are established by Pre-
cupanu and Apetrii in [52], where some connections with the e-enlargement
of an operator defined by Revalski and Théra [54] and the special case of &-
subdifferential are investigated. A detailed treatment of calculus rules of the ¢-
subdifferential of a convex function is presented by Hirriart-Urruty and Phelps
in [28].

The first notion of quasi-subdifferential for a quasi-convex function has been

defined independently by Greenberg and Pierskalla in [23] and Zabotin, Koblev
and Khabibulin in [77]. Different types of e-quasi-subdifferential may be found
in the monographs of Singer [68], Hirriart-Urruty and Lemarechal [27] and the
papers of loffe [31], Martinez Legaz and Sach [43], Penot [49]. The concept of
e-quasi-subdifferential given by Definition 2.124 was introduced by Precupanu
and Stamate in [53], where the relationship existing between this new type of
quasi-subdifferential and other quasi-subdifferentials known in the literature is
presented.
The results presented in Sect. 2.3.2 are essentially due to Rockafellar [58, 62]
(see also [56]). The first mini-max theorem was formulated for bilinear func-
tionals on finite-dimensional spaces by von Neumann [76]. Theorems 2.119
and 2.126 are essentially due to Terkelsen [72]. Mini-max Theorems 2.130
and 2.132 extend some classical results due to Ky Fan [40, 41], Sion [69],
Kneser [39], Nikaido [48].
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Chapter 3
Convex Programming

This chapter is concerned with basic principles of convex programming in Banach
spaces, that is, with the minimization of lower-semicontinuous convex functions on
closed convex sets.

3.1 Optimality Conditions

As seen earlier in Sect. 2.2.1 for a proper convex function f on a Banach space
X, the minimum points of f are just the solutions to the equation 0 € df (x). This
elementary result has some specific features in the case of convex constraint mini-
mization.

3.1.1 The Case of a Finite Number of Constraints

Let X be a real linear space and let f : X — R be a given function. Consider the
minimizing problem for the function f on a subset Ay C X, that is, the problem

() min{f(x); X eAx}.

The set Ax constitutes the constraints of Problem &7|. We say that an element
X € X is feasible if x € Ax N Dom(f). The mathematical programming problem
P is said to be consistent if Ax N Dom(f) # @, that is, it has feasible elements.
A feasible element x is called an optimal solution of &2 if

f(xo) =inf{f(x); x € Ax}.

In the theory of mathematical programming, a high degree of variability arises
for the set Ax of constraints and the cost function f. Thus, if Ax and f are convex,
then Problem & is a convex programming problem.

V. Barbu, T. Precupanu, Convexity and Optimization in Banach Spaces, 153
Springer Monographs in Mathematics,
DOI 10.1007/978-94-007-2247-7_3, © Springer Science+Business Media B.V. 2012
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The subset Ay is often defined by the solutions of a finite number of equations
and inequalities as in

sz{xeX; g(x)<0,Vi=1,...,n; rj(x) =0, Vj:l,...,m}, 3.1

where g; and r; are extended real-valued functions on X. In particular, if g; are
all identically zero, the latter reduces to a classical optimization problem with side
conditions which can be solved by using the Lagrangian function

L(x,v):f(x)+Zvjrj(x), x €Dom(f), v=(v,v2,...,v,) € R".
j=1

If certain differentiability hypotheses are present, then from classical analysis it is
well known that if xo € intDom(f) is an optimal solution for the above problem,
then there exists an element v° € R™ such that (x0, vo) is a critical point for L on
Dom(f) x R™ without side conditions. In other words, we can obtain necessary
conditions for optimality by directly applying the Fermat theorem to the Lagrange
function L. If xy € FrDom( f) or if the differentiability conditions are absent (which
happens in many optimization problems), a more sophisticated treatment based on
convexity theory is needed. In deriving necessary and sufficient conditions such that
a given element be optimal in Problem &7}, the convexity, which still allows a wide
class of applications, avoids differentiability conditions on f and g. The first result,
one of algebraic character, is concerned with the case in which the functions r; are
affine (a function is said to be affine if it is a sum of a linear functional and a constant
function) and the functions g; are convex. In this case, it is clear that the constraint
set Ax is convex.

Theorem 3.1 Let f, g1, g2, - .., gn be proper convex functions and letry,ra, ..., ry
be affine functions. If xg is an optimal solution of the consistent problem 2|, where

Ax is deﬁned by (3.1), then there exist n + m + 1 real numbers 20 k?, e )»2,
0

Vi, m, which are not all zero and have the properties
A f(xo) < f(x)+z,\°g,(x)+zv ri(x), Vx e Xo, (3.2)
i=1 j=l1
A0 >0 29>0 19g;(x0) = | =
0 =0, ; >0, ;8i(x0) =0, Vi=12,...,n, 3.3)
where

xo=Dom(f) N (| Dom(g,).
i=1

Proof Consider the subset

B={f(x)— f(x0)+ a0, g1(x) + a1, g2(x) + a2, ..., 8 (x) + o,
r1(x), r2(x), ..., rmx); x € Xg, o; >0, i =0, 1,...,n}. (3.4)
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It is easily seen that B is a nonvoid convex set of R!*"*" which does not contain
the origin. According to Corollary 1.41, there exists a homogeneous hyperplane, that

is, there exist 1 + n + m real numbers A2, A?, L 20,0 ,0 0

s Aps Vs Vs, ..., Yy, Which are not
all zero, such that

2(f () = fxo) +a0) + Y A (gi(0) +ai) + Y _virj(x) =0, (3.5

i=1 j=l1

forallx € Xo, a; >0,i=0,1,...,n. Taking x = xp, oy \(Ofork #iando; /" 00
it follows that k? >0 foreveryi =0, 1,...,n. Thus, relation (3.5) becomes

M(f) = Fx0) + Y e+ Y viri(x) =0, VxeXo,

i=1 j=1

and (3.2) is proved.

Now, it is clear that A?g,-(xo) >0,Vi=1,2,...,n, since xg € Ax. If x = xo,
from the above inequality we also obtain 27:1 A?gi (x0) >0, that is, )»?g,- (x9) =0,
Vi=1,2,...,n, which completes the proof. O

The numbers A?, 10 with the properties mentioned in the theorem are called the
Lagrange multipliers of Problem &7;. Since relations (3.2) and (3.3) are homoge-
neous with respect to coefficients, we can only consider A0 =0 or 1.

Thus, it is natural to call the function

L, lv)=cef(x)+ ) Aigi(x)+ Y vjrj(x). x € Xo,

i=1 j=1
A=) eRL, v=(v)) eR", (3.6)

where ¢ =0 or 1, the Lagrange function attached to Problem 7.

Remark 3.2 The necessary conditions (3.2) and (3.3) with xg € Ax are equivalent to
the fact that the point (x, A?, e, AS, v?, e v,(},) is a saddle point for the Lagrange
function (3.6) on Xg x Ri x R™, either for ¢ =0, or for ¢ = 1, with respect to

minimization on X and maximization on Ri x R™, that is,
n m n m
ef (x0)+ Y higi(x0)+ ) vjrj(xo) Sef () + Y M)+ Y wWirj(x), 3.7)
i=1 j=1 i=1 j=1
forevery (x,A,v) € Xo x R} x R™.
Relations (3.2) and (3.3) with Ag = ¢ for xo € Ay clearly imply relation (3.7)

because we have g;(xo) <0 and r;(x9) = 0. Conversely, for A; =0, v; =0, rela-
tion (3.7) implies inequality (3.2).
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From the same relation (3.7), for A; / o0 and v; — o0, it follows that
8i(x0) <0, rj(x0) =0, that is, xo € Ax. On the other hand, for x = xp, A; =0,
v; =0, relation (3.7) becomes Z;’Zl X?gi (x9) > 0, and so, A?gi (xp) = 0 for all
i=1,2,...,n.

Remark 3.3 The necessary optimality conditions (3.2) and (3.3) with Ag # 0 (that
is, (3.7) with ¢ = 1) and xg € Ay are also sufficient for xp to be an optimal solution
to Problem 2. If 10 = 0 (¢ = 0) the optimality conditions concern only the con-
straints functions, without giving any piece of information for the function which is
minimized.

It is natural to give certain additional conditions called constraint qualifications
which ensure that )»8 #0.

The following Slater’s constraint qualification is an instance of a constraint qua-
lification that is easily verifiable in many particular applications.

(S) There exists a point X € Ax such that g;(x) <0,Vi=1,2,...,n.
For the equality constraints we consider the interiority conditions

(0) 0eint{(r1(x), r2(x), ..., rm(x)); x € Xo}.

Theorem 3.4 Let f, g1, ..., gn be proper convex functions and let r1,r3, ...,y be
affine functions such that (S) and (O) are fulfilled. Then a point xo € Ax is an
optimal solution for &1 if and only if there exist n + m real numbers )‘(1)’ kg, e )»2,
v?, vg, A v,?l, such that
r m
fGxo0) < f)+ Y M)+ vIri(x), Vx e Xo, (3.8)
i=1 j=1
2A=>o, MWei(xo)=0, Vi=1,2,...,n. (3.9)
Proof Let x( be an optimal solution of &?;. According to Theorem 3.1, there exist
kg, A?, e )»2, v?, v(z), e v,% not all zero such that (3.2) and (3.3) hold. If we sup-
pose Ag =0, taking x = x € Ay from (3.2) we obtain ZLI A?g,- (x) > 0. Since
A? >0 and g;(x) < 0 for each i, we must have k? =0 forali=12,...,n.

Hence (3.2) becomes
m
Zv?rj(x) >0 forall x € X,
i=1

where v;-) are not all zero, contradicting the interiority condition (O). Hence Ag >0,
that is, we can eventually take A0 = 1. Sufficiency follows from (3.8) since, for
x € Ay, we have A?g(x) <0andr;(x) = 0. Moreover, f(xo) is necessarily finite. []

By virtue of Remark 3.2, we also have the following theorem.
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Theorem 3.4' Under the hypotheses of Theorem 3.4, an element xy € X is an opti-
mal solution if and only if there exist )»Oz()»o, e, Ag) e R", voz(v?, v(z), cee, v,(,)l) S
R™ such that (xo, A%, v0) is a saddle point for the Lagrange function on Xo x (R% x
R™), that is,

FO0)+ D higi(xo) + Y virj(x0) < Fx) + Y Algi(x) + Y vIrj(x), (3.10)

i=1 j=1 i=1 j=1
Sforall (x,x,v) € Xo x Rl x R™.
Remark 3.5 The constraint qualifications (S) and (O) ensures that the constraints

are consistent on Ay and none of the equality constraints is redundant. Moreover,
the trace on X of the affine set from the right-hand side of (O) has dimension m.

Remark 3.6 The sufficiency is also true without the regularity. For a separated lo-
cally convex space, Theorem 3.4 can be improved to obtain the well known Kuhn—
Tucker theorem, a classical result in programming theory.

Theorem 3.7 (Kuhn-Tucker) Under the hypotheses of Theorem 3.4, if we further
assume that the function f is lower-semicontinuous and g;,r; are continuous real
functions, then the optimality condition (3.8) for xo € Ax is equivalent to the condi-
tion

0 € df (x0) + 29981 (x0) + - - + 229, (x0)
+v0Vr1 (x0) + 19Vra(x0) 4 - - - + V0 Vi (x0). (3.11)

Proof Since conditions (3.9) are verified, condition (3.8) says that xo € Ay is a
minimum point of the function

n m
x—> f)+ Y Mg+ Y Wrix) onX, thatis,
i=1 j=1

n m
0 8<f +Y Wi+ Zvj?r,>(x0),
i=1 j=1

since inequality (3.8) is trivial on X \ X and X¢ = Dom(f).
Using the additive of the subdifferential (see Corollary 2.63 and Remark 2.61, or
Theorem 3.57), we obtain the equivalence to relation (3.11), as claimed. O

Remark 3.8 Since r; is affine, there exist a continuous linear functional x* € X*

and a real number o ; € R such that rj = x7 +«;. Therefore, we have Vr; = x7 and
(3.11) becomes

0 € f (x0) + 29981 (x0) + A99g2(x0) + - - + A2 gy (x0)
+ x] (x0) + x5 (x0) + - - - + x5, (x0)- (3.12)
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Now, if we consider only the case of the constraint given by inequalities, that is,
Ay={xeX; g(x)<0,Vi=1,2,...,n}, (3.13)
the Slater condition is as follows.
(S) There exists a point x € Dom( f) such that g;(x) <0,Vi=1,2,...,n.
From Theorem 3.7, we obtain the following result.
Theorem 3.9 Let f be a proper convex lower-semicontinuous function and let
81,82, --.,8n be real convex continuous functions satisfying the Slater condi-

tion (S). Then a point xo € Ax (given by (3.13)) is an optimal solution for &,
if and only if there exists A0 = (AO, Ag, el Ag) such that

0 € 3f (xo) + 20981 (x0) + A39g2(x0) + -~ + A dgn (x0). (3.14)
AW>0, Mgx)=0, Vi=1,2,...,n. (3.15)
Corollary 3.10 Let f, g1, 82, - - -, &n be real convex and differentiable functions on

X which satisfy (S). Then a feasible element xq is an optimal solution of Problem
P with Ax given by (3.13) if and only if there exist real numbers X?, Ag, R Ag
such that

V £ (x0) + A0V g1 (x0) + -+ + A0 Vg, (x0) =0, (3.16)
2 >o0, MWei(xo)=0, Vi=1,2,...,n. (3.17)

Remark 3.11 If X is a finite-dimensional space, dim X = k, the method of Lagrange
multiplier employs a simpler technique for finding the optimal solutions. First, we
find the solutions (1, x) € R” x X of the system

FO)+ D niVgi(x) =0,

i=1

Aigix)=0, i=1,2,...,n.

This system is formed by k + n equations and k + n real unknowns. If A; > 0 for
all i =1,2,...,n, then the feasible element x corresponding to XA is an optimal
solution. Hence, in the finite-dimensional case, for differentiable convex functions,
the Kuhn—Tucker conditions (3.16) and (3.17) give a practical procedure to solve
completely the convex programming problem.

3.1.2 Operatorial Convex Constraints

The problem studied in the preceding section, in which the constraints are given by a
finite number of inequations and equations may be extended in various ways. Thus,
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the function g; may be included in an operator, the natural order of real numbers
being replaced by an order generated by a convex cone. Namely, we consider the
programming problem

(2 min{f(x); x €A, G(x) € —Ay},

where X, Y are two separated locally convex spaces, A is a convex subset of X,
Ay is a closed convex cone of Y, f: X — R is a proper convex function with
Dom(f) D A and G : D(G) — Y with D(G) C X is a convex operator, that is,
D(G) is convex and

G(A1x) + A2x2) <A1G(x1) + 212G (x2), Vxi,x2 € D(G),
A >0, A2>0, A+r=1

The ordering relation in Y is generated by the cone Ay, that is,
y1 >y, ifandonlyify; —y; € Ay.

Feasible elements of &, are the elements of AN G~ (—Ay). Thus, Problem 2; is
considered consistent if AN G~ (—Ay) # @. It is clear that, in the special cases

A=Dom(f)N{x € X; rj(x)=0, Vj=1,2,....m},

Y=R", Ay=RY, G =(g1(x),&x),....8x).

) (3.18)
xe ﬂDom(gi),
i=1
or
A =Dom(f), Y =R, Ay =R x {Ogn},
G(x) = (gl (-x)’ gz(x)’ A ] gl’l(-x)v rl (.X), ”Z(x), sy rm(x))’
(3.19)

n
x €| Dom(g)).
i=1

Problem 42, reduces to the preceding problem &7 with Ax given in (3.1).

In general, the constraints given by equations are included in the set A, and those
given by inequations are expressed in terms of ordering generated by the cone Ay.

Now, it is natural to consider as the Lagrange (Fritz John) multiplier for an opti-
mal solution xo of Problem &7; a pair of elements (19, y;) € R x Y*, not both zero,
which satisfies the properties

nof (o) <mof () + (5. GW)), Yxe AND(G), (3.20)
=0, (5,020, VyeAy (ie, y5e—Ay), (5, GGxo)) =0. (3.21)

In the following, we are going to establish some results analogous to those given
in the preceding section concerning the existence of Lagrange multipliers. With
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that end in view, let us first remark that the role of the set B used in the proof of
Theorem 3.1 is taken, here, by the set

B={(f(x)— f(x0)+a,G(x)+y) eRxY; x€e AND(G), y € Ay, a >0},
(3.22)
where xg € AN G_l(—Ay) N D(G) N Dom( f).
It is easy to see that B is convex and contains the element (0, G (xp)) if xq is the
optimal solution for Z.

Lemma 3.12 An element (no, y;) € R x Y* has properties (3.20) and (3.21) if and
only if (10, y3) € —(cone B)°.

Proof According to the definition of the polar of a cone, it follows that (1o, y;) €
—(cone B)" if and only if

no(f (x) — f(x0) +a) + (v5. G(x) +y) =0,
forallx e AN D(G), ye Ay, a >0.

Since noe > 0 and ny € Ay for any n e Nif « > 0 and y € Ay, the preceding
inequality is equivalent to the two properties

no(f(x) = f(x0)) + (v, G(x)) =0, forallx € AN D(G)
and

no>0and (y},y) >0, forallye Ay, ie., yje—AY.
We also have (yg, G(xo)) =0. O

With the help of Lemma 3.12, one easily obtains the following theorem.

Theorem 3.13 For the optimal solution xy of Problem &7, there exists a Lagrange
multiplier (no, yy) € R x Y* if and only if

coneB#R x Y. (3.23)

Proof By virtue of Lemma 3.12 we have the result that there exist Lagrange multi-
pliers if and only if (cone B)Y £ {(0, 0)}. According to the bipolar theorem (Theo-
rem 2.26, Chap. 2), this reduces to condition (3.23). O

In the optimization theory, an important role is played by proper Lagrange mul-
tipliers, that is those for which ng # 0. In this case, we can take ng = 1 and then
the corresponding element yg is considered as a (proper) Lagrange multiplier. The
characteristic properties (3.20) and (3.21) become

fxo) < f(x)+ (5. G)), Vxe AND(G), (3.24)
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(5, ») =0, VyeAy (e, y5€—A%), (v, Gxp) =0. (3.25)
The Lagrange function is defined by
L(x,y") = f(x)+ (y*, G(x)), Vx € AND(G), y* € —A(I),. (3.26)

For the existence of this type of Lagrange multiplier it is necessary to impose
some regularity conditions. Among them, let us consider the simple interiority con-
ditions

0 €int(G(A) + Ay). (3.27)
Lemma 3.14 If (3.27) holds, then every Lagrange multiplier is proper.

Proof Suppose by contradiction that (0, ;) is a Lagrange multiplier. Then, from
the characteristic property (3.20), we obtain

(5. G(x)+y) =0 forallx e AND(G)and y € Ay.

By virtue of hypothesis (3.27), it follows that y; is nonnegative on a neighbor-
hood of origin (an absorbent set). This implies y; = 0, which is not possible since
10, ¥y are not both zero.

Next, we observe that there exists a Lagrange multiplier, that is, condition (3.23)
is fulfilled, if one of these two simple conditions holds:

intAy # 0, (3.28)

or
cone B isclosedin R x Y. (3.29)

Indeed, if int Ay # @, it follows that ]—00, 0[ x (—int Ay) Ncone B = (. Assume
that (ap, yo) € —cone B and yg € int Ay. Then, according to the definition of the
set B, there exist the nets A; > 0, y; € Ay, x; € AN D(G) and «; > 0 such that

lilm)”- (f(xi) — f(x0) +06i) = —ap,
hlm)‘i (vi + G(xi)) = —yo.

Since yg € int Ay, there exists ig such that A;(y; + G(x;)) € —Ay forall i > iy
and so, G(x;) € —Ay, Vi > ip. Onthe other hand, x; € AND(G;) and G(x;) € —Ay
involve f(x;) > f(xo) and hence og < 0. Therefore, (xg, yo) ¢ —cone B if op > 0
and yg € int Ay (thatis, cone B # R x Y). To prove that condition (3.23) is fulfilled
if condition (3.29) is verified, we observe that (]0, co[ x Ay) N (—cone B) = @.

For simplicity, we suppose next that

D(G)=X (or D(G)D A),

which, eventually, leads to the restriction of the set A. O
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Thus, we have the following result.

Theorem 3.15 If &2, satisfies conditions (3.27) and one of (3.28) or (3.29), then
X0 € A is an optimal solution if and only if there exists y; € —A?/ such that

F@0) + (Go), y*) < F) + (GG ). V(v e Ax (=A%), (330)

that is, (xo, yy) is a saddle point for the Lagrange function defined by (3.26).

Proof 1t is clear that (3.30) follows from (3.24) and (3.25). Conversely, we first see
that, if we take y* = 0 in (3.30), we obtain f(xg) < f(x) for every x € A such
that G(x) € —Ay. Hence, it is sufficient to prove that G(xg) € —Ay. It is easy to
show that from (3.30) it follows that we have the so-called complementary slackness
condition,

(G(x0),y5) =0 (3.31)

(taking x = xo and y* = ayg, Ya > 0). Replacing x = xo in (3.30), it follows that
(G(x0), y*) <0, ¥y* € —AY, that is, G(x9) € —AY = —Ay (Theorem 2.26 of
bipolar), as claimed. O

Remark 3.16 The regularity condition given by (3.27) and (3.28) is equivalent to
the usual Slater condition.

(S) There exists X € A such that G(x) € —intAy.

Other forms of regularity conditions, such as closedness conditions, are given in

Sect. 3.2.3.

Now, let us observe that relation (3.30) is equivalent to relations (3.24) and (3.31).
If A= D(G) = X, we find that xo is a minimum point for the function x —
L(x, y0), x € X, and hence 0 € 9(f + y;j o G)(xo). If f or G is continuous at xo,
we can apply the additivity property of the subdifferential

0€df (xo) +3(yj o G)(x0).

Remark 3.17 To obtain a result similar to the Kuhn—Tucker theorem, it is sufficient
to have an equality of type

3(yg 0 G)(x0) = y; © 3G (x0), (3.32)

where the subdifferential 9 G (xo) of the convex operator G at xg is similarly defined
with the aid of the ordering generated by the cone Ay, that is,

3G(xo) ={T € L(X,Y); T(x —x0) € G(x) — G(xo) + Ay, Vx € X}. (3.33)

But equality (3.32) does not generally hold. In this way, it is natural to say that the
mapping G is regular subdifferentiable at x if equality (3.32) is satisfied for every
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¥o € A(}. A sufficient condition for the regular subdifferentiability is the following:
X is a reflexive Banach space and Ay has a weakly compact base which does not
contain an origin. By virtue of the above remark, Theorem 3.15 can be restated as
a theorem of Kuhn—-Tucker type.

Theorem 3.18 If &7, satisfies conditions (3.27), (3.28) (or (3.29)) and G is con-
tinuous and regularly subdifferentiable on A, then an element xo € A is an optimal
solution if and only if there exists yj € —A?, such that

0€0f(x0) + y5 039G (x0), (¥5.G(x0)) =0.

It is easily seen that, if G is continuous and differentiable (for instance, if G is
Fréchet differentiable), then equality (3.32) holds (and dG (xg) contains a unique
element). In fact, we see later that the differentiability hypothesis allows necessary
optimality conditions to be obtained even for non-convex problems.

Note, finally, that the general problem 2| can be reformulated as a problem of
minimization of a certain function over the space X, where no constraints explicitly
appear. More precisely, & is equivalent to the following unconstrained problem:

min{f(x)+IAX(x); by GX}.

Let f be a lower-semicontinuous function and let Ay be a closed convex set of X.
If (int Ax) N Dom( f) # ¥ or if f happens to be continuous at a point of Ay, then,
by virtue of the additivity theorem for subdifferentials, we may infer that xq is an
optimal solution if and only if

af (x0) N (=314 (x0)) # 9, (3.34)
or, equivalently,

af (x0) N (—C%(Ax; x0)) # 9, (3.35)

where C(Ay; xg) represents the cone generated by Ax — xo. In particular, xg €
int Ay is an optimal solution if and only if 0 € df(xp) since CO%Ax; xo = {0)).
Therefore, the cases of special interest are those in which xo ¢ int Ay, that is, xg €
FrA X-

By conjugacy, the optimality condition (3.34) is equivalent to the existence of an
element x(’)‘ € X*, subject to

fxo) + f*(xg) + I3, (=x5) =0, xo€ Ay,
that is,

f(xo) =inf{(x§, x); x € Ax} — f*(x5). (3.36)

Remark 3.19 1If Ay is the translate of a closed linear subspace, the optimality con-
dition (3.35) becomes

Af (xo) N (Ax —x0) - £, xo0€ Ayx. (3.37)
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To be more specific, we consider the case of affine constraints,
(23)  min{ f(x); G(x) =0},
where G : X — Y is an affine mapping, that is,
G(x)=Tx+yg, forallxeX,

withT € L(X,Y) and yp €Y.

Theorem 3.20 If f is continuous in a point of kerG and T has a closed range,
then a point xq € ker G is an optimal solution of &5 if and only if

3f (x0) N Range T* = 0. (3.38)

Proof We observe that Ax —xo = ker T. On the other hand, (ker )+ = Range T* =
Range T* because Range T* is also closed. Hence, condition (3.38) is equivalent to
the optimality condition (3.37). O

3.1.3 Nonlinear Programming in the Case of Fréchet
Differentiability

In the following, we show that the results obtained in the convex case can be ex-
tended to the general case of the nonlinear programming if the Fréchet differentia-
bility of functions involved in the problem is required.

We return to the minimization problem

() min{f(x); x €A, G(x) € —Ay},

where X, Y are two linear normed spaces, G : X — Y and f : X — R are two
arbitrary mappings, A is a nonvoid subset of X and Ay is a closed convex cone
of Y.

Our aim her is to obtain some necessary conditions of Kuhn-Tucker type for &;.
With that end in view, we introduce some preliminary notions.

Definition 3.21 We call the cone of tangents to A at xo € A, denoted by TC(A; xo),
the set defined by
TC(Aix))= (] CANVixg. (3.39)
Ve (xg)

where ¥ (xg) is a base of neighborhoods for xy (by C(M; xp) we denote the cone
generated by M — xo), that is, | J; -o A(M — x¢)).

It is clearly seen that TC(A; xo) is a closed cone with vertex at zero, but need not
to be convex.
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Lemma 3.22 x € TC(A; xo) \ {0} if and only if there exist a sequence {x,} C A and
a sequence {A,} of positive numbers such that

Xp —> x9 and A, (x, — x9) = X. (3.40)

Proof Observe that relation (3.39) does not depend on the base of neighborhoods
¥ (x¢) but, actually, it depends on the point xg. If ¥ (xg) = {S(x0; %); n € N*}, re-
lation (3.39) is equivalent to the fact that, for every n € N*, there exist A,, > 0 and
x, € AN S(xp; %) subject to A, (x,, — x0) € S(x; %), thereby proving the lemma. [

Definition 3.23 The cone of pseudotangents to A at xo € A, denoted by PC(A; xy),
is by definition the closed convex hull of the cone of tangents to A in xp, that is,

PC(A; x0) = cone TC(A; xo). (3.41)
In general, TC(A; xo) C C(A; xo) and, if A is convex, then
TC(A; x0) = PC(A; x0) = C(A; x0).
Moreover, if A is star-shaped at xg, that is, [x, xo] C A for every x € A, then
C(A;x0) =C(ANV;xg) foreachV e ¥ (xp).

Definition 3.24 We say that a set A is pseudoconvex with respect to a set A, at x
if x —xg € PC(A3; xo) forall x € Ay. If A] = A, we say that Ay is pseudoconvex
at xgp.

It is clear that, if a set A is star-shaped at xg, then it is pseudoconvex at xg.
In particular, any convex set is pseudoconvex at every one of its elements. From
Definitions 3.23 and 3.24, it follows that

PC(A; xg) = PC(conv A; xg) if A is pseudoconvex at x. (3.42)

Indeed, if x € TC(conv A; xp), by virtue of Lemma 3.22, there exist a sequence
{x,} CconvA and a sequence {A,} of positive numbers such that x, — xo and
In(Xy —x0) = x. Butx, =), ol xi, where {xfl} CA, a,’% >0,); ai = 1. Hence,
Xy — Xo = Zi oz,i1 (x(i) — x0) € PC(A; x¢), in view of Definition 3.24.

Since PC(A; xp) is a closed cone, it follows that x € PC(A; xg), and thus,
TC(conv A; xg) C PC(A; xp), hence PC(conv A; xg) C PC(A; xq).

In what follows, we use Fréchet differentiability conditions for the functions
which will intervene. We recall that a function ¢ : X1 — X5, where X; and X»
are linear normed spaces, is Fréchet differentiable at a point xo € X if there exists
a mapping ¢, € L(X1, X») such that

. p(x +x0) — @(x0) — ¢, (x)
lim =
x=0 x|

0. (3.43)
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The mapping %/co is called the Fréchet differential of the function ¢ in the point x.
We easily see that the above condition can also be written as

@ (x +x0) — @(x0) = ¢ (¥) + w(xo; %), Vx € X1, (3.44)
where
olo:x) _ (3.44')
=0 x|l

Lemma 3.25 Let ¢ : X1 — X3 be a Fréchet differentiable function at xo. Then
Jim 1[0 (on) — @(x0)] = g5, (), Vx € TC(A; x0) \ {0}, (3.45)
where A C X1 and {x,}, {\,} are as in Lemma 3.22.

Proof In relation (3.44), taking x = x,, — x0, n € N, we obtain

w(x0; Xp — X0)

An [(P(xn) - (P(x())] = (P)/go [)‘"(x" - X())] + ”)”"(x" — X0) ” 1, — xo|

’

because (p;o is linear and A, > 0. In view of properties (3.40) and (3.44), there
follows (3.45). ]

Remark 3.26 According to Lemma 3.22, equality (3.45) becomes
¢, (TC(A; x0)) C TC(9(A); 9(x0)). (3.46)

Since go;o is linear and continuous, we also obtain
@1, (PC(A; x0)) C PC(9(A); ¢ (x0)).- (3.47)

Definition 3.27 We say that a function f : X — R is pseudoconvex on A in xo € A
if it is Fréchet differentiable in xo and possesses the property

fr,(x —x0) =0 with x € A implies f(xp) < f(x).

Theorem 3.28 If f is a real Fréchet differentiable function in xo € A and xo mini-
mizes f on A, then f)éo(x) >0, Vx € PC(A; xq), that is, f;o e —PC(A; xo)o. If Ais
pseudoconvex in xo and f is pseudoconvex on A in xo, then the above condition is
also sufficient.

Proof For x = 0 the condition is trivially verified. By means of Lemma 3.25, we
get f;o (x) >0, Vx € TC(A; xp). This inequality may be extended to all elements
x in PC(A; xg) because f;o is a linear continuous functional. Thus, necessity is
established. For the proof of sufficiency, we note that, for every x € A, by virtue of
Definition 3.24, we have x — xo € PC(A; x¢ and hence f)go (x — x9) > 0. Since f
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is pseudo convex, from Definitions 3.24 and 3.27 we have the result that f(xg) <
f(x), for all x € A. This shows that x( is an optimal solution on A. O

Let us now establish some optimality conditions for #,.
If we denote by Ay the set

Ax={xeA; G(x) e —Ay} =ANG ' (-Ay), (3.48)

then &%, reduces to the minimization of f on Ax.
A first auxiliary result is concerned with the cone of tangents to A at x.

Lemma 3.29 If int Ay # ) and G is Fréchet differentiable in xo € Ay, then we
have

TC(A; xp)N G;gl (int(—Ay) — G(xo)) C TC(Ax; x0).-
Proof Since TC(Ax; xo) includes the origin, we can reduce our consideration to the

case in which x € TC(A; xg) N G;gl (int(—Ay) — G(xp)), with x ## 0. According to
Lemma 3.25, we have

lim 2,[G ) — Gx)] = G, (),

where {x,} C A and {A,} C R} have properties (3.40).
But —G;O (x) eintAy + G(xp) and int Ay + G(xp) is an open set. Thus, there
exists ng € N such that

M [G(xn) — G(xp)] € —intAy — G(xp), Vn > ng.

Therefore,
MGy e (A — 1D)G(xg) — Ay, Vn > ng.

However, we can assume that 1, > 1 because, necessarily, A, — oo for n — oo
(otherwise, from property (3.40), x = 0 results). Since Ay is cone and G(xp) €
—Ay, we obtain G(x,,) € —Ay, thatis, x,, € Ax, Vn > ng. Hence, x € TC(Ax; x¢)
by virtue of Lemma 3.22 and Definition (3.48) of Ay. O

Theorem 3.30 [f int Ay # @, xo is a solution of Problem &2y and f and G are
Fréchet differentiable in xq, then there exist a real number ny and an element ya‘ €
Y*, not both equal to zero, such that

0S4, () + (¥5, Gy (1)) =0, Vx €K, (3.49)
=0, (. »=0, VyeAy, (5.Gx))=0, (3.50)

where K C TC(A; xo) is an arbitrary convex cone with vertex at origin.
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Proof Let xo be an optimal solution of . By virtue of Theorem 3.28, it fol-
lows that f;o takes its minimum value on TC(Ay; xg) at the origin. According to
Lemma 3.29, we obtain so much the more that the origin is an optimal solution of
the problem

min{f)éo(x); x € TC(A; x0), Gy, (x) + G(xo) € —intAy}.

Since f;o is linear and continuous, we obtain the result that the origin is also an
optimal solution for the following problem with operatorial convex constraints:

min{ f (x); x € K, G (x) + G(xo) € —Ay}. (3.51)

Taking into account the results of the preceding section, we see that if int Ay # @,
there exists a Lagrange multiplier (1o, y;), that is, (3.20) and (3.21) hold

10.fry ) + (5. G4, (X) + G(x0)) =0, Vx €K,
n0=0,  (5.y) =0, VyeAy.

(Here, the role of A and G(x) is played by K and G;O (x) + G(xp), respectively.)
Now, the proof is finished if we observe that the complementarity slackness condi-
tion, (yg, G(xg)) =0, is also verified. Indeed, for x = 0 we obtain (yg, G(xg)) > 0.
But G(xg) € —Ay and y; € —A(} yield (y5, G(xo)) <0, thatis, (g, G(x0)) =0.0

Remark 3.31 In view of the definition of the polar of a cone, we observe that rela-
tions (3.49) and (3.50) may be, equivalently, written as

nofy, +¥5 0 Gl, € —K°, (3.52)
n0>0,  yoe—AY, (y5 Gx0)=0, (3.53)

respectively.

Let us now consider the problem
(22) min{f(x); G(x) € Ay},

which may be obtained from (£?,) by taking A = X.
Since TC(X; xo) = X and X° = {0}, we can take K = X and so, in this case,
Condition (3.49) becomes

101, (X) + 35 (G (1)) =0, VxeX,

that is,

nof)éo +y50 G;O =0.
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Remark 3.32 If Ay = {0}, relation (3.49) is again satisfied if the range of G;O is
closed. Moreover, if G} is surjective or if f; € RangeG , then both no and y;
may be chosen to be nonzero (see Norris [81]). The affine case is considered in the
next Theorem 3.35.

As we easily see from the proof of the above theorem, the interiority condition,
int Ay # 0, is essential only to use Lemma 3.25, which ensures us that the origin is
an optimal solution for problem (3.51). However, it can also be shown that, in the
case of closed affine sets, the results continue to remain valid even if the interiority
condition is violated.

Certainly, a remarkable case is that for which ng # 0, for example, if there exists
x € —K such that G;O (x) € G(xp) + int Ay (according to Theorem 3.15 and Re-
mark 3.16, via (3.51)). In such a case, we can suppose, without loss of generality,
that no = 1. In what follows, we point out a situation in which this fact is possible.

We set

K ={x e X: G (x) e PC(—Ay: G(x0))}. (3.54)
H={x"eX* x*=)" oG}, v* € PC(~Ay; G(x0))"}
= G (PC(—Ay; G(xp)”). (3.55)

and observe that both sets are convex cones with the vertex at the origin. Moreover,
K is closed.

Theorem 3.33 Let f and G be two Fréchet differentiable functions in xo € Ax
and let H be w*-closed. If there exists a closed convex cone K| C X subject to
KNK| CPC(Ax; xo) and K9+ K? is w*-closed in X*, a necessary condition for
xo to be an optimal solution to Problem 27, is the existence of an element y; € Y*
which satisfies the properties

()5, ¥) <0, VyePC(-Ay; G(xp)), (3.56)
fl0)+ (0. Gl (1) 20, VxeK). (3.57)

Furthermore, if Ax is pseudoconvex in xq, f is pseudoconvex on Ay in xo and Ax C
xo + K1, then the above conditions are also sufficient for optimality in Problem ;.

Proof Let x¢ be an optimal solution of &%. From Theorem 3.28, it follows that
fi, € =PC(Ax: x0)°.

We easily observe that, because K and K are cones, from the definition of the
polar, we have (K N K1)? = K + K? O PC(Ayx; x0)? (because K° + K? is w*-
closed). But, by hypothesis, according to Theorem 3.28, we have —f;o e K9+ KO,
which says that there exists x(’)" € KO such that f;o + )c(’)k € —K ?. Now, let us show
that K C H, or equivalently (by virtue of the bipolar theorem, see Theorem 2.26)
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that H° C K. Indeed, if x € H?, from (3.55) and the definition of the polar, it fol-
lows that

(y*0 Gl ,x) <0, Vy*ePC(—Ay;G(x)",

X0’

that is,
00
G;O(x) € PC(—Ay; G(xo)) .

Since PC(—AQy; G(xo)) is a closed convex set and inasmuch as it con-
tains the origin, from the same bipolar theorem we have PC(—Ay; G(xo))oo =
PC(—Ay; G(xp)). Hence G;O(x) € PC(—Ay; G(xg)) which implies that x € K by
virtue of relation (3.54). Therefore, K 0 c H, that is, x(’)k € H. On the other hand,
from relation (3.55) we have the result that there exists y(’)‘ € PC(—Ay; G(xo))0
such that x5 = y; o G . Consequently, f{ + yy o G}, € —K? with yg €
PC(—Ay: G(x0))°. In this way, necessity of conditions (3.56) and (3.57) is com-
pletely proved.

Let us now prove sufficiency. Since x — xg € K1, for all x € Ay, from inequal-
ity (3.56) we obtain

fry(x = x0) + (5. Goy(x —x0)) =0, forall x € Ay. (3.58)

Because Ay is pseudoconvex in xg, we have x — xg € PC(Ax; xo), forall x € Ay.
By virtue of Remark 3.26 and noting that G(Ax) C —Ay, we obtain

G, (PC(Ax; x0)) C PC(—Ay; G(x0)).

Thus, making use of the pseudoconvexity of the set Ay, we obtain jSo (x —xp) €
PC(—Ay; G(xp)), Vx € Ax.From inequality (3.56) we have the result (y*, G;O (x—
x0)) <0, Vx € Ax which, by virtue of relation (3.58), implies f;o (x —xp) >0,
Vx € Ax. Since f is pseudoconvex on Ay in xg, the latter yields f(xg) < f(x), for
all x € Ay, thatis, xo € Ay is an optimal solution of Problem ;.

Now, we divert our attention to the important case K = PC(Ay; xo), that is,
G;EI(PC(—AY; G(x0))) = PC(Ax; xg). Observe that K1 = PC(Ax; xo) satisfies
the required conditions by hypothesis. This implies that, if H is w*-closed, inequal-
ity (3.57) holds on PC(Ax; xo)-

On the other hand, it is natural to ask what the connections are between mini-
mizing on Ay and minimizing on xo + PC(Ax; xo). A partial answer is given by
Theorem 3.34 below. O

Theorem 3.34 [f xo minimizes a convex continuous function f on a subset A, then
xo also minimizes f on xo + PC(A; xo).

Proof Because of the convexity and the continuity of f it is sufficient to show that
xo minimizes f on xg+ TC(A; xo). If TC(A; xo) = {0}, the assertion is trivial. Thus,
let TC(A; xo) # {0}. Assume that an element x € xo + TC(A; xo) exists such that
f(x) < f(xg). From Lemma 3.22 there exists {x,} C A with x,, — xg and {A,} C
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R4 with A, (x, — x9) = x — xo. From continuity we have the result that there exists
no € N, such that f(xg + A, (x, — x0)) < f(x0), Yn > ng. We can assume A, > 1,
Vn > ng, since 1, — oo. From the convexity, we obtain

1 1
fxn) = f[x_ (Anxn 4+ (1 = Ap)x0) + (1 - A—)m}

n

<

1 1
= )»_ f()\nxn + (- )\n)XO) + <1 - )»_>f(XO) < f(xo0),

which is impossible because x,, € A. O

We note that Theorem 3.33 has several virtues in comparison to Theorem 3.30.
The first and most important consists of the fact that we can disregard the regularity
condition int Ay # @. In particular, this allows us to use the Kuhn—Tucker optimality
conditions for constraints given by equalities.

For example, if T € L(X,Y), k € Y, then the problem with affine constraints

(Z4)  min{f(x); T(x) =k}

may be obtained from &, for A= X, Ay ={0}and G(x) =Tx —k,Vx € X.

The Fréchet differentiability condition is satisfied and G} = T. We also
observe that PC(—Ay; G(xp)) = {0}; hence, K = kerT, H = Range(T*) and
PC(Ay; xg) = kerT. Therefore, the hypotheses of Theorem 3.33 are satisfied for
K1 = X noting that Range T* is w*-closed if Range T is closed.

Theorem 3.35 Let f be a Fréchet differentiable function in xo and T with the
closed range. If x¢ is an optimal solution of Problem 24, then there exists y; € Y*
such that

fro )+ (5, Tx) =0, VxeX. (3.59)

If f is pseudoconvex on T~ (k) in xg € T~ (k) and there exists ¥y € Y* subject
to condition (3.59), then xq is an optimal solution for Py.

Now, let us consider the Lagrange function associated to Problem 9%, L : A x
(—AY) — R, defined by

L(x,y) = f()+ (", G)), VIx,y*1€ A x (—AY). (3.60)

We establish the relationship between the solutions of Problem #7; and the ex-
istence of the saddle points of L with respect to the minimization on A and the
maximization on —A?,, that is, the problem of the existence of a pair (xo, y(“;) €
A x (—AY) such that

L(xo.y*) < L(x0, y*) < L(x, ¥, V(x.y*) € A x (—A)). (3.61)
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Theorem 3.36 Let (xg, y*) be a saddle point of L on A x (—A(}). Then, xq is an
optimal solution of &?,. Moreover, if f and G are Fréchet differentiable in x, then
conditions (3.49) and (3.50) are satisfied with no = 1.

Proof If (xo, y§) is a saddle point of L on A x (—A(}), we have
fxo)+ (v*, G(xp)) < f(xo) + (35, G(x0)) < f(x) + (35, G(x)),

for every x € A and y* € —A?,. But y* +yj — A?, for all y* € —A()), because A()), isa
cone. Replacing y* by y* + y; in the left-hand side of this last inequality, we obtain
(", G(x0)) <0, ¥y* € —AY, and hence G(xo) € (—AY)? = — Ay, thatis, xo € Ax.
In particular, (y(’)‘, G (xp)) < 0. Also, the converse inequality is valid (taking y* = 0)
and so, we obtain ( ya‘, G(xg)) =0. Since xg € Ax and since, from the relation on the
right-hand side of the inequality mentioned above, we have f(xp) < f(x), we find
that x¢ is an optimal solution of &7;. Moreover, relations (3.50) hold. Relation (3.49)
can be obtained from the right-hand side of the same inequality using the Fréchet
differentiability definition. U

Remark 3.37 When A is convex and f is convex (consequently, L becomes convex-
concave), conditions (3.49) and (3.50), satisfied with ng = 1, are sufficient in order
that (xg, yf')‘) be a saddle point of L; in particular, xq is an optimal solution to Prob-
lem £7,. Finally, we note that condition (3.50) may be written as (3.56) because
(35, ¥) <0, forall y € —Ay, implies (y;, y) <0, Vu € —Ay — G(xo) (we recall that
(y5» G(x0)) = 0). Since yj is a linear continuous functional, we obtain (yg,u) <0,
for all u € PC(—Ay; G(xp)), which implies the desired relation (3.56).

A refinement of the results of the Kuhn—Tucker type for the non-convex case can
be obtained using the concept of tangent cone, in Clarke’s sense, given by

fé’(A; xg0) ={y; YA, /S ooand {x,} C A, x, — x¢ there exists {y,} C A such
that A, (Y, — x5) = y}.

This tangent cone is always closed, convex and it contains the origin. We also have
TC(A; x0) C TC(A; xo). A special role is played by the so-called rangentially regu-
lar points xq for which we have TC(A; xo) = TC(A; xg).

3.2 Duality in Convex Programming

Roughly speaking, the duality method reduces the infimum problem inf{ f + g} to
a similar problem formulated in terms of conjugate functions f* and g*. In this
section, we present the basic results of this theory.
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3.2.1 Dual Convex Minimization Problems

Consider the equation
dp(x™) + v (x*) 20,

where ¢ and i are lower semicontinuous convex functions. Clearly, the above equa-
tion can be rewritten as

A" (y*) — Y™ (—y™") 0.

As seen earlier, if int D(¢) N D(y), x is a solution to the minimization problem

(Po)  Min{o(x) + ¢ (x)},

while y* € 9y (x*) is a solution to
Py Min{e*(») +¥*(=»}

where ¢* and ¢* are conjugate of ¢ and 1, respectively. We have obtained, there-
fore, a close relationship between Py and P}, which is called dual of Py.

In the sequel, starting from this simple example, we present a general way to de-
fine the dual of a given problem, which relies on the conjugate duality of functions.

Let X,Y be real Banach spaces and X*, Y*, respectively, their duals or, more
generally, two dual systems. In both cases we denote the duality functional by (-, -),
understanding in each case that we consider the duality (X, X*) or (Y, Y*). Suppose
that the spaces are equipped with compatible topologies with respect to the dual
systems.

Naturally, we obtain a duality between X x Y and X* x Y* given by

(. ), 5, 99) =, x4+ ("), Y, y)eX xY, (x* y") x X* x Y*.
— (3.62)
Let F: X x Y — R be a function subject to

F(x,0)= f(x), VxelX, (3.63)

where f : X — R is a given function.
We consider the minimization problem

(L) min{f(x); X € X}.
Definition 3.38 The maximalization problem
(2%)  max{—F*(0,y"); y*eY*},

where F* is the conjugate function of F with respect to the duality given by (3.62),
is called the dual problem of & with respect to the family of perturbations generated
by F.
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Thus, we recall that, by virtue of the definition of the conjugate function (see
Chap. 2, Sect. 2.1.4), we have

F*(x*, y*) =sup{(x,x*) + (5, y) = F(x,y); (x,y) e X xY},  (3.64)
and hence
F*(0,y%) =sup{(y,y*) — F(x,y); (x,y) € X xY}. (3.65)
Similarly, we can define the bidual problem of & as
(P2 min{F**(x, 0); x e X}

Since F*** = F*, the duals of higher order of & identify either with &7* or with
P** I 2** identifies with Z2, that is F**(x,0) = F(x,0), Vx € X (for instance,
if F is a proper, lower-semicontinuous convex function on X x Y), then we have a
complete duality between &2 and £7*, because they are dual to each other.

A first remarkable result concerns the relationship existing between the values of
the two problems.

Proposition 3.39

—00 < sup Z* <inf & < +o0. (3.66)
Proof From relation (3.65), by virtue of (3.63), we obtain

F*(0,y%) = (0,y*) = F(x,0) = —F(x,0) = — f (x)

for all x € X and y* € Y*, which, obviously, implies relation (3.66). 0
Definition 3.40 Problem & is called normal if

—00 < inf P = sup Z* < +o0. (3.67)

Consider, for every y € Y, the minimization problem
(Zy) min{F(x,y); x € X},

called the perturbed problem of .

It is clear that Zy) = &. Hence, according to condition (3.63), the function F
can be considered as a source of perturbations for Problem <.

The function % : ¥ — R, defined by

h(y) =inf 2, =inf{F (x,y); x € X}, (3.68)

is called the value function of the family {#,; y € Y}.
According to condition (3.63), we have

h(0) = inf 2. (3.69)
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Lemma 3.41 If F is convex on X X Y, then its value function h is convex on Y .

Proof If y1, y» € Dom(h), from relation (3.68) we have the result that for any ¢ > 0
there exist x1, xo € X such that

h(y;) < F(xi,y;) <h(y;))+e, Vi=1,2.
Thus, we have

h(Aiy1 + Aayz) = inf{F(x, h1y1 + A2y2); x € X}
< F(Axy 4 2A2x2, Ary1 + Azxz) <A F(x1, y1) + A2F (x2, y2)
< Ah(y) +A2h(y2) + ¢,
for all A1, 1> > 0 with A1 + Ap =1 and ¢ > 0. Since ¢ > 0 is arbitrary, this implies
the convexity of the function /.
We easily see that
R*(y*) = F*(0,y"), Vy"eY™ (3.70)

Indeed, we have

h*(y*) = sup{(y, y*) — h(»)} = sup{(y, y*) — inf F(x, )}

yeyY yeyY
= sup {(y.y) = Flx,»}=F0.y.
(x,y)eXxY

From relation (3.70) it follows, in particular, that &7* is straightforwardly related
to /; more precisely, the following relation holds:

sup Z* = k™ (0), (3.71)

because from the definition of the conjugate of a function and from relation (3.70)
we have

sup 2% = sup{—F*(0, y*); y* € Y*} =sup{(0, y*) —h*(y*); y* € Y*} =h™(0).
g

Remark 3.42 Since inf & = h(0), we observe that inequality (3.66) actually re-
duces to the obvious inequality £**(0) < 2(0). This fact allows one to find several
examples to demonstrate that in inequality (3.66) all the cases could occur.

Theorem 3.43 Problem & is normal if and only if h(0) is finite and h is lower-
semicontinuous at the origin.
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Proof Since h is a proper convex function we may infer that clz = liminfA. On
the other hand, from Corollary 2.23, in Chap. 2, we have 7** = clh. Therefore,
& is normal, that is, we have /**(0) = h(0) € R, if and only if 2(0) is finite and
h(0) =liminfy .o A(y) (here, we have used relations (3.63) and (3.71)). U

Now, let us study the relationship between the normality of the primal problem
& and the normality of the dual problem &7*. Using Definition 3.40, we see that
Z7* is normal if and only if

sup Z* = inf F**, (3.72)

where the common value is finite.
We have already seen that if F' is a lower-semicontinuous proper convex function
on X x Y, then &2** coincides with &2 because under these conditions F** = F.
We summarize this in the next proposition.

Proposition 3.44 [f F is a proper, lower-semicontinuous convex functionon X x Y,
then & is normal if and only if 27* is normal.

Since &7* represents the maximization of an upper-semicontinuous, concave
function, it is natural to expect that the properties of the dual problem are more
intricate than those of this primal problem. In fact, one has the following proposi-
tion.

Proposition 3.45 The set of solutions to the dual problem P?* coincides with
ah**(0).

Proof The element y; € Y™ is a solution of &7* if and only if
—F*(0,y5) = =F(0,y%), V¥y*er*
According to relation (3.70), we obtain
R*(yp) <h*(y"), Vy*eY™,

which shows that y; is a minimum point of 2* on Y™ or, equivalently, 0 € dh™*(y;;).
Because h* is convex and lower-semicontinuous, using Proposition 2.2 in Chap. 2,
we may express this condition as y; € 92™*(0). O

Definition 3.46 Problem &2 is said to be stable if it is normal and Z2* has at least
one solution.

Remark 3.47 We easily see that if F is a convex function, so an element (xo, y;) €
X x Y* constitutes a pair of solutions to & and &?* which satisfy the normality
condition (3.67), if and only if the following relation holds:

F(x0,0) + F*(0, y§) =0. (3.73)
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Indeed, F(xo,0) =inf & and —F*(0, y;) = sup &* if and only if (xo, y3) is a
pair of solutions. Since ((xo, 0), (0, y5)) = 0, it follows from a characteristic prop-
erty of the subdifferential (see Proposition 2.2, Chap. 2) that relation (3.73) is equiv-
alent to

(0, y5) € 9F (x, 0). (3.74)

Moreover, if F is a lower-semicontinuous function, this relation is also equivalent to
(x0,0) € F*(0, y3)- (3.75)

In the following text, the following condition is required.
(A) F is a proper, convex lower-semicontinuous function on X x Y.

As we have already seen, this hypothesis ensures the coincidence of Problems
& and 2**; hence, Problems &2 and &7* are dual to each other.

Theorem 3.48 [f the function F satisfies Hypothesis (A), then the stability of Prob-
lem & is equivalent to the subdifferentiability at the origin of the function h, that is,
oh(0) #£ @.

Proof In view of the above proposition, Problem 47* has solutions if and only if
dh**(0) # (. By virtue of Theorem 3.43 and Definition 3.46 it remains to be proven
that, if /2 is lower-semicontinuous at the origin, that is, 2(0) = 2**(0), then 9/ (0) =
ah**(0).

Indeed, it is well known that y* € 9k(0) if and only if 2(0) + £*(y*) = (0, y*) =
0 or, equivalently, 2**(0) + A***(y) = (0, y*), that is, y* € dh™*(0). O

Now, let us attach to Problem & (with respect to the perturbation function F)
the Hamiltonian H : X x Y* — R defined by

H(x,y*) =sup{(y,y") — F(x,y); yeY}. (3.76)

We observe that, for each x € X, the function H(x,-) is the convex conju-
gate of F(x,-). Thus, the function y* — H(x, y*), y* € Y*, is convex and lower-
semicontinuous on Y*. On the other hand, the function x — H(x, y*), x € X, is
concave and closed on X for every y* € Y'*.

In the following, we show that, under Hypothesis (A), Problems & and &2* arise
as dual problems in minimax form generated by the Hamiltonian H.

We recall that the pair (xo, y;) € X x Y* is a saddle point for the concave-convex
Hamiltonian function H if and only if

H(x,yy) < H(xo, y5) < H(x0,y"), V(x,y")eX x Y™ (3.77)

(See Sect. 2.3.1, Chap. 2.)
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Theorem 3.49 If F satisfies Condition (A), then the following statements are equiv-
alent:

(i) (x0,yg) is a saddle point of H on X x Y*.
(ii) xo is an optimal solution of &, y; is an optimal solution of * and their values
are equal.

Proof We have

sup 2% = sup {—F*(0,y%)}
y*ey*

= — inf sup sup{(y, y*) — F(x, »)}
V*eY* yeX yey

= — inf sup H(x, y"). (3.78)
y'er* yex

Since F is convex and lower-semicontinuous on X x Y, it follows that the func-
tion Fy(-) = F(x, ) is also convex and lower-semicontinuous on Y for each x € X.
According to the bipolar theorem (see Theorem 2.26, Chap. 2), we obtain

F(x,0)=F(0) = sup {0,y = Fy (M}
y*e *

= — }nf* sup{(y, y*)—F(Jﬂ y)}
€Y yey

y
=— inf H(x,y"). (3.79)
yrey*
Hence
inf# = inf F(x,0)=—sup inf H(x,y"). (3.80)
xeX xex y*er=
O

Now, we conclude the proof as a direct consequence of relations (3.78)
and (3.70).

Corollary 3.50 If & is stable, then xo € X is a solution of & if and only if there
exists y; € Y™ such that (xo, y) is a saddle point of the Hamiltonian.

Corollary 3.51 The Hamiltonian H has at least one saddle point if and only if both
Z and P* are stable.
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3.2.2 Fenchel Duality Theorem

Consider now the special case when the perturbations are generated by translations
Let the primal problem be defined by

(1) min{f(x) - g(Ax); x € X},

where X, Y are real Banach spaces, f : X — ]—00, +0o0] is proper, convex and
lower-semicontinuous function, g : ¥ — [—o00, +0o0o[ is a proper, concave and
upper-semicontinuous function and A : X — Y is a linear continuous operator.

As a perturbation function F : X x ¥ — R, we take

F(x,y)= f(x) — g(Ax — y). (3.81)

In this way, it is clear that we can apply the duality results just presented in the
preceding section.
First, we determine the conjugate of F. We have

F*(x*,y) = sup {(x,x")+ .,y — f(x) +g(Ax — y)}

(x,y)eXxY
= sup su;y){<x,x*) + (Ax, y") — f(x) + g(2) — .y}
= sup{(x,x") + (x, A"y") = f(0} = inf{(z,y") — 2 (2)}
xeX Z€

= fY(A"Y" +x) - g* ("),

where f* is the convex conjugate of f, while g* is the concave conjugate of g, and
A* is the adjoint of A.
Therefore,

F*(0,y") = f*(A™y") —g*(b"), Vy"eY™ (3.82)
Hence, the dual problem is given by
(2})  max{g*(y") — fF(A*y*); y* eY*}.

We note that Z?; is consistent if at least one element x € X exists, such that
f(x) <ooand g(Ax) > —o0, that is,

A(Dom(f)) N Dom(g) # @. (3.83)
Similarly, &7} is consistent if
A*(Dom(g*)) NDom(f*) # ¥. (3.84)

From Proposition 3.39 it follows that, if &7 and @ik are consistent, then their values
are both finite.
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Using the convexity and semicontinuity of f and g, we obtain a complete duality
between &7 and | since f, f* and g, g*, respectively, are mutually conjugate.
Moreover, the dual problem 27} is equivalent to a minimization problem of type
2. Indeed, 7} can be rewritten as

min{ f1(y*) — g1(A1y*); y* € Y*},

where f1(y*) =—g*(y*), g1(x*) = — f*(x*) and A} = A* (changing X by Y* and
Y by X*). Therefore, the results established for &2 can be transposed by the above
change to the dual problem Z7}. In our case, Condition (A) for F is superfluous
because & and &7} are mutual duals, that is, Z|* = Z|.

As we have seen earlier (Theorems 3.43 and 3.48), the properties of Problems
& and &} depend on the properties of the convex function i : ¥ — R given by

h(y) =inf{ f(x) — g(Ax —y); x€ X}, VyeY. (3.85)

For instance, if #7] is consistent and % is lower-semicontinuous at the origin, then
P is normal or, equivalently, ﬂf is normal (see Proposition 3.44).

Lemma 3.52 [f there exists xg € X, such that f(xg) < 400 and g is continuous at
Axy, then h is continuous in a neighborhood of the origin.

Proof Since h is convex (Lemma 3.41), it suffices to prove that % is upper-bounded
on a certain neighborhood of the origin (Theorem 2.14, Chap. 2). Applying the
continuity, we have the result that the concave function g is bounded from below
on a neighborhood of Axg. Hence, an open neighborhood Vj of the origin exists in
Y such that g(Axg — y) > M, Vy € Vy. However, h(y) < f(xp) — g(Axg — y) <
f(x0) — M, Vy € Vy, which implies the continuity of & on Vj, as claimed. U

Theorem 3.53 Under the hypothesis of Lemma 3.52, Problem &) is stable, in other
words the equality

inf{ f(x) — g(Ax); x € X} =max{g*(y*) — f*(A*y*); y* e Y*} (3.86)
holds.

Also, the following two properties are equivalent:
(i) (x0,yy) € X x Y* is a couple of solutions for ¥ and ] .
(i) xo € X and y; € Y* verify the system
0€df(xo) — A%yg. 0€y; — 0g(Axp). (3.87)

Proof Since h is continuous at the origin, it is also subdifferentiable at this point
(see Proposition 2.36, Chap. 2). By virtue of Theorem 3.48, Problem ] is stable.
On the other hand, in view of Theorem 3.49, every couple of solutions (xo, y(’;) for
21 and &} is a saddle point of the Hamiltonian

H(x,y") =sup{(y, y")+g(Ax —y) — f(x); y € Y} = (Ax, y*) — g*(»") — f(x).
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But we know (see Sect. 2.3.2, Chap. 2) that the saddle points of H coincide with
the solutions of equation (0, 0) € d H (x, y*). Making an elementary calculation, we
obtain the equivalence of properties (i) and (ii). We note that, in (ii), by dg we mean
the subdifferential in the sense of concave functions, that is, 9g = —9(—g). O

As a consequence of Theorem 3.53, taking X =Y and A as identity operator, we
obtain a remarkable result in duality theory known in the literature as the Fenchel
duality theorem.

Theorem 3.54 (Fenchel) Let f and —g be proper convex lower-semicontinuous
functions on X. If there exists an element x € Dom( ) N Dom(g) such that either f
or g is continuous at x, then the following equality holds:

inf{ f(x) — g(x); x € X} =max{g*(x*) — f*(x*); x* e X*}. (3.88)

Remark 3.55 From relations (3.86) and (3.88) we see that the dual problem always
has solutions; but this is not always the case with the primal problem. Furthermore,
if in a point xo we have

af (x0) N dg(xo) # Y,

then in relation (3.88) the infimum is attained. The points of df (xg) N dg(xg) are
optimal solutions to the dual problem Z}.

Remark 3.56 A characterization of the elements x € X such that (3.88) holds will
be established in the next section.

Under more general conditions, namely without the reflexivity properties of the
space, we can prove, as a consequence of the Fenchel theorem, the additivity theo-
rem of the subdifferential (see Corollary 2.63 and Remark 2.64).

Theorem 3.57 [f the functions f| and f, are finite at a point in which at least one
is continuous, then

A(f1+ () =0fi(x) +3f2(x), VxeX. (3.89)
Proof First, we prove that for every x* € X* there exists uj € X* such that
(fi + ") = [T G&F —ug) + f5 (ug). (3.90)

Indeed, if we take in the Fenchel theorem f = f> and g = x* — f}, we have f* = f;f
and

g*u*) Xig)f({(u*, x)—g)}

{W* —x* %)+ fix)}

inf
xeX
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= —sup{(x* —u*, ) = fi(x)}

xeX
= _f1*(X* —u").

From equality (3.88), we obtain

Inf{fi) + f00 — &0} = max {—f (" —u) = @)}
which yields relation (3.90).
Now, consider x* in d( f] + f2)(x). By virtue of Proposition 2.33, we have

(fi + @) + (i + )" () = (&, 0).

Using relation (3.90), we obtain
[+ T —ug) + L0 + f5 () = (¢F, x) = (™ —ug, x) + (ug, x). (3.91)

On the other hand, it is clear that

[+ " —uy) = (6 —ug, x),
fo(x) + f5 (ug) > (ug, x).

However, according to relation (3.91), the equality sign must hold in both inequa-
lities. By virtue of the same Proposition 2.33, it follows that x* — ug € df1(x) and
ug € df2(x), thatis, x* € 0f1(x) + df2(x). Hence d(f1 + f1)(x) C 3f1(x) + df>2(x).
The converse inclusion is always true without supplementary hypotheses concerning
the functions f1 and f5. Thus, relation (3.89) is completely proved. O

We note that the hypotheses of Lemma 3.52, which was essential for establishing
the preceding results, imply a consistency condition stronger than condition (3.83),
namely

A(Dom(f)) NintDom(g) # @. 3.92)

In this case, we say that &2 is strongly consistent.

Since X and Y are Banach spaces, if & is strongly consistent and normal,
we can conclude that &) is also stable because the normality implies the lower-
semicontinuity of the function 4 at 0 € intDom(%). From Proposition 2.16, we
obtain the continuity of the function % at the origin, which clearly implies that
dh(0) # . Now, from Theorem 3.48, we immediately obtain the desired conclu-
sion.

In the finite-dimensional case, because the restriction of a convex function to its
effective domain is continuous in the relative interior points (see Proposition 2.17),
the stability is provided only by the interiority condition

A(ri Dom(f)) NriDom(g) # @. (3.93)
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Finally, let us determine the Hamiltonian of Problem &7;. By virtue of rela-
tions (3.76) and (3.81), we obtain

H(x,y") =sup{(y.y") — f(x) — g(Ax —y); ye Y}
= —f(x) —inf{(—Ax, y*) + (u, y*) — g(u); ueY}
= —f(x) + (Ax, y*) — g*(vy")
=—K(x,y"), (3.94)

where

K,y )= f(x)+g"(y") — (Ax,y"), (x,y") € Dom(f) NDom(g*) (3.95)

is just the Kuhn—Tucker function associated with the problems &7 and &?}. Hence,
K is convex-concave. Theorem 3.49, together with Corollary 3.50, yields the next
theorem.

Theorem 3.58 The Kuhn—Tucker function attached to Problems &\ and &} ad-
mits a saddle point if and only if & and 7} are stable. A point (xo, y5) € X x Y*
is a pair of solutions for &\ and P} with the same extremal values if and only if it
is a saddle point for the Kuhn—Tucker function. Furthermore, we have

min #; = max & =min max K (x, y*) = max minK (x, y*).
xeX y*ey* y*eY* xeX

We observe that the condition of the saddle point can be explicitly rewritten as

min sup inf{f(x) - g(Ax —y) = (v, )}

xeX y*ey* yeY

= f inf Ax —y) — *
}mea;axlgxyllel {f) —g(Ax —y) — (3. yH)}

- inf —g(y) — (Ax —y,yH).
max (x,y§2ny{f(x) g(y) — (Ax — y,y")}

Thus, it is natural to consider the problem of saddle points on (X x Y) x Y* of the
Lagrangian

L,y y)=f()—g(y) —(Ax —y,y"), V(x,y)eX xY, y* Y. (3.96)

It is easy to prove that a point (xo, y;) is a saddle point of H on X x Y* if and only
if (xo, Axo, y;) is a saddle point of .2 on (X x Y) x Y*. Now, if we take as the

perturbation function F, : X x ¥ — K*, r € R, defined by

1 1
Fr(x,y)=f(x) —g(Ax —y) + 3 rllyl? = F(x,y) + 3 rliyl?,
we obtain the Hamiltonian

H,(x, y*) =sup{(y, y*) = Fr(x,y); y €Y},
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The corresponding Lagrangian
1
L (6,39 = L0, 3397 + 5 rllAx =y,

called the augmented Lagrangian, has the same saddle points as .#. The Hamilto-
nian H, and the corresponding Lagrangian .%, are differentiable with respect to y*
for every r > 0. Thus, convenient algorithms in the finding of saddle points can be
given. A detailed treatment of the methods generated by augmented Lagrangian has
been given by Rockafellar [102].

3.2.3 Optimality Through Closedness

In this section, we characterize the global optimality of a family of optimalization
problems in terms of closedness. In this way, we can obtain various optimality con-
ditions using some criteria for closedness of the image of a closed set by a multi-
valued function (see Sect. 1.1.4).

Let us consider the following general family of minimization problems:

(2y) min{F(x,y);xeX}, yevy,

where Y is a topological space and F : X x ¥ — R.
Let us denote by

h(y)=inf{F(x,y); x€ X}, yeY, (3.97)
and

H ={(y,a) € Y x R; there exists X € X such that F(x, y) <a}. (3.98)

Lemma 3.59 Problems (Zy)yey have optimal solutions, whenever h(y) is finite,
and the function h is lower-semicontinuous on Y if and only if the set H is closed in
Y xR.

Proof Let a be a real number such that a > h(y). Then, there exists an element
X, € X such that F(x,,y) <a,thatis (y,a) € H.If H is closed, we also have

QE%)(% a)=(y,h(y)) € H.
Therefore, from definition (3.98) of the set H, there exists X € X such that
F(x,y) < h(y), which say that X is an optimal solution for ;. On the other hand,
from definition (3.97) of the function 4, it is easy to observe that we have the in-
clusion relation H C epih C H. Hence, if H is closed, it follows that & is lower-
semicontinuous on Y.
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Conversely, let (y,a) € Y x R be a cluster element of H. Since & is lower-
semicontinuous, we have (y, a) € H= epih =epih, and so h(y) < a. Therefore,
h(y) < oo. Now, if h(y) is finite, by hypothesis there exists an optimal solution
x1 € X, that is, F(x1,y) = h(y). Hence, (y,a) € H. If h(y) = —o0, by definition
of h there exist elements x € X such that F'(x, y) <a, which says that (y,a) € H.
Therefore, the set H is closed. U

Remark 3.60 This optimality result can be extended to the case of optimality only
for the elements of a subset A of Y. Indeed, from the proof it follows that the value
function % is lower-semicontinuous on A C Y and each problem %7) has optimal
solutions, whenever y € A and h(y) > —oo, if and only if

HNAXxR)=HN(A xR).

It is obvious that the set H given by (3.98) is a set of epigraph type, that is,
(x,2”) € H, whenever (x, 1) € H and " > . Consequently, the closedness property
in H can by fulfilled if its section in Y and R, respectively, are closed sets. Let us
denote

Hy={a€R; (y,a) € H}, (3.99)
Hy={yeY; (y,a)e H}. (3.100)

Thus, Lemma 3.59 can be refined as follows.

Lemma 3.61

(i) Problems (Zy)yey have optimal solutions whenever h(y) € R if and only if
the sets Hy, y € Y, are closed in R.
(1) If the sets H,, a € R, are closed in Y, then the value function h is lower-
semicontinuous on the parameter space Y .
(iii) If the set Hy, y € Y, are closed in R for every y € Y and the value function h
is lower-semicontinuous on Y , then the set H,, a € R, are closedin Y .
(iv) The set H is closed in Y x R if and only if the sets Hy, y € Y, and H,, a € R,
are closed in R and Y, respectively.
(v) If the function F has the property

y € Hpyy if h() is finite, (3.101)

then Problems (2?y)yey have optimal solutions whenever h(y) is finite and the
value function is lower-semicontinuous if and only if the sets H,, a € R, are
closedin'Y.

Proof (i) We take Y = {y} if h(y) is finite and applies Lemma 3.59.

(ii) We have {y; h(y) <a} = (- Hae-

(iii) and (iv) follow from Lemma 3.59 by taking into account (i).

(v) By Lemma 3.59, optimality and lower-semicontinuity ensure that H is closed,
and so H, is closed for every a € R. Conversely, if H,, a € R, are closed, by (ii) &
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is lower-semicontinuous. Moreover, property (3.101) proves that y € Hjy), that is,
&, has optimal solutions if #(y) € R.

If the set H is also convex (this is possible even if F is not convex), the above
result can be restated as a duality result.

With that end in view, we consider the duals by conjugacy of Problems () ey,
that is, the following maximization problems:

(2y) max{(y, y*) — F*(0, y*); y* € Y*}, yevy,

where (X, X*), (Y, Y*) are two dual systems endowed with compatible topologies.
We observe that the family {Zy; y € Y} coincides with the family of all the linear
perturbations of Fenchel-Rockafellar duals of Problem &.
By an elementary calculation involving the definition of the conjugate of 4, we
obtain

val Py, =h**(y), forallyeY. (3.102)

Lemma 3.62 Suppose that at least one of the problems (y) has a finite value.
Then, val #, = val 9, # —o0, and &y has an optimal solution, for any y € Y, if
and only if the set H is closed and convex.

Proof If H is closed and convex, by Lemma 3.59 it follows that / is convex and
lower-semicontinuous. On the other hand, according to Proposition 2.9, we have
h(y) # —o0, Vy € Y. Thus, by the theorem of bipolar, Lemma 3.59 and the equality
(3.102), it follows that val &y = h(y) = h**(y) = val 9, # —o0 and &y has an
optimal solution. Conversely, if val #, = val &, for all y € Y, we obtain h = h**,
that is, £ is convex and lower-semicontinuous. By Lemma 3.59, it follows that the
set H is closed. Moreover, the equality H = epi s implies the convexity of H. [

Remark 3.63 The above result gives a characterization of the global stability of the
family (Zy)yey. Now, if we apply Lemma 3.62 for Problems & and &7* considered
in the preceding section (the hypothesis (A) being satisfied), we easily obtain the
sufficient stability conditions: &2* has a finite value and the set

H* = {(x*, a) € X* x R; there exists y* € Y* such that F*(x*,y*) < a}
is closed in X* € R.

At the same time, this constitutes a sufficient subdifferentiability condition for
the function /4 at the origin (see Theorem 3.48).

Theorem 3.64 Let F : X x Y — R be a positively homogeneous and lower-
semicontinuous function satisfying the following coercivity condition:

F(x,0)>0 foranyx e X\ {0}. (3.103)
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Then, if epi F is locally compact, every Problem &2, has an optimal solution when-
ever its value is finite.

Proof 1Tt is easy to observe that H = Projy,r(epi F). By hypothesis, epik is a
closed cone and so (epi ') = epi F'. Therefore, it suffices to use Corollary 1.60
for T = Projy,g and A =epi F, taking into account that the separation condition
(1.41) of Corollary 1.60 may be written as condition (3.103). Il

Remark 3.65 We can omit the condition that F is positively homogeneous, by using
the recession function associated to F', which is defined by

Foo(x,y)=sup liminf inf )\F(%,%), V[x,yle X x Y.

>0 [, v]=>[x,y] 0<i<e

It is clear that Fo, is positively homogeneous and lower-semicontinuous. We
also have
Foo(x,0) >0 foranyx € X\ {0} (3.104)

and epi F' must be asymptotically compact. For example, the last property holds if
there exists s > O such that the origin of X x Y has a relatively compact neighbor-
hood in the induced topology of X x Y on the set

{(x,y)eXxY; inf ,\F(f,X)gs}.
0<A<s A A

(For details, see Precupanu [86].)
Next, consider the family of Fenchel-Rockafellar problems

(Zy) min{f(x)—g(Ax+y); xeX}, yev,

where [ and —g are two proper lower-semicontinuous functions on X and Y, re-
spectively, and A : X — Y is a linear continuous operator.
In this case, the set H and the dual problems can be written as

H={(Ax—y, f(x) —g(y) +r) €Y xR; x € Dom(f), y € Dom(g), r >0},

(3.105)
(2y) max{g*(y*) — fH(A*Y) + (3, y"); y eY*], yev.
If we consider the associated operator A:X x R— Y x R defined by
X(x,t):(Ax,t) for all (x,7) € X x R, (3.106)

then the set H can be rewritten in the simple form

H = A(epi f) — hypog. (3.107)
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Theorem 3.66 If &7, has a finite value at least an element of Y, then
min{ f(x) — g(Ax +); x € X} =sup{g*(y*) — f*(A*y") + (v, y*): y* e Y*],
whenever val 2, is finite, if and only if H is closed and convex.

Proof Apply Lemma 3.62. U

Corollary 3.67 If f, —g are proper convex and lower-semicontinuous and 2 is
consistent, then

inf{ f(x) — g(Ax) — (x,x"); x € X}
=max{g*(y*) — fF(A*y* +x%); y* eY*}, x*eX*,
whenever the left-hand side is finite, if and only if the set
H* = {(A"y* —x*, f*(*) — g* (") +r) e X* x R;
x* € Dom(f*), y* € Dom(g*), r > 0} (3.108)

is closed in X* x R.

Proof Take —g*, — f*, A* instead of f, g, A, respectively. Thus, the corresponding
set of H is even H*. It is clear that H* is always convex. As initial family we
consider

(Zy)  min{—g" (") + f*(A*Y* +x7); y* €Y}
and so, as dual family (according to the theorem of bipolar), we have

(-QX*) max{— f(x) + g(Ax) + (x,x"); x € X}.

Also, it s clear that val ﬁo # —oo if & is consistent since —% is the dual of Z;
hence, — val Z < val # # oo. The proof is complete. O

Here, the similar form of formula (3.107) is
H* = A*(epi(—g")) — hypo(— f*).
Obviously, this set can be, equivalently, replaced by the set
H* =epi f* — A(hypo g*). (3.109)

Remark 3.68 If the two functions f, g are arbitrary, then by Lemma 3.59 we obtain
the following result. The associated Fenchel-Rockafellar problems &\, y € Y, have
optimal solutions whenever h(y) is finite and h is lower-semicontinuous on Y if and
only if the set (3.105) is closed. Here, we admit that co + a = oo for all a € R. If,
in addition, the set (3.105) is convex, then the duality properties from Lemma 3.61
hold.
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If A is the identity operator, it is clear that

H =epi f —hypog, (3.110)
H* =epi f* — hypog*. (3.111)

Thus, we obtain the following result of Fenchel-Rockafellar type.

Corollary 3.69 If P or Y has a finite value and epi f* — hypo g* is closed in
X* x R, then Py is stable, that is,

inf{ f(x) — g(x); x € X} =max{g*(x*) — f*(x*); x* € X*}.
It is easy to observe that the set H defined by (3.105) can be decomposed into a

difference of two sets in various forms. From this, we consider the following four
cases:

H=M;—N;, i=1,23,4, (3.112)
where

M, ={(Ax, f(x)+r); x € Dom(f), r >0},

(3.113)
Ni={(y.2(»): y € Dom(g)},
My ={(Ax, f(x)+r); x € Dom(f)},

(3.114)
Ny ={(y.g(y) —r); y € Dom(g), r >0},
M3 = M, N3 = N>, (3.115)
My ={(Ax —y, f(x) — g(x)); x € Dom(f), y € Dom(g)},

(3.116)
Ny={0} x R_.

If f an d g are arbitrary functions, the above sets can be non-closed and non-
convex (except the set N4 which is a closed convex cone). We observe that

Ny = graphg, N> =hypog, My = M> — Ny,

and
M, = A(epi f), M, = A(graph f). (3.117)

Thus, the four decompositions can be rewritten as follows:

H = A(epi f) — graphg, (3.118)
H = X(graph f) —hypog, (3.119)
H = A(epi f) — hypog, (3.120)

H= X(graphf) —graphg — {0} x R_. (3.121)
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Now, we can obtain closedness conditions for the set H if (epif)x (Or
(graph f)oo, (€pig)oo, (graph g)o) is asymptotically compact using Theorem 1.59
or Corollary 1.60. Thus, in the special case of positively homogeneous functions,
the separation condition (1.41) from Theorem 1.59 for the decompositions (3.118)—
(3.120) is the same, namely,

() f(x) <g(Ax) implies x =0,
and the separation condition (1.42) from Corollary 1.60 becomes:

(c1) f(x) <g(Ax) implies Ax =0 (for (3.118))
(c2) f(x) <g(Ax) implies Ax =0 and f(x) =0 (for (3.119) and (3.120))
(c3) f(x) < g(Ax) implies f(x) = g(Ax) (for (3.121)).

Theorem 3.70 Let f, —g be proper positively homogeneous functions. Each of the
following properties is sufficient for the closedness of the set H:

@) X(epi f) is a locally compact and either g has closed graph and (c1) holds or

g is upper-semicontinuous and (cy) holds.

(ii) epi f is locally compact, condition (c) is satisfied and g is either upper-
semicontinuous or has closed graph.

(iii) X(graph f) — graph g is closed and (c3) holds.

(iv) graph g is locally compact, (c1) is satisfied and A (epi f) is closed.

(v) hypog is locally compact, (c3) is satisfied and ;f(epi f) or Z(graph f) is
closed.

Proof The sufficiency of properties (i), (iii), (iv) and (v) follows using Corol-
lary 1.60. To obtain (ii), we apply Theorem 1.59. In fact, according to Corol-
lary 1.60, condition (ii) is stronger than condition (i). (|

Remark 3.71 If graph f is locally compact, then epi f is also locally compact since
epi f = graph f + {0} x R. If graph f is closed, the converse is also true.

The local compactness conditions can be ensured by dual interiority conditions
taking into account that a closed cone is locally compact if the interior of polar cone
is nonvoid, with respect to Mackey topology.

In the sequel, we consider the homogeneous program

min{a(x); x € P, Ax+y€e Q}, yeY, (3.122)

where a : X — ]—o00, 400] is a positively homogeneous lower-semicontinuous
function, A : X — Y is a linear continuous operator, y is a fixed element of ¥ and
P C X, Q CY are closed cones.

This minimization problem is of &, type for

f=a+lp, g=—Iop,
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and so, as dual problem we have
(7)) max{(y,y): y € Q% Ay eda+1p)O) yeY.  (3.123)
Here, the set H defined by (3.123) is
H={(Ax —y,a(x)+r); x € PNDom(a), y€ Q, r >0}.

The coercivity conditions (c1), i = 1,2, 3, and (c) become:

) If xe PNATY(Q) and a(x) <0, then Ax =0

(cg) If xe PNAY(Q) and a(x) <0, then Ax =0 and a(x) =0
() If xe PNAT(Q) and a(x) <0, then a(x) =0

() Ifxe PNA~Y(Q) and a(x) <0, then x =0.

We also have

epi f =epialp; graph f = grapha|p, (3.124)
hypog = 0 xR_; graphg = Q x {0}, (3.125)

where we denote by a|p the restriction of @ to P N Dom(a).
By Theorem 3.70, we obtain the following result.

Theorem 3.72 The homogeneous program (3.122) has an optimal solution for ev-
ery y € Y, whenever its value is finite, if one of the following conditions holds:

@) Z(epia|p) is locally compact and (c(l)) is satisfied

(ii) Z(grapha|p) — Q x {0} is closed and (cg) is satisfied
>iii) Q is locally compact, A: (epia|p) is closed and (c(l)) is satisfied
@iv) Q is locally compact, A(grapha|p) is closed and (C(z)) is satisfied.

The local compactness and closedness of Z(epial p) and Av(grapha| p) which
appear in the above conditions can be derived by Corollaries 1.60 and 1.61, by using
the coercivity conditions (c?). Thus, for example, if epia|p or grapha|p is locally
compact and (cY) is fulfilled, then (i) holds. Also, it is sufficient that P N Dom(a) to
be locally compact and grapha|p to be closed since X(grapha| p)=(Axa) PN
Dom(a)).

In the linear case, a € X*, all these conditions have a more simple form since
d(a + Ip)(0) = a + P°. Let us remark that the linear case is not different from
the positively homogeneous case because every positively homogeneous program
can be reduced to a linear program. Indeed, the positively homogeneous program
(3.122) is equivalent to

min{t; (x,1) €epia, x € P, Ax+y € 0}. (3.126)

This program is linear and of the same type as (3.122), where X, Y, A, P, Q
are replaced by X x R, Y, Ay, (epia) N (P x R), Q, respectively, with the op-
erator A1 : X x R — Y defined by Aj(x,t) = Ax, for all (x,7) € X x R. Since
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ATy* = (A*y*,0) € X* x R, for all y* € Y*, ((epia) N (P x R)? = PY x {0} U
cone(dalp(0) x {—1} and the cost functional of problem (3.126) can be identified
with (0, 1) € X* x R, the duals of problems (3.122) and (3.126) are the same.
Finally, we remark that Theorem 3.72 can be completed as a dual result, that is,
programs (3.122) and (3.123) have equal values if the set H is also convex.

3.2.4 Non-convex Optimization and the Ekeland Variational
Principle

As seen earlier, the central problem of the topics discussed so far is the minimization
problem

Min{f(x); X € M}, (3.127)

where f : X — R is a given lower-semicontinuous function on a Banach space
X and M is a closed subset of X. By the Weierstrass theorem, a sufficient con-
dition for existence of a minimum in (3.127) is that M be compact and f lower-
semicontinuous with respect to a certain topology on X, for instance, the weak
topology of X, and the latter holds if f is convex, lower-semicontinuous and M
is bounded.

If these conditions are absent, one cannot prove the existence in problem (3.128).
A second important question related to problem (3.128) is to find the minimum
points (if any) by a first order condition

af(x) >0, (3.128)

where df is the gradient of f in some generalized sense.
The Ekeland variational principle [37, 38] to be briefly presented below is a sharp
instrument to give a partial answer to these questions.

Theorem 3.73 Let X be a complete metric space and let f : X — (—o0, +00] be
a lower-semicontinuous function, nonidentically +00 and bounded from below. Let
& > 0 be arbitrary and let x € X be such that

fx) =inf{f(u); ueX}+e.
Then, there exists x. € X such that

fxe) = f(x), d(xe,x) =1,
fu)> fxe) —ed(xe,u),  VuFx,.

Here,d : X x X — R is the distance on X.

(3.129)

Proof We take xo = x and define inductively the sequence {x,} as follows.
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If x,—1 is known, then either
f@) > flxp—1) —ed(xp—1,u), Vu##x,_1, (3.130)
and, in this case, take x;, = x,_1, or there exists u # x,,— such that
@) = flxn-1) — ed(xn—1,u). (3.131)

In the latter case, denote by S, the set of all u € X satisfying (3.131) and choose
X, € S, such that

1
fOn) —inf{ @03 w e Sp} = 5 (f o) —inf{ f(); w € 5,}).

We prove that the sequence {x,} so defined is convergent. If (3.130) happens for
all n, then {x,} is stationary; otherwise, it follows by (3.131) that

d(xp—1,%,) < f(xn—l) - f(xn)
and, therefore,
ed(xXp—1,%Xm) < fn—1) — f(xXm), Vm=>n-—1. (3.132)

The sequence { f (x,)} is bounded from below and monotonically decreasing.
Hence, { f(x,)} is convergent and, by (3.132), it follows that so is {x,}. Hence,
lim,, _, o0 X;, = X, exists. We have

J) = fx) == fn-1) = fxn) =+
and we may conclude that
FO)= Tim flu) =2 f(xe),
because f is lower-semicontinuous. We get
d(x,xm) < f(X) = f(xm) < f(x) —inf{ f(u); ue X} <e.

Then, letting n tend to 400, we get d(x.,x) < 1. To prove the last relation, we
assume that there exists u # x, such that

) < fxe) —ed(xe, u)

and we argue from this to a contradiction. Since f(x;) < f(x,—_1) for all n, the latter
yields

fW) < fxpo1) —ed(xe, u) +ed(xe, xp—1) < f(xn—1) — &d(xp—1,u).

Hence, u € S, for all n. On the other hand, we have

2F ) = f(xn—1) < mf{f(v), vE Sn} < fu).
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Hence, f(u) > € > f(x.). The contradiction we arrived at proves the desired rela-
tion. O

Corollary 3.74 Let X be a complete metric space and let f : X — (—00, 400] be
a lower-semicontinuous which is bounded from below and # +o00. Let ¢ > 0 and
x € X be such that

f(x) <inf{ f(u); ue X} +e.
Then, there exists x, € X such that
1 1
fxe) = f(x), d(xg,x) €2, fxe) < flu)+e2d(xe,u), Vu#x,.
Proof One applies Theorem 3.73 on the space X endowed with the metric e2d. O

In the special case, where X is a Banach space and f is Gateaux differentiable,
we have

Corollary 3.75 Let X be a Banach space and let f : X — R be Gdteaux differen-
tiable and bounded from below. Then, for each € > 0, there exists x. such that

fxe) <inf{f(u); ue X} +e,
IV fxe)| < Ve

Proof 1t suffices to take in (3.129) u = x, &= Ah, divide by X and let A go to zero. J

Corollary 3.76 Let f : X — R be Gdteaux differentiable and bounded from below
on the Banach space X . If f satisfies the Palais—Smale condition, then it attains its
infimum on X.

Proof We recall that a Gateaux differentiable function f on X is said to satisfy the
Palais—Smale condition if every sequence {x,} C X such that lim,—, » f (x,) exists,
and lim;,—, o, V f (x;,) = 0 contains a convergent subsequence.

Now, let {x,} C X be such that

fGo) <inf{f@); ueX}+n",
”Vf(xn)” < ”li%-

Then, there exists {x,,} C {x,} such that lim,, .~ x, = x. Clearly, f(x) =
inf{ f (u); u € X}, as claimed. O

The Ekeland variational principle may also be viewed as an existence result for
an approximating minimum point of a lower-semicontinuous bounded from below
function. Indeed, by Corollary 3.74, we have

x =arginf{ f(u) + £2d (xe, u); u € X}.
On these lines, a sharper result was established by Stegall [108].
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Theorem 3.77 Let M be convex, weakly compact subset of a Banach space X and
let f: M — R be a lower-semicontinuous function which is bounded from below.
Then, for every & > 0, there exists we € X*, ||we| < &, such that the function x —
f(x) 4+ (x, wg) attains its infimum on K .

In particular, if the space X is reflexive, then we may take in Theorem 3.77 any
convex, closed and bounded subset M of X.
We omit the proof.

3.2.5 Examples

In this section, we illustrate the general results by discussing some specific examples
of optimization problems associated with partial differential equations, stress being
laid on the formulation as well as on the explicit determination of the dual problem
and of the optimality conditions.

Example 3.78 Here and throughout in the sequel, we denote by £2 a bounded open
domain of R"” with the boundary I", an (n — 1)-dimensional variety of class C*°.
Consider the problem

1
min{—/ |gradu|2dx—/ hu dx; ueK}, (3.133)
2)a 7,

whenh € L2(2) and K = {u € HOI(.Q); u>0ae.on2}.
Let us take in the Frenchel duality theorem (see Theorem 3.54) X = HOl (£2),
X*=H~1(2), g = — Ik (the indicator function of the set K) and

1
f(u):E/ |gradu|2dx—/hudx, MGHOI(Q)-
2 2

In other words, f(u) = %”u”iﬂ(ﬂ) — (h, u), where (-, -) denotes the duality bili-
0

near functional between HO1 (£2) and its dual H~!'(£2) (respectively, the inner prod-
uctin L2(2)).
Thus, we have

1
RS Sup{(P*, u) = Ellull2 + (h,w); u € Hy(£2)

| = ——

1
=sup{(p*+h,u)—5||u||2; ueH&(fz)}z Ip* + 131 )
On the other hand,
. 0 if p* e K*
*(p" =influ, p*); uekKl=1" ’
g*(p*) = inf{(u, p*) } {_OO’ —
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where K* = {p* € H~1(2); (p*,u) >0, Yu e K} ={p* € H1(2); p* > 0}. We
note that the relation p* > 0 must be understood in the same sense of distributions.

We also remark that — K™ is just the polar cone associated to the cone K. There-
fore, the dual problem associated to problem (3.133) can be written as

1
max{—5||p*+h||§,_l<m; preH™\(9). p*zo}; (3.134)

hence, we have the equality

1
inf—{/ |gradu|2dx—/ hu dx; ueK}
2lJe 2

1
=_inf{§||p*+h||§,1(m; p*eK*}. (3.135)

Since the function f is coercive and strictly convex, problem (3.133) admits a
unique solution u € K. Similarly, problem (3.134) admits a unique solution p* €
K*. Since the Hamiltonian function H (1, p*) associated with our problem is given
by

Hu, p*) = sulg{—(p*7 V) — f)+ (p* u)} = Ix=(p*) + (p*, u) — f(u),

we may infer (see Theorem 3.53) that the pair (i, p*) verifies the optimality system
predf@m), p*+alx@@m)>0.
Hence,
—Aii=h+p* ong2,
(3.136)
p*+0lg @) >0.

From the definition of d/k, it follows that p* = 0 on the set {x € §2; i(x) > 0}, and
p* > 0 on the complementary set.
Problem 3.136 can be restated as

—Au>h onS$2,
—Aiu=h on{xe; u(x)>0}, (3.137)

u>0 onS2, u=0 onl.

We have, therefore, obtained a free boundary-value problem studied in Chap. 2 (the
obstacle problem).

Example 3.79 This example deals with an abstract control problem.
Let V, H be a pair of real Hilbert spaces such that V is dense in H and the
injection of V in H is continuous. In other words, if we denote by V’ the dual of V,
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we have
VcHcV

which is meant both in the algebraic and the topological sense.

We denote by || - || and | - | the norm in V, and in H, respectively, and by || - ||«
the norm in V’. We denote also by (-, -) the duality bilinear functional between V
and V' (the inner product in H, respectively).

Let U be another real Hilbert space and let B be a continuous linear operator
from U to V'. Finally, let A € L(V, V') be a continuous linear operator subject to

(Au,u) > ollu|®>, YueV, (3.138)

where w > 0.
Consider the optimization problem

(&) Minimize the function

1
5||y—yo||2+so<u> (3.139)

on the set of all points y € V, u € U, which satisfy the equation
Ay — Bu=0. (3.140)

Here, ¢ is a lower-semicontinuous convex function from U to ]—o00, +00] and yy is
a fixed element of V.

The above problem, which was not formulated in the most general framework,
represents a typical example of control problem. The parameter u is called control,
while the solution y is called state.

Since relation (3.138) implies A~le L(V', V), Problem 2 can be expressed as

’2

1
min{<p(u)+§“A_lBu—y0 ; ueU}. (3.141)

Denote g(y) = —% ly — yoll>. Then, problem (3.141) becomes
inf{o(u) — g(A™'Bu); ue U}
and the associated dual problem can be written as
1 _
max{(yo, ¥ = Elly*lli — " (B*(A")1y*); yF e v’}. (3.142)

If we write p = (A*)~!y*, then it is obvious that the dual problem (3.142) may
be also regarded as an optimal control problem. Thus, we are confronted with the
following problem.
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(7*) Maximize the function

~¢*(B*p) - %ny*ni + (30, ) (3.143)
on the set of all pairs of points p € V and y* € V' which satisfy the equation
A*p=y*. (3.144)
By virtue of the same theorem, the pair (&, y*) is optimal if and only if the system
(A™'B)"5* € dp(i), 3* €dg(A~"Bii)
is verified, that is,
B*p € dp(in), V*+JAT'Ba=—Jyy,

where J : V — V' is the canonical isomorphism from V into V’.
Consequently, (¥, i) is an optimal solution of the problem and (p, y*) is an op-

timal solution of the dual problem if and only if the system
Ay = Bu, A*p = 3y*,
~ B B B (3.145)
B*p € dpu), Y+ Jy+Jyg=0,

is verified.

At the same time, we note that system (3.145) allows an explicit calculation of
the optimal controls & and y* with respect to the primal optimal state y and the
adjoint state p.

The previous statements will be illustrated by the following example:

Minimize the functional

1
5(/ Igrad(y—yo)|2dx+/ |u|2dx> (3.146)
2 2

on the class of all functions y € HO1 (2)andu e K ={u e L*(2),u >0, a.e., on
2} which verify the equation

—Ay on§2,

0 on (3.147)
y= :

Here yy is a given function in Hé (£2).
This problem may be written as a problem of type & by taking
V =H} (%), H=L*%), U=L*%), B=1, A=—A,

and

W):l/ lul®dx + Ix (w), ueL*(£2),
2 )¢
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where Ik is the indicator function of the convex cone K . It is clear that the conjugate
function ¢* is defined by

* _ _l 2
@"(u) = (u, Pxu) 2|PKM| ,

where Pxu = (I + Ix) 'u, u € L>(£2) is the projection operator in L2(£2) on the
set K. In other words,

Pxu(x) = max{O, u(x)} =uT(x), ae. onf.
Then, the dual problem can be written as
in 012, ) — @ y0) + = [ 15T P
m1n2 v H’I(Q) v » YO 2 o V4 X,
where v € H=1(£2) and p € H(% (£2) satisfy the equation
—Ap=v* on 2,
p=0 onl[.

In our case, the optimality system associated with Problem & becomes
y
+p=0, i=pt ong, (3.148)

or, equivalently,
Ay+pt =0, ong,
Ap—pT+Ay=0 on$2,
p=y=0 onlI.

The optimal controls u and v* are defined by

+ —+

I’_l=ﬁ Zmax(oaﬁ)a E*ZA)’O_P .

Like problem (3.142), the latter is a unilateral elliptic problem of the same type
as that previously studied in Sect. 2.2.5.

Example 3.80 Consider now the problem

1
min {—/ |gradu|2dx+/ |gradu|dx—f hudx}, (3.149)
ueH @)1 2 /o 2 2

where the function & € L2(£2) is given. Problem (3.149) arises in the study of the
nonnewtonian fluids and in other problems of physical interest (see Duvaut and
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Lions [35]). To construct the dual problem, we apply Theorem 3.53 in which X =
Hy(2), X*=H"1(2).Y = (L*(2))"

ou ou
Au=|—,..., — | =gradu,
0x1 0xy,

fu) = /|gradu| dx — /hudx

and g : (L%(£2))" — ]—00, +00[ is defined by
g(y)=—/9|y|dx, y=0U1 -y Yn).
Then, we obtain (see Example 3.78)
1 2 -1
gE ") =inf{/9((y*,y)+ lyl)dx; ye (LZ(SZ))"},

where y* € (L?(£2))". Thereby, we obtain

- 0, if [y*(x)] <1, a.e.on £2,
g = .
—o00, otherwise.

Hence, the dual problem associated with problem (3.149) is

1
SUP{—EIIh —div p*l3 1) PFE (LX), Ip*I<1, ae.on 9} (3.150)

Now, let us find the optimality system. Using again Theorem 3.53, it follows that
(u, p*) € HOl (£2) x (LZ(Q))” is an optimal pair for problem (3.149), respectively,
for its dual (3.150) if and only if

A*p*edf(m), p*eog(An). (3.151)

On the other hand, we have

Af ) = —Ait — h,

Then, the first equation of relation (3.151) can be written as

n
i, 9 _
—Au—}-g B—Xipf‘zh on £2.
l'f
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From the second equation of relation (3.151), it follows that

/ﬁ*(gradﬁ—v)dxg/ (Jvl — | gradal) dx, Vve(Lz(.Q))",
17, 2
Hence,

/(ﬁ*gradﬁ+|gradﬁl)dxs/(|u|+ﬁ*v)dx.

2 2

Since v is arbitrarily chosen in (L2(£2))" and

1
n 2
1p*| = (Z |ﬁf|2> <1 (because p* € Dom(g*))
i=1

the above inequality implies
pegradii + |gradu| =0, ae.in £2.

Consequently, # is a solution of problem (3.149) and p* is a solution of the dual
problem (3.150) if and only if they verify the system
—Au+divp*=h on$2,
=, dil
Zﬁ?‘— +|gradil =0 a.e.on 2,
im0
u=0 onlrl,
n
P e(L*)" and D |pfP<1 ae ong.
i=1
It is interesting to note that the system p* = (p}, ..., p;) € (L*(£2))" can be
regarded as a system of Lagrange multipliers for problem (3.149).

Example 3.81 Detection filter problem (Fortmann, Athans [42]). This problem can
be expressed as the following maximization problem:

max{(u,x) Tu€ LZ[O, T]} subject to

(M,S[>§S<u,s>, 8§|I|ST9
(3.152)
—(u,5) < €u,s), §<[t|<T,
lJull <1,
where s is the signal function.
Suppose that s : R — R is continuous with supps C [0, 7] and
e8] T
IIs|I? :/ s2(t) dt :/ s2(t)dr =1, (3.153)
—00 0

that is, the energy of s equals 1.
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Problem (3.152) can be considered as a problem of type £, (see Sect. 3.1.2)
by taking X = A = L?[0,T], f(u) = —(u,s), Y = C[-T,T] x C[-T,T] x R
and G = (G1, G2, G3) : X — Y defined by (G;u)(t) = —(—=Di(u, s;) —elu, s),
te[-T,T),i=1,2,and G3u = |[u]|* — 1.

Now, it suffices to consider the cone Ay = C[-T,T]x C~ [T, T] x R, where
C[-T,Tl={xeC[-T,T]; xt)<0,8<|t|<T}

It is clear that problem (3.152) has a unique optimal solution since the unit ball
of a Hilbert space is weakly compact and its indicator function is strictly convex.
If we suppose that the Slater condition holds, that is, there exists u € L2[—T, T]
such that G(u) € int Ay, then there exists the Lagrange multiplier y; = ( p(l), pg, pg).
Here, p?, pg are positive regular Borel measures on [—7, T'] which are equal to zero
on (—§,8) and pJ € R,. Therefore, if u® € L?[—T, T is the optimal solution of
Problem (3.152), then the Kuhn—Tucker conditions become: u° minimizes

T

L(u; p, p3, p9) =—<u,s>+/r[<u,st>—s<u,s>]dp?

T
+[ [—u, s0) — e, 5)]d3 + p3[llull® — 1]

T
on L*[-T,T), (3.154)
T
PG1) = [ . 5) = el sf]ap} =0,
T
ngz(MO)=/T[—<u0,st>—8(u0,s)]dpg= , (3.155)

P3Gs(u”) = pS[|«°|” = 1] =o.

It is easily seen that pg > 0, hence ||u®]| = 1.
Also, (u°, p°) is a saddle point of the Lagrangian. We note that the Lagrangian
can be written as

L(u; p1. p2. p3) = —(u. i(p1, p2)) + pa(llul* — 1),

where 7i(p1, p2) € L?[0, T is defined by
T T
u(p1, p2) =s +/ (—=s: +es)dp: +/ (s: +es)dp2
-T -T

T T
=S[1+8(||P1||+||P2||)]—/Tszdpl +/TSzdP2-
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Thus, we have

1,
u——1iu(p1, p2)

L(u; p1, p2, p3) = p3 2,

2y )
- 4—m|}u(P1,P2)H - D3

Using the minimax duality generated by the Lagrangian, let us find now the dual
problem of (3.152).

Since u = % u(p1, p2) minimizes L, we obtain (see Sect. 3.2.3) the following
dual problem:

. 2
maX{—P3—4—mHu(m,P2) : p1>0, pp>0, p3>0}. (3.156)

Hence, the derivative with respect to p3 must be equal to zero

la(pr, p)I*

4p3

that is,

L .
P31, p2) = S lli(pr, o)l
Therefore, the dual problem (3.156) becomes

2.
b

min||i(p1, p2) p1, p2 € Mo[-T,T],

where My[—T, T] is the space of all regular Borel measures which are zero on
(=34,9).

Since the constraints are not simultaneously active, the measures pp, p> are mu-
tually singular. Taking p = p1 — p2, we have

T
u(p1, p2) =u(p)=s+es|pl - / s dp.
-T
Thus, we obtain the following final form for the dual problem:

2
: peMo[-T. T}

min{”ﬁ(p)

3.3 Applications of the Duality Theory

We discuss below a few applications of the duality theory on some specific convex
optimization problems.
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3.3.1 Linear Programming

Let b € R" and ¢ € R™ be fixed and let A : R” — R™ be a linear operator. Denote
by (-, ), and (-, -),; the usual inner products in R” and R, respectively.

The basic problem of the finite-dimensional linear programming can be ex-
pressed as

(2.) min{(x, b)p; xeR" x>0, Ax > c}
and is termed the canonical form, or can be written in standard form
() min{(x,b)n; xeR" x>0, Ax:c}.

The equivalence of these forms follows from the fact that, on the components,
every equality can be replaced by two inequalities and conversely, each inequality
becomes an equality by introducing a new nonnegative variable.

In the following text, we only use the canonical form of linear programming
problems because in this case we may impose some interiority conditions. It is easy
to see that the minimizing problem 7. with operational constraints is a problem of
the type &7 described in the preceding section.

From this, it is enough to take X = X* =R” and Y = Y* = R™ and to choose
the functions f and g as

(x,b)n, ifx=0,

+00, otherwise,

0, if y>c,
gy) = { .

f(X)={

—00, otherwise.

Thus, to determine the dual of problem &2, as discussed in Sect. 3.2.2, the con-
jugates of the functions f and g are needed. We have

) = sup{(u,x),, — f(x); x€ R”} = sup{(u —b,x)p; x> O}

_ 0, if x >0,
N +00, otherwise,

for all u € R",
¢ ) =inf{(v, y)m —g(): y eR"} =inf{(v, y)p: y =}

<vﬂc>m7 1fU20,
—00, otherwise,

for all v € R™. Therefore,

i *
g*(v) — f*(A*U) — !(U,C>m» if v >(0and A*v Sb,

—00, otherwise.
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Thus, the dual problem is
(%) max{(v, Om; VER™, >0, A*v < b},

which is a maximization problem, of the same type as <., on R™.
In the standard form, the dual problem is expressed as

(779 max{(v,c)m; veR", A*vfb}.

It is obvious that the programs ., &} and &, &7, respectively, are dual to each
other.

If the consistency condition (3.93) is satisfied for &7, and &7, then, from Theo-
rem 3.53, it follows that both problems &, and &7} have optimal solutions. In this
way, we have obtained the following general result.

Theorem 3.82 A feasible element xy of &, is an optimal solution if and only if
there exists a feasible element vy of 7} such that

<)C(), b)é = <U(), C)WI'

On the other hand, the extremality conditions (see Theorem 3.54) for a point
(x0, vo) € R" x R™ are the following:

x0>0, b— A% >0, (xp,b), = (x0, A"v0)n,
Axg—c>0, v9>0, (Axo,vo)m = (C,V0)m-
The Kuhn—Tucker function is
K(x,v)=(x,b)y + (v, ¢}, Yx=0, v=0.

It is easy to see that an element is a saddle point if and only if it satisfies the
above extremality conditions.
In general, if (x, v) is a pair of feasible elements of &7, and &}, then the relation

(v, ) < {x,b),

holds.

Finally, we remark that, if one of Problems & or &} is inconsistent, then the
other is inconsistent or unbounded. If both &, and &; are consistent, then they
have an optimal solution and their extreme values are equal.

As another simple utilization of the Fenchel duality, we can consider the infinite-
dimensional linear programming. Thus, we have the basic problem

(P) min{(x(’)",x); x€eP, yg—Ax € Q},

where X, Y are two Banach spaces, P C X, Q C Y are closed convex cones, A :
X — Y is alinear continuous operator and x5 € X*, yp € Y.
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We easily see that & can be obtained from &, by taking f = x;j + Ip and
g = —1y,— . Hence, we obtain

"= sup{(x* — X, X); X € P} = Ipo(x™ —xp),
0N ={0"»); yeyo— 0} =" y) —sup{(y*,y); y € 0}
= (", y0) = Lo (y™).
Therefore, a dual problem associated with &2 is
(2% max{(y*,yo); y* e Q°, A*y* —xi e PO}
By virtue of Proposition 3.39, it follows that, if x is a feasible element of &2 and
y is the feasible element of &7*, then
(", y0) < (x5, x).

This relation becomes an equality only for pairs of optimal solutions.
The two problems &7 and &7* have finite and equal extreme values if and only if
the function

h(y):inf{(xa‘,x); xXeEP, yo+y—Axe€ Q}

is finite and lower-semicontinuous at the origin of Y. Moreover, according to The-
orem 2.22 it follows that &2 is stable, that is, &?* has optimal solutions and
inf & = sup Z* € R, if the consistency condition

(yo—int Q) NA(P) # 4

holds. Also, the existence of optimal solutions for &7 is guaranteed by the dual
consistency condition

(x¢ +int P%) N A*(Q°) # 0.
For the Kuhn—Tucker function, we obtain
K(x,y%) = (xg.x) + (0", yo) — (Ax,y"),  VY(x,y") e P x Q"

Hence, (xo, y5) € P x QY is a pair of solutions of & and Z7*, if and only if (xo, )
is a saddle point of K on P x Q. On the other hand, the existence of optimal
solutions of &, for every yp € Y, can be characterized by using Theorem 3.72.

Theorem 3.83 Suppose that PN A~ (¥ — Q) # @ for at least element y € Y . Then,
& has optimal solutions for every yg € Y and its value is equal to dual value (that
is, P* is stable) if and only if the set

H=(Axx})(P)+ 0 xRy, (3.157)

is closed in Y x R, where A x x§ : X — Y x R is defined by (A x x5)(x) =
(Ax, (xg,x)).
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Using some closedness criteria of the sum of two closed convex sets, we obtain
various optimality conditions. We obtain a special case if P or Q is also locally
compact.

Let us consider the following properties:

() x e PNATY(Q) and (x§,x) <0 implies x =0
(i) xe PNATY(Q) and (x5, %) <0 implies Ax =0 and (x5, x) =0
(iii) x € PNA~Y(Q) and (x},x) <0 implies Ax = 0.

Theorem 3.84 The set H given by (3.157) is closed if one of the following three
conditions is fulfilled:

(c1) P isalocally compact cone and (i) is satisfied
(c2) Q is alocally compact cone, (A x xg)(P) is closed and (ii) is satisfied
(c3) Q is alocally compact cone, (iii) is satisfied and the set

{(Ax,(x(’)‘,x)+r)€YxR; x€eP, rzO}

is closed.

Proof This result is a consequence of closedness Dieudonné’s criterion (see Theo-
rem 1.59 and its Corollaries 1.60, 1.61).
Now, we consider the problem

() min{t; tx; +x2 € K},

where K C X is a closed convex set which contains the origin, and x1, x; € X are
two fixed elements. Taking f(f) =t,t eR, g(x) = —Ig_x, x € X, and A(t) =tx1,
t € R, we find the dual problem

(7" max{(x2,x*) = pgo(—x"); (x1,x") =—1}. O

It is clear that, if Kz 7 is consistent and inf P> —00, then it has optimal solutions;
the extreme value of & is the lower bound of a real segment. As a consequence of
Theorem 3.53, we obtain Theorem 3.85.

Theorem 3.85 Assume that | i*nt K £ @ and t € R exists such that tx; + x, € intK.
If & has finite value, then & has optimal solutions and the two extreme values are
equal.

In fact, one and only one of the following three assertions is true:

— —x .
(1) P and & are consistent.

(i1) One, and only one, of & and & is consistent and has an infinite value.

(iii) Both problems are inconsistent.

Remark 3.86 If K is a cone, the dual problem 7" becomes

max] (x2, x*); x* € —K°, (x1,x*) =—1}.
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3.3.2 The Best Approximation Problem

Let C be a convex subset of a real linear normed space X. An element z € C is
called a best approximation to x € X from C if

lx—zll <lx—ul, foralluecC. (3.158)

Denote
Pc(x)={zeC; |x —z| < llx —ul|, forallu e C}.

The multivalued mapping x — Pc(x), x € X, is called the projection mapping of
the space X into C. Obviously, if C is convex, then Pc(x) is a convex subset of C
(possible empty) for every x € X and ||x — z|| =d(x; C) for all z € Pc(x).

Now, we establish a simple property concerning the best approximation elements
of an element in semistraight line determined by x and z € P.(x).
Theorem 3.87 If C is a nonvoid set in X, x€C, and z € Pc(x), then
(i) z€ Pc(Ax 4+ (1 —X)z) forall » € (0,1)
(i) z€ Pc(Ax + (1 — X)z) for all A > 1, whenever the set C is convex.

Proof (1) If A € (0, 1), we have
Jax+ 1 =0z —z] = lx — 2zl = A = A)lx —z|
<lx =yl =[x = Gx + 1 = 2)z|
<|x—y—x+(x+A=02)|=|ax+A-Nz—y

’

forall y € C, thatis, z € Pc(Ax + (1 — X)z) if A € (0, 1).

(i) If z € Pc(x) and A > 1, we have
1 1
Jiox + (1 =)z =z = rlx =zl < afx = ( Sy + (1= )

= Hkx—i—(l —Mz—y|, forallyeC,
since, by convexity of C, it follows that
1 1
Xy—i—(l—x)zec.
This proves that z € Pc(Ax + (1 — X)z2). O

It is obvious that an element of the best approximation is an optimal solution of
the minimization problem

1
min{inu —x||2+1c(u); u eX},

where x is the given element of X.
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According to Remark 3.2, we may infer that z is a best approximation to x
from C, if and only if there exists x; € X* subject to

F@+ £ (x$) < (x§,u), forallueC, (3.159)

where f(u) = %Hu — x||?, u € X. As a consequence of this fact, we obtain the
following theorem.

Theorem 3.88 An element z € C is a best approximation to x € X from elements of
the convex set C if and only if there exists x; € X™* such that

@ lxgll = llz— x|l
(i) (xf,u—x)>lz—x|? VueC.

Proof Indeed, we have
* % * 1 2
7 (xg) = supy (xq, u) — Ellu — x| ueX
* * 1 2 * 1 *12
= (x3, x) +supq (x5, u) — Ellull ;yueX =(xo,x)+§||xo||
and the optimality condition (3.159) becomes
1 2 1 *12 *
Sz =x17+ S 5] < (x§,u—x), YueC. (3.160)
In particular, for u = z, we obtain (||z — x|l — [lx;[l) <0, which implies con-
dition (i). Consequently, from inequality (3.160), condition (ii) follows, as claimed.
Conversely, it is clear that conditions (i) and (ii) imply that z is a best approximation,
because we have
lz — x> < (§ou—x) < lIxgll lu — x|l = llz — x|l lu — x|, VuecC,
and therefore we must have (3.158). O

Corollary 3.89 If z € C is a best approximation of x € X by elements of the convex
set C, then the minimax relation

lx —z]| =min max (x*,u —x)= max min (x*,u — x) (3.161)
ueC |x*||=1 lx*||=1 ueC

holds.

Proof This follows with clarity if we use the relationship between the solutions to
Problem %2 and property (2.133) of the saddle points and relation (1.36). To this
end, it suffices to remark that the point x¢, the existence of which is ensured by the
above theorem, is just the solution of the dual problem. O
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Remark 3.90 Generally, if x is a point situated at the distance d > 0 from the convex
set C, we obtain a weak minimax relation by replacing “min” by “inf” because in
such a case only the dual problem has solutions (see Theorem 3.70).

Next, we note several special cases in which conditions (i) and (ii) have a simpli-
fied form. Namely, if C is a convex cone with vertex in the origin, then condition (ii)
is equivalent to the following pair of conditions:

(i) (xF,u) <0,YueC,thatis, x} € C°

(i") (. x) =[x —z|%

Here is the argument. From condition (ii), replacing x; by —x;, we obtain (x;, x —
nu) > ||x — z||%, Yu € C, Vn € N, because C is a cone. Therefore, we cannot have

(xa‘, u) > 0 for some element u € C, that is, (ii") holds.
Moreover, from Properties (ii) and (ii") it follows that

2 2.
lx —zlI” < (xg, x —2) < llxgll X — zll = llx — z[I;
hence (x(’)“, x —z) = ||z — x||*. Thus, we have
0> (x5, 2) = (. %) — (x5, x —2) = (x5, ) — |x — 2.
On the other hand, from (ii), for —x; and u = 0, we obtain the inequality
(g, ) = llx — 2%,

which implies Property (ii”). The reciprocal is obvious.
When C is a linear space, Condition (ii’) is equivalent to

(x5,u)=0, VueC,

because, in this case, C = —C.

It should be mentioned that the best approximation belongs to C N S(x; d) and
it exists if and only if there exist separating hyperplanes which meet C. Moreover,
the set of all the best approximations is convex and coincides with the intersection
of the set with any separating hyperplanes. When this intersection is nonempty, the
separating hyperplanes is a support hyperplane and is given by the equation

(g, u—x)=|x —zI>, ueX.
Now, let us study the existence of the best approximations. Let
d=inf{||u—x||; ueC}. (3.162)

Firstly, it is obvious that if a minimizing sequence, that is (u#,),eny C C and
llu, — x|| — d, has a convergent subsequence in C, then its limit is a best approxi-
mation element. The set of this type is called an approximatively compact set. Any
approximatively compact set is necessarily closed. For instance, any closed convex
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set in a Banach uniform convex space is approximatively compact. Indeed, using
Proposition 1.59, it follows that any minimizing sequence is a Cauchy sequence,
and therefore it is convergent.

We easily see that

inf{Jlu — x|; ueC}=inf{llu—x|l; ue CNS(x;d+e)), (3.163)
where S(x;d +e)={yeX;|ly—x| <d+¢}, e¢>0.

Theorem 3.91 If the convex set C is such that there exists an & > 0, for which the
set C N S(x;d + ¢) is weakly compact, then x has a best approximation in C.

Proof According to relation (3.163), it suffices to recall that a lower-semicontinuous
function on a compact set attains its infimum. In our case, the function is obviously
weakly lower-semicontinuous (see Proposition 1.73) on the weakly compact set C N
S(u;d +¢). O

Corollary 3.92 In a reflexive Banach space, every element possesses at least one
best approximation with respect to every closed convex set.

Proof The set C ﬂE(u; d +1) is convex closed and bounded and, hence, it is weakly
compact by virtue of the reflexivity (see Theorem 1.94). (|

Corollary 3.93 In a Banach space, every element possesses at least one best appro-
ximation with respect to every closed, convex and finite-dimensional set.

Proof In a finite-dimensional space, the bounded closed convex sets are compact
and, hence, weakly compact. O

Remark 3.94 The existence of the best approximations for closed convex sets is a
characteristic property of reflexive spaces: a Banach space has the property that
every element possesses best approximations with respect to every closed convex
set if and only if it is reflexive. It is clear that this characterization is equivalent to
the property that every continuous linear functional attains its supremum on the unit
ball (see James [56, 57]).

In the uniqueness of the best approximations, a crucial role is played by strictly
convex spaces, while in the existence problem the same role is played by reflexive
spaces.

Theorem 3.95 If X is strictly convex, then each element x € X possesses at most
one best approximation with respect to a convex set C C X.

Proof Assume by contradiction that there exist two distinct best approximations,
z1, 22 in C. Since the set of best approximations is convex, it follows that %(Zl +22)
is also a best approximation.
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Hence, if d =d(x; C), we have

1
O<d=lx—zl=lx-zul=x- 3@ +z2)

and, thereby

=1

1 L
E(x—m) = E(X_ZZ)

In view of the strict convexity (see Proposition 1.103(ii)), we have

1>

=1,
d

1
X — E(Z] +22)

1 1
g(x —21)+ ﬁ(x —22)

which is a contradiction. O

Remark 3.96 This property is characteristic of the strictly convex spaces: if, in a
Banach space X, every element possesses at most a best approximation with respect
to every convex set (it is enough for the segments), then X is strictly convex.

Indeed, if we assume that X is not strictly convex, then there exist x,y € X,
x #y, with x| = [|lyll = II3(x + )|l = 1. Furthermore, [lax + (1 — a)y| =1,
Vo € [0, 1]. Hence, the origin has as the best approximation with respect to the
closed convex set [x, y] every element of this set, and this, clearly, contradicts the
uniqueness.

From Corollary 3.92 and Theorem 3.91, it follows that in a reflexive strictly con-
vex Banach space, for every closed convex set C, the domain of projection mapping
Pc is whole X, that is, Pc(x) # @ for any x € X.

Theorem 3.97 If C is a closed locally compact convex set of a strictly convex
space X, then the projection function is continuous on X.

Proof If x,, — x, for every ¢ > 0, then there exists ng(e) € N such that |x, — x| < ¢
for all n > ng(¢e). Denote

dy =d(xn; C) = inf |x, —ull, d=d(x;C)=inf [|x —ul.
ueC ueC
‘We have
du < inf {lx —ull + v — x|} <d +e. Vn>no(e),
ue

hence,

lx — Pexpll < llxp — Poxpll + llxp — x|l <dy + 6 <d +2e.
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Since the locally compact convex set C N S(x; d + &) does not contain any half-line,
it follows that it is compact (see, for instance, Kothe [61], p. 340). Thus,

(Said+e)NC#p

e>0

and any subsequence of Pcx, has a cluster point z which satisfies ||x — z|| =d.
Because X is strictly convex, this point is unique and so, Pcx, — z = Pcx, as
claimed. 0

A set C is called proximinal if every element of X has a best approximation in C.
That is, the set C is proximinal if the problem

min{|lx — ull; u € C}

has solutions for every x € X. Thus, by Theorem 3.64, we obtain the following
characterization of proximinal sets.

Theorem 3.98 A nonempty set C of a linear normed space X is proximinal if and
only ifepi| - || + C x {0} is closed in X x R. Moreover, if C is a convex set which
contains the origin, we have

min{|lx — ul; u € C} = max{(x*, x) — Peo(x*); x* € X* N C°},
forevery x € X.

Proof Taking, in Theorem 3.72, f = Ic, g=—| - ||, A = I, we observe that
H={(u+xlxll+r)eXxR; ueC, x€X, r=0}=epi| - | + C x {0},

as claimed. d
Finally, we establish a simple characterization of proximinal sets.

Theorem 3.99 A nonempty set C in a linear normed space is proximinal if and only
if C + S(0; r) is closed for any r > 0.

Proof Let C be a proximinal set. If x € C + 5(0; r), there exists a sequence (a, +
bn)nen convergent to x such that (a,),en C C, ||by|| < r, for all n € N. Hence,
d(ay, +b,; C)<r,neN,and so, d(x; C) <r.Now, if x € Pc(x), then ||x — x| =
d(x; C) <r. Therefore, taking y=x —x,wehavex =x+y e C + S(0; r), that is,
C + S(0; r) is closed.

Conversely, we consider an arbitrary element x and we denote d(x; C) =r. If
r =0, then x € C since C is closed. Hence, x € Pc(x). Therefore, we can suppose
r > 0. Let (x,)nen C C be an approximant sequence ||x — x, || <r + rll ne N If
we denote

1 (X —xp) = yn,
n
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then y, € S(0; r) and
1 *
X=Xy +Ys+— Yo, nEN".
nr

Since x, + yu € C +S(0; ) and -1 y, — 0, it follows that x € C + S(0; r). Thus,
if C +5(0, r) is closed, we getx € C + S(0, r), that is, there exists ¥ € C such that
lx — x|| <r. Therefore, x € Pc(x), which proves that the set C is proximinal. [

Remark 3.100 1In the case of linear closed subspaces, this result is due to Godini [45]
in the following equivalent form: the image of unit closed ball by quotient operator
is closed in quotient space with respect to that linear closed subspace.

3.3.3 Additivity Criteria for Subdifferentials of Convex Functions

The Fenchel duality theory can be used to get sharp additivity criteria for subdiffe-
rentials besides that established in Sect. 2.2.4 or in Sect. 3.2.2.

To begin with, we mention the following theorem concerning the pointwise ad-
ditivity of subdifferential.

Theorem 3.101 Let f1, f> be two proper convex lower-semicontinuous functions
defined on a locally convex space X. If x € Dom( f1) N Dom( f2), then the following
statements are equivalent:

(1) 3(f1+ f2)(x) = 3f1(x) + af2(x)
(ii) Forevery x* € 0(f1 + f2)(x) there exists x| € X* such that

(1 + L) (™) = fi () + f3 (5 = xp), (3.164)
(iii) The minimization problem
min{ f'@*) + f5 (" —u*); u* e X*} (Pyx)

has optimal solutions for any x* € 3(f1 + f2)(x) and its optimal value is ( fi +
F2)F(x").

Proof (i) — (ii) Let us consider an arbitrary element x* € d(f; + f2)(x). By (i),
there exists x} € 91 (x) such that x — x{" € 9f2(x). Therefore, we have

x7(x) = filx) + fi &), (3.165)
(* —xPHx) = H0) + fr o —x)), (3.166)
x*(x) = (fi + )X + (i + )" (). (3.167)

Adding (3.165) and (3.166), it follows that we have equality (3.164).
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(ii) — (iii) By the Young inequality, for any u* € X*, we have

i) >=u*(v) — fi(v) forallveX,
fHe*—u®) > @ —u*)(v) — fo(v), forallveX,

and so,
@ + £ —u*) >x* () — (fi + f)(v), forallveX.

Using the definition of the conjugate, we get
@+ 365 —u™) = (fi + )" (5.

Taking x{ € X* such that equality (3.164) holds, it follows that x}" is an optimal
solution of (Zy+). Moreover, its optimal value is equal to (f; + f2)*(x*), that is,
(iii) is completely proved. In fact, it is obvious that (iii) — (ii), and so, (ii) and (iii)
are equivalent.

(ii) — (i) Let us have x* an arbitrary element of 3( f1 + f2)(x) and x] € X* such
that equality (3.164) holds. Using again the Young inequality, we have

e = xf(x) — fikx),
" —x) = @ —x)) @) — fo(x). a

Since (3.167) also holds, it follows that both inequalities are just equalities, that
is, x] € 9f1(x) and x* — x| € 3f2(x). Consequently, the pointwise additivity equal-
ity (i) is true.

Now, we can establish a characterization of the pointwise additivity of a subdif-
ferential by a closedness property.

Theorem 3.102 Given an element x € 3( f1) N\ D( f2), where f1, fa are two proper
convex lower-semicontinuous functions on a locally convex space X, then

A(f1 + f(x) =0f1(x) +8f2(x), (3.168)

if and only if the following closedness condition is fulfilled:

(epi fi +epi £5) N[I(fi1 + f)(x) x R]
= (epi f] +epi £5) N[I(fi + f)(x) x R]. (3.169)

Proof According to the previous characterization, Theorem 3.101(iii), we can ap-
ply Lemma 3.59 and Remark 3.60, where the spaces X, Y are equal to the dual
space X*, A=03(f1+ f2)(x) and F(u*, x*) = f{*™) + ff (x* —u™), u*, x* € X*.
By a standard computation, it follows that 2**(x*) = (f] + f2)*(x*), and so, state-
ment (iii) in Theorem 3.101 holds if and only if Problems £,+ have optimal so-
lutions and 4 is lower-semicontinuous on d(f1 + f2)(x) since, by hypothesis,
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h(x*) > —oo forall x* € 3(f1 + f2)(x). On the other hand, the set H in Lemma 3.59
becomes

H= {(x*, 1) € X* x R; there exists u™ € X* such that F(x*, u™) < t}
= {(x*, 1) € X* x R; there exists u™ € X*
such that f*(u™) + f5 (x* —u*) <t}
= (epi fi +epi ) N (X* x R).

Thus, the equality H N (A x R) = H N (A x R) in Remark 3.60 is just equal-
ity (3.171), and the theorem is proved. O

Corollary 3.103 Ifepi f|" + epi f, is a closed set, then the subdifferential is addi-
tive, that is (3.168) holds for all x € X.

Remark 3.104 In the previous proof, we supposed that d(f1 + f2)(x) # . In fact,
if 3(f1 + f2)(x) =0, then df1(x) =0, or df2(x) =, and so, the additivity prop-
erty (3.168) is fulfilled.

Remark 3.105 We recall that the convolution of two extended real-valued functions
/> g on aliner space U is defined by

(/&) @) =inf{ f(v) + gu —v); veU}, uel.

If “inf™ is attended on U for every element of a set A C U, we have an exact convo-
lution on A (see, for instance, [70]). Property (iii) in Theorem 3.101 proves that the
(infimal) convolution f'V f5 is exact on 9(f1 + f2)(x). Also, the equality (3.164)
can be rewritten as (f;'V f;)(x*) = (f1 + f2)*(x*) for all x* € 3(f1 + f2)(x).
By Corollary 3.103, it follows that, if epi f;* + epi f;" is a closed set, then the
convolution (f1V f2)(x) is exact for any x € Ranged(f;" + f;). We recall that
(fiVf)* = f{ + f5, but fiV f cannot be proper and lower-semicontinuous (see,
for instance, Laurent [70]). Also, there exists a strong connection between prop-
erty (iii) and the Fenchel duality theorem. Consequently, property (iii) in Theo-
rem 3.101 can be reformulated in the following two equivalent forms:

(iv) The convolution 'V f5 is exact and lower-semicontinuous on 3(fi + f2)(x)
(v) The duality Fenchel theorem is true for the functions fi, and x* — f for every

x*€d(fi+ o).

3.3.4 Toland Duality Theorem

Surprisingly enough, the Fenchel duality theorem extends to a non-convex mini-
mization problem of the form

inf{e) — fa}, (3.170)
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where f and g are convex, proper and lower-semicontinuous functions on a linear
topological space X. More precisely, one has the following theorem known in the
literature as the Toland duality theorem. (See Toland [111].)

Theorem 3.106 (Toland) Let X and X* be linear topological spaces in duality
through the bilinear functional (-,-). Let f : X — R and g : X — R be two lower-
semicontinuous, convex and proper functions and let f*: X* — R, g*: X* — R be
their conjugates. Then

inf — = inf { f*(v) — g* . 3.171

inf{e@) — fa} = inf {f*() - ¢ ()} (3.171)
Proof We note first that by the definition of f* and g* that, for each A € R, if
g) — f(u) > Aforall u € X, then f*(v) — g*(v) > A, Vv € X*. Hence,

inf — < inf {f*(v)—g* .

inf{e() = fa} = inf { ") —g" )}

Conversely, if f*(v) — g*(v) > A for all v € X*, we have f*(v) > g*(v) + A, Vv €
X*, and therefore (see Proposition 2.19)
fw)=f"u=<g"w—-r<gu)—xr, VYuecX.
We have, therefore,
gw)— f(u) <A, VYuelX,

which yields

inf _ > inf [ F*(0) — o

inf{e@) — fa} = inf {f*) —¢" W)},
thereby completing the proof of (3.171). O

Theorem 3.107 Under the conditions of Theorem 3.106, assume that ug is a solu-
tion to Problem (P), that is,

= inf — .
up =arg inf {g(u) - f ()}
Then, any ug € df (ug) is a solution to the dual problem
inf { f*(v) — g* , 3.172
UIEHX*{f () —g* )} ( )
that is,
o= inf { f*(v) — g* . 3.173
uy=arg inf {f*(v) —g" ()} (3.173)
Moreover, one has, in this case,

0 € df (uo) — 9g(uo),
0 € f* (uf) — 9g™ (uf).
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Proof We have
g(uo) — fuo) <gw) — f(w), VuelX.
This yields
S@) — fuo) < g(u) — g(uog), Vuel,
and, since ugj € df (uo), we have
(u —uo, ug) + g(uo) < g), VueX.
Hence, ué € dg(uo). We have, therefore,
g(uo) + g* (ug) = (uo, ug),
fuo) + f*(ug) = (uo, ug).

One might suspect, by Theorem 3.106, that if u( is a solution to problem (3.170),
then

0 € dg(uop) — of (uo)
and that
0€dg*(up) — af " (ug),

where ug € df (uo).
It turns out that this is, indeed, the case, even in the case where f and g are not
convex. O

Theorem 3.108 Assume that ug is a solution of (P) and that df (ug) # 0. Then, any
ugy € df (uo) is a solution to the dual problem

Jnf {7 () —g" ()}
Moreover, one has

f o) + f*(up) = (uo, ug), (3.174)
g(uo) + g* (ug) = (uo, ug). (3.175)
Proof We have g(uo) — f(uo) < g(u) — f(u), Yu € X, and, since ug € 9f (uo), we
have
(u —uo, ug) +guo) < gu), VueX.
Hence, v € 0g(uo) and (3.174) and (3.175) follow. O
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3.3.5 The Farthest Point Problem

The aim of this section is to establish characterizations of remotal sets by a property
of closedness of some associated sets. We also examine the connection between the
farthest point problem and the best approximation problem (see Sect. 3.3.2).

Let X be a linear normed space and let A be a given nonvoid set A in X. Let us
consider the optimization problem

(A1) max|lx—yl, xeX,
yeA

called the farthest point problem. The corresponding best approximation problem is

(A2) minfx —y[. xeX,
yeA

but most of the properties of this two problems are different.

First, we remark that Problem (A1) can be considered only for convex sets A,
because it has solutions if and only if there exist solutions in its convex hull, conv A
(see, for instance, Hiriart—Urruty [52]). Even in the case of convex sets A when
Problem (A3) is a convex optimization problem, Problem (A1) is not convex being
a typical d.c. optimization problem, that is, the minimization of a difference of two
convex functions. It is easy to remark that the farthest point Problem (A1) can be
also given in one of the following types: P (the maximization of a convex function
on a convex set) and P, (the minimization of a convex function on the complement
of a convex set). Indeed, Problem (A1) can be, equivalently, written as

(AD min{Isy(x) = x = yll}, xeX,
yeA

or

(A]) min {IA(x)—t}, xeX.
lx—yll=t
Consequently, we obtain some optimality conditions using the normal cone of A
and the e-subdifferential of the norm (see, for example, Hiriart-Urruty [51]).
In the sequel, we recall some concepts associated to the farthest point problem
which are similar to some known concepts of the best approximation theory.
We denote

Apx(x) =supflx —yll, xeX, (3.176)

yeA

called the farthest distance function of the set A,
0a) ={TeA; lx—F=Aa(0)}. xeX, (3.177)

called the farthest point mapping (or antiprojection) with respect to A. The elements
of Q4 (x) are called farthest points of x through elements of the set A. The set A is
called a remotal set if Q o(x) # @ for x € X.
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It is obvious that the mapping A4 is a continuous convex function. Moreover,

|Ax(x) — Aa(x2)| < llx1 —x2ll, X1 x2€ X. (3.178)

Consequently, A 4 is subdifferentiable and d A 4 (x) C Sx+(0; 1) for every x € X.

On the other hand, we notice that by Toland duality (see Sect. 3.3.4), we have the
following equality:

Ap(x) = sup{x*(x) — s4(x); x¥] < 1},
where s4 is the support functional of A, that is,
sa(x*) =sup{x*(u); u e A}.

We also recall some simple convexity properties.

Ap(x) = Ay (%), (3.179)
Aa(Ax + (1 —=21)y) =ArAx(x) forally e Q4(x), (3.180)
yEQa(Ax+(1—=2)y) ifye Qa(x)and > 1. (3.181)

Theorem 3.109 A nonvoid bounded set A in a linear normed space X is remotal if
and only if the associated set

Ki=A+cS(0;d), (3.182)
is closed for every d > 0.

Proof Let x be an adherent element of A + ¢S(0; d), that is, there exist a sequence
(xn)nen convergent to x and a sequence (#;),eN C A such that ||x, — u,|| > d for
all n € N. Thus, for every & > 0 there exists n, € N such that ||x — u,|| >d — ¢
for all n > n,. Now, if A is remotal, taking an element x € Q4(x), we find that
lx —x|| > |lx —uull,n €N, and so ||x —x|| > d — ¢, for every € > 0. Consequently,
lx —X|| >d, thatis, x € A+ ¢S(0; d).

Conversely, for an arbitrary element x € X, we take d = A4 (x). We can suppose
d > 0 since Ay (x) =0 if and only if A = {x} when A is obviously remotal. For
every n € N* there exists u,, € A such that ||x —u, || >d — % But we have

1 1\

—(d— —) (x—uy)+xecu, +cS0;d) CA+cS0;d),

n n

for all n € N*, such that n > %. Since (u,),en+ 1s bounded, passing to the limit we
get x € A+ ¢S(0; d). Therefore, if A + ¢S(0; d) is closed there exists X € A such
that ||x — Xx|| > d, that is, X € Q 4 (x). Hence, the set A is remotal. O
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Remark 3.110 1t is easy to see that

cKy = ﬂ S(a; d) (3.183)

acA

and so, the set K is always the complement of a convex bounded set. Consequently,
a nonvoid bounded set A is remotal if and only if the convex set (), 4 S(a; d) is
open for any d > 0.

Corollary 3.111 Any closed ball in a linear normed space is remotal.

Remark 3.112 We denote r(A) = inf{A4(x); x € X}, usually called the radius
of A. If d < r(A), then K; = X, and so, in Theorem 3.109, it suffices to consider
only the case d > r(A). Obviously, the set K, is nonvoid complement of a convex
set for any d > 0 and K; # X if d > r(A).

Remark 3.113 We say that a set A is d-remotal (d-proximinal) if Qa(x) # 0
(P4(x) # V) whenever A4 (x) =d (d(A; x) = d). From the proof of Theorem 3.109
it follows that a set A is d-remotal if K is closed. Generally, the converse statement
is not true. But if a set is d-remotal for any d > dj, then the sets K; are closed for
all d > dy. Therefore, the property of d-remotability is different of the property of
the set K to be closed. Similar statements for d-proximinality hold. A relationship
between d-proximinality and d-remotability will be given in Remark 3.119.

The above characterization of remotal sets is similar to the one of proximinal sets
(Theorem 3.97) characterized by the closedness of the associated set

Hy=A+5(0;d). (3.184)

Taking into account that the associated sets Hy and K4 have the properties of
symmetry with respect to the sets A and S(0; 1), respectively, ¢S(0; 1), we obtain
some properties of duality between proximinality and remotability.

Theorem 3.114 Let A be a closed bounded convex set such that 0 € int A. Then

(i) A is proximinal if and only if S(0; 1) is proximinal with respect to p
(ii) A is remotal if and only if ¢S(0; d) is proximinal, for any d > 0, with respect
o pa

where p 4 is the Minkowski functional associated to the set A.

Proof (i) By hypothesis, the Minkowski functional p4 is an equivalent norm in X,
generally asymmetric and

Sy (0;d) =dA, Sp,(0; 1) =int A.
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Therefore, in the linear (asymmetric) normed space (X, p4) the closed set S(0; 1) is
proximinal with respect to p4 if and only if S(0; 1) 4 EPA 0;d)=d(A+ S(0; %))
is closed for all d > 0, that is, A is proximinal in X. The other assertions can be
proved using the corresponding above theorems. g

Corollary 3.115 If in a linear normed space X there exists a remotal set, then X
can be endowed with an equivalent norm, generally asymmetric, such that there
exists a bounded, symmetric, convex body whose complement is proximinal.

Proof By Theorem 3.114, the set S(0; 1) has the required properties. [
Remark 3.116 Theorem 3.114 is also true in any asymmetric normed space.

Therefore, the proximinality, respectively, remotability, are dependent of the
topological properties of a pair of sets (A, B) such that A + B, A+ ¢B is closed. If
A, B are convex sets, then A + B is also convex, while A + ¢B is not convex being
the complement of a convex set. Thus, the case A + ¢B is little difficult, even in the
case of weakly compact sets.

Property (ii) in Theorem 3.114 can be also presented in a pointwise form which,
at the same time, establishes a relationship between two d.c. optimization problems.
Let us consider the special farthest point problem

(Ag) max{llx —ylli; y€S),(0: D}, xeX,
and the associated best approximation problem
(A10) min{[lx —ayl2; y€cS,(0: D}, xeX,
where || - ||1, || - |2 are two equivalent norms in X and
(A1) a=sup{llx —yli; y € S),(0: D}.

Theorem 3.117 Problem (Ag) has an optimal solution if and only if Problem (A1o)
has an optimal solution.

Proof Let y be an optimal solution of (Ag), thatis, « = ||x — ¥||; and || y[2 < 1.

Obviously, « > 0 and || y||> = 1. Taking x — y = aZ, we have ||Z||; = | and ||x —
ayll> > 1 for any y € ¢S).,(0; 1). Indeed, in the contrary case, it follows that there
exists y; € X such that ||y(||; > 1 and ||x — ayi|l2 < 1. Since ||x — y||; < « for any
y € 8).1,(0; 1) (the solutions of (Ag) are boundary elements of S, (0; 1), it follows
that || y1]l1 = |lx — (x —ay1)|1 <, thatis, ||y1]| < 1, which is a contradiction.

Conversely, if z is an optimal solution of (A1p), we denote x — oz = y. But ne-
cessarily it follows that ||Z]|; = 1 and therefore ||x — 7|/} = «. On the other hand,
for every & > 0 there exists y: € S|.,(0; 1) such that ||x — y¢|l; > « — & and so

o
(x — ye)
o —&

> [lx —azll2,
2

X —
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which implies

&

> llx —azla = yl2-
2

Ye — (x — ye)

o —¢&

But

& &

= [lyell2 +
2 oa—¢&

Ve — (x — ye)

&
Ix = yel2 < 14+ —— (lIxll2 + 1).
oa—¢& od—¢&

Therefore,
_ &
192 < 1+ ——(1+ [Ix]l2),
o—e

for any & > 0. Consequently, for £ N\, 0 we obtain ||¥|» < 1. Since ||x — y|; =, it
follows that y is an optimal solution of (Ag). U

Remark 3.118 In fact, we have

val(Ag) = val(Ap) =«
and both problems are d.c. optimization problems of type P; and P,, respectively.
Remark 3.119 According to Remark 3.113, we find that Theorem 3.117 can be

reformulated as follows: if EH,HZ(O; 1) is d-remotal with respect to || - ||1, then
¢Sy, (0; d) is d-proximinal for || - ||2 (see, also, (3.182) in this special case).

3.4 Problems
3.1 Find the dual of the function ¢ : L?(£2) — R" defined in Example 2.56.

Hint. We have

1
¢*(p)=sup {f pyds—E/ |Vy|2ds—fg<y>ds}
yGHOI(.Q) 2 2 2

and by Theorem 3.54 we have (see, also, Example 3.78)
*(p)=su “(p)dE — = l1p+ I
(p p - P Qg p 2p yH—l(Q) .

3.2 Let { f,} be a sequence of lower-semicontinuous convex functions on a reflexive
Banach space X. The sequence is said to be M-convergent to f (convergent in the
sense of Mosco) if the following conditions hold:
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(a) For each sequence {u, } weakly convergent to u, we have
liminf f,, (u,) > f(u).
n— oo
(b) Foreach u € X, 3{u,} strongly convergent to u such that
lim f, (un) = f(u).
n—o0

Show that, if { f;,} is M-convergent to f, then foreach A >0 andu € X
u, = arginf f()c)—i—i||x—u||2 —u* asn— o0
n X n 2)\’ ’

where

u* = arginf L||x—u||2-l-f()€) .
X | 2x

Hint. We have f,(u,) + % lun — ull*> < fn(u), ¥n, and this yields the desired
result.

3.3 Show that { f;,} is M-convergent to f if and only if df, S, af, that is, for each
(u, v) € df, there are (uy, v,) € df,, n € N*, such that u,, — u, v, — v strongly in
X and X*, respectively, as n — oo.

Hint. If f,, — f (M-convergent to f) and (u, v) € df, we have by (3.1) that

. 1 2 o1 ’
up = arginfy fu (x) — (v, x) + Ellx —ull”t — arglg}f Ellx —ull"+ f(x) — (v, x)
and (F : X — X* is the duality mapping)

afp(up) —v+ F(u, —u)=0.

Hence, v, =v — F(u, —u) € df,(u,) is strongly convergent to v.
3.4 Show thatif F': X — X is a mapping on the complete metric space X with the
distance d such that d(x, F(x)) < ¢(x) —@(F(x)),Vx € X, where ¢ : X — R is an
lower-semicontinuous function bounded from below, then F has a fixed point (the
Caristi fixed point theorem).

Hint. One applies Corollary 3.74, where f = ¢ and ¢ = %

3.5 Prove that a nonvoid w*-closed set A in the dual X* of a linear normed space
X is proximinal.
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Hint. By Theorem 1.81, the closed balls in the dual are w*-compact. On the
other hand, the norm of dual is w*-lower-semicontinuous (Proposition 2.5) and so
the problem of best approximation has at least a solution by the Weierstrass theorem
(Theorem 2.8).

3.6 Prove that an element X € A is a farthest element of an element x € X with
respect to the convex set A if and only if there exists an element x;j € X* such that
x5l =1 and x§ (X —x) = sup{|ju —x||; u € A}.

Hint. If |lu — x|| < x5(x — x) forall u € A and ||x;|| = 1, then it is obvious that
lu — x|l < |lx — x|| for all u € A since x5(X — x) < ||x — x||. Hence ¥ is a farthest
point in A for x € X. Conversely, if x is a farthest point, we take xf')‘ € X* such that
||x6‘|| =1and x(’)k (x —x) =|lx — x|l (see (1.36)). (For other dual characterizations,
see [107].)

3.7 Let f : X — R be a proper lower-semicontinuous convex function on the lo-
cally convex space X. Prove that df is surjective on the domain of its conjugate and
f* is continuous on dom f* if and only if the set

Hy={(x*, A —x*(x)); (x,1) €epif, x* € X*}
is closed in X* x R.

Hint. Take F(x,x*) = f(x) —x*(x), (x*,x) € X* x R and its corresponding
family of minimization min{ f(x) — x*(x); x € X}, x* € X*. It is obvious that
we have the value function i (x*) = — f*(x*) and so, by Lemma 3.59, we obtain
x* € af (x) for an element x € dom f, that is, the corresponding problem has the
optimal solution X whenever its value is not —oo (see the Young inequality (2.16)
and Proposition 2.25), and & is lower-semicontinuous (equivalently, f* is upper-
semicontinuous) if and only if the set Hy is closed. On the other hand, by Propo-
sition 2.19(i), it follows that f* is just continuous on Dom 4 = Dom f*. Moreover,
necessarily, dom f* is an open set in X* (see [92]).

3.5 Bibliographical Notes

3.1. The results presented in the first part of Sect. 3.1 have an algebraic cha-
racter and are direct consequences of separation properties of convex sets
in finite-dimensional spaces. The regularity condition (S) + (O) is known
in the literature as the Uzawa constraint qualification condition. In finite-
dimensional spaces many other qualification conditions are known (see the
monographs of Bazaraa and Shetty [14], El-Hodiri [40], Stoer and Witz-
gall [110], Hestenes [49]). The extension of the Kuhn-Tucker theorem on sep-
arated locally convex spaces has been given by Rockafellar [98, 99].
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For operatorial constraints, results of this type have been obtained by many
authors under different assumptions on the set B defined by (3.22) (see The-
orem 3.13). The existence of multipliers can be regarded as a consequence of
Farkas’ lemma extended in several directions by Altman [2], Arrow, Hurwicz
and Uzawa [3], and Zalinescu [120], among others.

As regards the regularity of subdifferential mappings, we refer to the works

of Ioffe and Levin [55], Kutateladze [66], Valadier [117], Zowe [123]. The
general optimality condition (3.37) is due to Pshenichny [93]. The concept
of tangent cone (Definition 3.21) given by Abadie [1] arises as a natural ex-
tension of the Kuhn-Tucker notion of feasible direction. The notion of pseu-
dotangent cone (Definition 3.23) has been used first by Guinard [46]. In The-
orem 3.30, which is due to Nagahisa and Sakawa [79], the interiority condi-
tion int Ay # ¢ is not essential. As a matter of fact, it remains true under any
conditions, which ensures the conclusion of Lemma 3.29. Theorem 3.33, due
to Guinard [46], extends some earlier results of Varaiya [119]. Other results in
this direction have been obtained by Borwein [18, 19], Bazaraa and Shetty [14],
Hiriart-Urruty [50], Ursescu [114, 115]. In the differentiable case, the follow-
ing two conditions are usually imposed: (1) xo € int A and G;O is surjective;
(2) 9x € C(A, xo) such that G;O € intC(—Ay, G(xp)). Kurcyusz (see Zowe
and Kurcyusz [124]) uses the condition G;O (C(A;x0))—C(—Ay; G(xg)) =7Y.
This condition is quite general if one takes into account that, if the problem ad-
mits Lagrange multipliers, then G;O (C(A,x0)) —C(—Ay; G(xg)) =Y. More-
over, in several special cases, the Kurcyusz regularity condition is necessary
as happens for instance if dimY < oo or Ay = A] x A with dimA; < oo
and int A # (. Other regularity conditions have been given by Bazaraa and
Goode [13], Bazaraa, Goode and Nashed [15], Halkin and Neustadt [48], Kur-
cyusz [65], Mangasarian and Fromovitz [75], Robinson [97], Tuy [112, 113].
Asymptotic Kuhn—Tucker conditions have been studied by Zlobek [122] and
the characterization of critical points on affine sets was given by Norris [81].
In the latter paper, it was proved that, if f)éo # 0, then Theorem 3.35 remains
valid without assuming that 7" has a closed range.
For the most part, the results presented in this section are due to Rockafellar
[99-101]. For a detailed discussion of Rockafellar’s duality theory, we refer the
reader to the recent book of Ekeland and Temam [39]. Regarding the duality
by Lagrangian in infinite-dimensional spaces, the papers of Varaiya [119], Rit-
ter [96], Arrow, Hurwicz and Uzawa [3], and Rockafellar [102] may be cited.

Duality results given in minimax form may be found in the works of
Karamardian [59], Stoer [109], and Mangasarian and Ponstein[76] for finite-
dimensional problems and in the papers of Arrow, Hurwicz and Uzawa [3],
Claesen [24], Brans and Claesen [22], Precupanu [84], in an infinite-dimen-
sional setting. As has been suggested by Moreau [78], the bilinear form which
occurs in conjugate duality theory can be replaced by a nonbilinear form
without invalidating many of the essential properties. Results of this type
have been given by Balder [11], Deumlich and Elster [30], Dolecki and Kur-
cyusz [33]. Other duality schemes have been studied by Ekeland [38], Linberg
[74], Rosinger [103], Toland [111], Rockafellar [102], Singer [106].




3.5 Bibliographical Notes 227

3.3.

In the study of the optimization problems, the condition that certain sets are
closed arises frequently. Closedness conditions (generally sufficient) are deter-
mined by the following simple result: an extended real-valued function f on
a set X has a point of minimum in X and the minimum value is finite if and
only if the set {A € R; 3x € X such that f(x) < A} is closed and proper in R.
A detailed discussion of the optimality with the aid of sets of this kind may
be found in the papers of Slyke and Wets [118], Levine and Pomerol [71-73].
For the linear case, some sufficient optimality conditions viewed as closed-
ness conditions were established by Kretschmer [64], Krabs [62], Duffin [34],
Dieter [31], Nakamura and Yamasaki [80], and for the convex case were es-
tablished by Dieter [31], Levine and Pomerol [72, 73], Arrow, Hurwicz and
Uzawa [3], Zilinescu [120, 121]. Furthermore, Levine and Pomerol proved
that, if the stability of the family of all problems obtained by linear perturba-
tions is demanded, then the closedness condition is also necessary. It must be
emphasized that this result can be generalized to a family of non-convex prob-
lems (Lemmata 3.59, 3.61 and 3.62), the convexity property being necessary
only for the equality of the values of primal and dual problems (see Precupanu
[85-88] and Precupanu and Precupanu [92]). Other sufficient optimality con-
ditions could be obtained by applying new criteria for the closedness of the
image of a closed subset by a multivalued mapping. In this context, the works
of Dieudonné [32], Ky Fan [67], Dedieu [28, 29], Gwinner [47], Asimow and
Simoson [5], Mennicken and Sergaloff [77], Ursescu [116], Beattie [16], Asi-
mow [4] and Floret [41] can be cited.

Theorems 3.70, 3.72 extend some results for linear cases due to Nakamura

and Yamasaki [80] (see Precupanu [87]). In recent years, notable results have
been obtained in the non-convex and non-smooth optimization theory. The pre-
sentation of these results is beyond the scope of this book. However, we men-
tion in this directions the works of Ekeland [37], Clarke [25, 26], Hiriart-Urruty
[50], Aubin and Clarke [7].
This section is mainly concerned with some implications of Fenchel’s duality
theorem in linear programming. In this respect, several results have been ob-
tained in the absence of the interiority condition by Ky Fan [68], Levine and
Pomerol [71], Zdlinescu [120], Kallina and Williams [58], Kortanek and Soys-
ter [60], Nakamura and Yamasaki [80] and Raffin [94]. The problem & has
been previously considered by Schechter [104].

A large number of papers have been written on the best approximation, re-
garded as an optimum problem (Holmes [53], Krabs [63], Laurent [70], Balakr-
ishnan [10], Singer [105]). Dual properties of best approximation elements was
established by Garkavi [44]. The characterization of proximinality via closed-
ness condition (Theorem 3.98) is due to Precupanu [83] (see also Precupanu
and Precupanu [92]).

Many examples of convex programming problems arising in mechanics and
other fields may be found in the books of Duvaut and Lions [35], Ekeland and
Temam [39], Balakrishnan [10] and Holmes [53, 54].

The usual additivity criterion for the subdifferential is contained in Theo-
rem 3.4 (Rockafellar [98]). Other general criteria were established by Bot and
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Wanka [20], Bot, Grad and Wanka [21], Revalski and Théra [95], Burachik and
Jeyakumar [23]. But it is possible that the additivity of subdifferential to be true
only in certain points. This pointwise property is investigated in Sect. 3.3.3.
The characterizations contained in Theorems 3.101 and 3.102 was established
by Precupanu and Precupanu [92] (see also [91]).

The farthest point problem has been the subject of much development in
the last years. For different special results concerning the existence of farthest
points or remotal sets, we refer the reader to the papers of Asplund [6], Bala-
ganskii [8, 9], Franchetti and Papini [43], Cobzas [27], Baronti and Papini [12],
Blatter [17], Edelstein [36], Lau [69], Panda and Kapoor [82], and the book of
Singer [107].

The characterization of remotal sets (Theorem 3.109) was established by
Precupanu [89, 90]. Also, the connection between the farthest point problem
and the best approximation problem was investigated in [90].
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Chapter 4
Convex Control Problems in Banach Spaces

This chapter is concerned with the optimal convex control problem of Bolza in a
Banach space. The main emphasis is put on the characterization of optimal arcs (the
maximum principle) as well as on the synthesis of optimal controllers. Necessary
and sufficient conditions of optimality, generalizing the classical Euler—Lagrange
equations, are obtained in Sect. 4.1 in terms of the subdifferential of the convex
cost integrand. The abstract cases of distributed and boundary controls are treated
separately. The material presented in this chapter closely parallels that exposed in
Chap. 3 and, as a matter of fact, some results given here can be obtained formally
from those of Chap. 3. However, there are significant differences and we have a
greater number of specific things that can be said or done in the case of the optimal
control problem than in the case of the constrained optimization problems consi-
dered earlier.

4.1 Distributed Optimal Control Problems

This section is devoted to the presentation of optimal control problems with convex
cost criterion and governed by linear infinite-dimensional differential systems in
Banach spaces.

4.1.1 Formulation of the Problem and Basic Assumptions

To begin with, we present the abstract settings of distributed control systems we
shall work with in the sequel. To this purpose, we frequently refer to the notation
and concepts exposed in Sect. 1.4.

From now on, E and U are two real Banach spaces with norms denoted by | - |,
| - || and with duals E* and U*, respectively. The norms of E* and U*, which are
always dual norms, are again denoted by | - | and || - ||, respectively. We denote by
(,+) and (-, -) the duality between E, E* and U, U*, respectively.
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234 4 Convex Control Problems in Banach Spaces

Consider in E the linear evolution process described by the differential equation
X'(O)=AMx@) + Bu) @)+ f(1), 0<1<T, 4.1)

where x : [0, T] — E is the unknown function and u : [0, T] — U, f:[0,T] — E
are given.

The function u is the input or the controller of the state system (4.1) and x is the
output or the state. System (4.1) is called a controlled system (or a state system).
Roughly speaking, the object of control theory is to modify a given dynamical sys-
tem (of the form (4.1)) by adjustment of a certain control parameter u in order to
achieve a desired behavior of the motion x. In this context, we may speak about a
control approach to the dynamical system:

X' =AWMx ) + f(@). (4.2)

Usually, the parameter control u is selected from a certain admissible class accord-
ing to some optimum principle.

In the following, we use also the term of control instead of controller and take
LP(0,T;U), 1 < p < o0, as our space of controllers. The function f is fixed in
LY(0,T; E).

As regard the operators A(¢) and B, the following assumptions are in effect
throughout this section.

(A) {A(t); 0 <t < T} generates an evolution operator U(t,s); 0<t <T,on E
and the adjoint U*(t,s) of U(t,s) is strongly continuous on A = {0 <s <
t<T}.

(B) B is a linear continuous operator from LP(0,T; U) to LP(0, T; E). Further-
more, B is “causal”, that is, x; Bu = x; Bx:u for allu € LP(0,T; U) and a.e.
te]0,TI.

Here, x; = 1j0,s) is the characteristic function of the interval [0, ¢].
By solution to (4.1) we mean, of course, a continuous function x : [0, T] - E
which satisfies (4.1) in the mild sense (1.116), that is,

t
x(t):U(t,O)x(0)+/ U(t,)((Bu)(s) + f(s))ds, Vrel0,T]. (4.1
0

Perhaps the simplest and the most frequent example of such an operator B is the
(memoryless) operator

(Bu)(t) = B(t)u(t) ae.te]0,T], “4.3)
where B(t) € L(U, E) forallt € [0, T] and the function B(¢) : [0, T] — L(U, E) is

strongly measurable (that is, B(#)u is measurable for every u € U). Assumption (B)
is satisfied in this case if one assume that

|B@) ||L(U’E) <n@) aetel0,TI,
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where n € L°°(0, T). In other situations, B arises as a Volterra integral operator or
is defined by certain linear operator equations.

Certainly, (4.1) is not the most general class of distributed control systems. It is
true, however, that many important classes of system have such a representation.
In applications to partial differential equations, E is usually the space L”(§2) on a
bounded and open subset §2 of R", A(¢) is an elliptic differential operator on §2 and
the forcing term B(t)u acts on all of §2 (this means that u is a distributed control).
However, other dynamical systems such as hyperbolic equations and functional dif-
ferential equations can be written in this form.

In the sequel, we assume that the spaces E and U are reflexive and strictly convex
along with their duals £* and U*, and we denoteby @ : E — E* and ¥ : U — U*
the duality mappings of E and U, respectively. As noticed earlier, our assumptions
on E and U imply that @ and ¥ are single-valued and demicontinuous.

Very often, the control approach to a dynamical system of the form (4.1) can be
expressed as the problem of minimization of a certain functional (cost functional)
defined on the set of admissible controllers and the states of system (4.1). Now, we
formulate a general class of such problems.

Problem (P) Find a pair (x*,u*) € C([0, T]; E) x L?(0, T; U) which minimizes
the functional

T
/L(t,x(t),u(t))dt+z(x(0),x(r))
0

in the class of all the functions (x,u) € C([0, T']; E) x L?(0, T; U) subject to (4.1)
and to the state constraint

x(t) e K forallre[0,T]. 4.4)

Here, L: (0, T) x Ex U — R'and¢:E x E — R are given functions and K
is a subset of E.

A pair (x*, u™), for which the infimum in Problem (P) is attained, is called an
optimal pair of Problem (P). The state function x™* is then called optimal arc and the
corresponding control u* is called optimal controller or optimal control.

According to terminology coming from classical mechanics, the function L is
called a Lagrangian. In fact, in the special case where U = E, A(t) =1, B(t) =1,
f =0, Problem (P) reduces to the classical problem of the calculus of variations,
that is,

T
Min{/ L(r,x(1), x'(1)) dt—i—Z(x(O),x(T))}.
0

Problem (P) is studied here under the following assumptions.

(C) The functions £ and L(t),0 <t < T,_are lower-semicontinuous and convex on
E x E (resp. E x U) with values in R". Furthermore, the following conditions
hold.
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(i) For all (y,v) € E x U, the functions L(t,y,v) : [0,T] — R =
]—00, +00] and JAL(t, y,v):[0,T] - E x U are measurable. There ex-
ists vg € LP(0,T; U) such that L(t,0,vo) € L?(0, T).

(ii) There exist ro € L2(0, T; E*), so € L0, T; U*) and go € L' (0, T) such
that, for all (y,v) € E x U, one has

L(t,y,v) > (v, 70(t)) + (v, 50()) + go(t) ae.t€10,T[. 4.5)

(iii) For each xg € E there are a neighborhood O of xq, functions «, B €
LP0,T) and a map X :[0,T] x & — U such that t — X (t, y(t)) is
measurable on [0, T] for every measurable function y € [0, T] — 0 and

L(t,y, 2(t,y)) <a@t) ae.t€]0,T[, Vye O, (4.6)
|2 | <B@) aetel0,T[, VyeO. 4.7)

Here, J/\L(t, y,v) = (y5,vx) € E x U denotes the solution to the equation (see
(1.109))

{@n =), (i —v)} + AL, y5, v2) 50, (4.8)

where OL(¢) : E x U — E* x U* is the subdifferential of L(z).
The function x € C ([0, T]; E) is said to be feasible for Problem (P) if there exists
u € LP(0,T; U) such that x is a solution to (4.1) and

L(t,x,u) € L'(0, T): x(t)e K fortel0,T].

We say that an end-point pair (xg, x7) € E x E is attainable for L if there is
a feasible function x such that x(0) = x¢ and x(7T) = x7. The set of all attainable
point pairs is denoted by K. The last two assumptions concern K and K only.

(D) K is a closed and convex subset of E. There is at least one feasible arc x such
that

(x(0), x(T)) e Dom(¢),  x(r)eintK fort €0, T].
Here, Dom(£) denotes, as usual, the effective domain of £.

(E) There is at least one attainable pair (xo, x7) € Ki N Dom({) such that one of
the following two conditions holds:

xr €int{h € E; (xo,h) € KL}, (4.9)
xr €int{h € E; (x0,h) € Dom(¢)}. (4.10)

While the role played by the above hypotheses will become clear later on, some
comments here might be in order.

First, we note that condition (i) in Hypothesis (C) implies that L (¢, y(¢), v(¢)) is
a Lebesgue measurable function of + whenever y(¢) and v(¢) are E-valued (resp. U-
valued) Lebesgue measurable functions. It turns out that, if £ and U are separable
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Hilbert spaces, then condition (i) is satisfied if and only if L is a convex normal
integrand in the sense of the definition given in Sect. 2.2 (see Example 2.52).

We notice also that conditions (i) and (ii) of Assumption (C) imply, in particular,
that for every (x, u) € LZ(O, T; E)x LP(0,T; U) the integral fOT L(t,x(),u(t))dt
is well defined (unambiguously 400 or a real number).

If L is independent of 7, then both conditions (i) and (ii) automatically hold. In
this case, rg, so and go may be taken to be constant functions.

Condition (iii), while seemingly complicated, is implied by others that are more
easily verified.

1. If L is independent of ¢, then (iii) is implied by the following condition.

The spaces E* and U are uniformly convex and the Hamiltonian function H
associated with L is finite on E x U*. (If E* and U are separable, the condition
that E* and U are uniformly convex is no longer necessary.)

‘We recall that (see (2.155))

H(y, p) =sup{(p,y*) — L(y,y*); y* e U*}.

Let dH(y, p) = {—=03yH(y, p),d,H(y, p)} be the subdifferential of H at
(y, p) € E x U*. Since the above condition on H implies that the map 9H :
E x U* - E* x U is monotone and, therefore, locally bounded (see Theo-
rem 1.144), we may infer that for every yp € E there exists a neighborhood of
yo and a real constant C such that —H(y, 0) < C for every y € & and

sup{llvll; ved,H(y,0)} <C, Vyed.

Then, by virtue of the conjugacy relation between L(y, -) and H (y, -), we have (see
Theorem 2.112)

L(y,v)=—H(y,0) forallyec Eandve€d,H(y,0).

Let 'y = (I'ly, Ihy) € E* x U be the element of minimum norm in d H (y, 0),
thatis, I'y = (0H(y, 0))°.

By Proposition 1.146, (dH);(y,0) — I'y strongly in E* x U for A — 0 and
(0H);, is continuous from E x U* to E* x U. Therefore, we may conclude that,
for any measurable function y : [0, T] — E, the function t — I y(¢) is measur-
able on [0, T']. Hence, the mapping X' (¢, y) = I>y satisfies all the conditions re-
quired in Hypothesis (C)(iii), because, as noticed above, L(y, I»y) = —H(y,0)
and the function H is locally bounded. It should be emphasized that the condition
H(y, p) <+ooforall y € E and p € U* is implied by the following growth condi-
tion:

LO.u) _

lull—>o0  [lull

+o00, VyeE. 4.11)

The rest of the condition, that is, H(y, p) > —oo for all (y, p) € E x U*, amounts
to saying that there is no y € E such that L(y, -) = +00. As a matter of fact, condi-
tion (iii) also implies this stringent requirement.
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2.L(t,y,v) =@, y)+¢¥(,v); yeE, veU, t €[0,T],where ¢(¢) : E — R,
%k . .
Y (t) : U - R are lower-semicontinuous and convex.
In this case, condition (iii) is obviously implied by the following one.

There exists vo € LP(0, T; U) such that ¥ (t,vg) € LP(0, T) and the mapping
y — @(t, y) is locally bounded from E to L? (0, T).

3. If the spaces E and U are both finite-dimensional, then Assumption (C) is
implied by the following one.

The Hamiltonian function H(t, x, q) is (finite and) LP-summable on [0, T] as a
function of t for each x € E and q € U*.

For the proof, the reader is referred to Rockafellar’s paper [39].
As regards Assumption (E), part (4.9), it has a severe implication on the state
system (4.1). In fact, (4.9) requires that at least for one xo € E the attainable set

T
9T={/ Uﬂﬂw«Bm@)+f@»ds+Uﬂﬂmm;ueLqQTﬂh}
0

has a nonempty interior in E. However, it is known (see, e.g., Balakrishnan [1],
Fattorini [26]) that int 27 = J unless A(#) = A generates a group on the space E
and B is onto. Thus, from the point of view of applications in infinite dimensions,
assumption (4.10) is more convenient.

We pause briefly to observe that our hypotheses on L(z) do not prevent us from
treating some apparently unmanageable cases as that of the end-point constraint

(x(0),x(T)) € D

or control constraint
u(t) e Up(t) ae.te€]0,TI.

(Here, D is a closed, convex subset of £ x E and Uy(t) a family of closed and
convex subsets of U.) In fact, these situations can, implicitly, be incorporated into
Problem (P) by defining (or redefining, as the case may be)

L(x1,x2) =400 if (x1,x2)€D

and
L(t,x,u) =400 ifu€lUp(t).

Formally, also the state constraint (4.4) can be incorporated into Problem (P) by
redefining L(¢) as

L(t,x,u)=400 ifx€eK.

However, as remarked earlier, condition (iii) in Assumption (C) precludes this si-
tuation, so that it is better to keep the state constraint explicit and separate.
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4.1.2 Existence of Optimal Arcs

The existence of an optimal arc in Problem (P) is a delicate problem under the
general assumptions presented above. The main reason is that the convex function
¢(u) = fOT L(x"(t),u())dt + £(x*(0), x*(T)), where x" is given by (4.1), gen-
erally is not coercive on L?(0, T; U) and so, the standard existence result (Theo-
rem 2.11, for instance) is not applicable, that is why some additional hypotheses
must be imposed.

We study here the existence of an optimal pair in Problem (P) under the following
assumptions on L(#) and £.

(a) The functions L(t) and £ satisfy condition (i) of Assumption (C).
(b) There exists a continuous convex, nondecreasing function o : Rt — RT such
that

w((r?)

r

w(0)=0, lim =400 and L(t,x,u)za)(||u||p)—,30|x|+y(t),
r—00

where y € L(0, T) and Py is a real constant.
(c) There exists a nondecreasing function j : Rt — R™ such that

lim M=+oo and E(xl,xz)zj(|x1|)—n|x2| forall (x1,x2) e EXE,

r—00 r

where 1 is a real constant.
(d) K isa closed convex subset of E and K; N Dom(¢) # @.

Proposition 4.1 Let E and U be reflexive Banach spaces and let Assumptions (A),
(B) and (a)—(d) hold. Then, for 1 < p < oo, Problem (P) has at least one solution,
(x,u)e C([0,T]; E) x LP(0,T; U).

Proof We set
T
I(x,u):/ L(t,x(t),u(t))dt+£(x(0),x(T)),
0

where (x,u) € C([0, T]; E) x LP(0, T; U) satisfy (4.1). Since B is continuous from
LP(0,T;U) to L'(0, T; E), we have

T T 3
/ |BXrM|dS§||B||</ ||XrM||pdS> ., YuelLP0,T;U),
0 0

where ||B|| is the operator norm of B. On the other hand, since B is “causal”,
x: B(x:u) = xs Bu and, therefore,

t t %
/0|(Bu)(s)|ds§||B||(/O ||u(s)||”ds) , Virel0,T].
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Then, by (4.3), we see that

1

d »
|x(t)|§C<l+|x(O)|+</ ||u(s)||pds> ) 0<r<T. (4.12)
0

‘We have, therefore,
T
I(x,u)= / L(t,x,u)dt —I—K(x(O),x(T))
0

T T T
Z/o a)(||u(z)||”)dt—,30/0 |x(t)ydt+/0 y (1) dt

+ j(|x(0)]) = n|x(T)|

/||u(t)||pdt> ,80/ |x ()| dr

(
T
+A y @) dt + j(|x(©0)|) — n|x(T)|
To(T ullh) = Cillull, + j(|x©)]) — C2(|x(0)]) + C3. (4.13)

This implies that inf 7/ (x, u) > —oo and, by (d), I #% +oo. Thus, d =inf I (x,u) <
~4o00. Let {(x,,u,)} C C([0,T]; E) x L?(0, T; U) be such that

d<I(xg,up)<d+n" (4.14)
By (4.13) and (c), we see that {u,} is bounded in L?(0,T;U) and {x,(0)} is
bounded in E. Hence, {x,} is bounded in C([0, T]; E) and {u,} is weakly com-
pactin LP(0,T;U) if p > 1. If p = 1, for every measurable subset §2 of [0, T],

we have

d+1>d+n"'>1(x,, up)
T T
= [ ollu©l)as=po [ fnoas
T
4 jo y ) di + j(|xaO)]) = n]xa(T)|

> /Qa)(Hun(s)”)ds +C.

Hence, by the Jensen inequality,

|d+1—C|z/gw(”un(s)”)dsZm(.Q)w(m(.Q))_l[Q”un(s)” ds
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and, therefore,
A
/ luns)| ds < sup{/\ > 0; m(.Q)w(—) <ld+1- C|}. (4.15)
Q m(2)

We may conclude that the family { f o llen(s)llds; $2 C [0, T} is equibounded and
equicontinuous. Thus, by the Dunford—Pettis criterion in L'(0,T: U) (see Theo-
rem 1.121)), {u,} is weakly compact in L'(0, T; U). Hence, without loss of gener-
ality, we may assume that there exists some u € L” (0, T'; U) such that

up, —u weakly in L?(0, T; U).

Since {x,} are uniformly bounded on [0, 7] and E is reflexive, we may assume
that x,(0) — x| weakly in E and, by (4.1"), we see that

t
xa (1) = x(£) = U (1, 0)x1 + / Ut 5)((Bu)(s) + f(s)) ds
0

weakly in E for every ¢ € [0, T']. Since £ is weakly lower-semicontinuous on E X E
(because it is convex and lower-semicontinuous ), we have

liminf ¢ (x, (0), x (7)) = €(x(0), x(T)). (4.16)

Next, our assumption on L(¢) implies (see Proposition 2.19) that the function
(y,v) — fOT L(t,y(t), v(t))dt is convex and lower-semicontinuous on LY(0,T; E)
X LI(O, T; U). Hence, this function is weakly lower-semicontinuous, so that we
have

n—o00

T T
liminf/ L(t, x,,uy,)dt 2/ L(t,x,u)drt.
0 0

Along with (4.13) and (4.16), the latter implies that I (x, u) = d, thereby completing
the proof. 0

Remark 4.2 From the preceding proof, it is apparent that, for p > 1, the condition
on w in assumption (b) can be weakened to

P
limint 20
r—oco r

> 0.

Notice also that the weak lower-semicontinuity of 7 on L'(0, T; E) x L' (0, T; U)
was essential for the proof of the existence. Hence, without the convexity of L(¢, -, -)
(or of L(t,y,-) if the map u — y is compact), there is little motivation to study
Problem (P) (since it might have no solution). However, using the Ekeland vari-
ational principle (see Theorem 2.43 and Corollaries 3.74, 3.75), one might show
even in this case that, for each ¢ > 0, there is an approximation minimum,

T l
ug=arginf{l(x”,u)+8(/ |u—u5|pdt)P}
0

(see Remark 2.54).
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Remark 4.3 Proposition 1.12 is a particular case of a general result established in
[38] by Popescu. For other sharp existence results in Problem (P), we refer the reader
to the works of Rockafellar [43], Ioffe [29, 30], Olech [36, 37].

4.1.3 The Maximum Principle

We present here some optimality theorems of the maximum principle type for Prob-
lem (P). The main theorem of this section, Theorem 4.5 below, characterizes the
optimal arcs of Problem (P) as generalized solutions to a certain Euler-Lagrange
system associated to Problem (P).

We denote by JZ" the closed convex subset of C([0, T]; E) defined by

A ={xeC(0,T];E); xt) e K, YVt €[0, T1}.
Given a function w : [0, T] — E* of bounded variation on [0, T'], we denote, as

usual (see Sect. 1.3.3), by dw the E*-valued Stieltjes—Lebesgue measure on [0, T]
corresponding to w.

Definition 4.4 We say that a pair (x*, u*) € C([0, T]; E) x L?(0, T; U) is extremal

for Problem (P) if there exist the functions g € L'(0, T; E*), w € BV([0, T]; E*)
and p*: [0, T] — E* satisfying with x*, u™ the equations

t
x* () =U(t,0)x*(0) +/ U, s)((Bu*)(s) + f(s)) ds, 0<t<T, 4.17)
0

T T
pr()=U"T,t)p} — / U*(s,t)g(s)ds — / U*(s, t)dw(s), (4.18)
t t
T
/ (dw(t),x*(t)—y(t))zo forall y € 2, (4.19)
0
(q(t), (B*p*)(1)) € L (t, x* (1), u* (1)) ace.t €10, T[, (4.20)
(p*(0), —p7) € 3€(x*(0), x*(T)). 4.21)

Here, ftT U*(s,t)dw(s) stands for the Riemann-Stieltjes integral of U™*(-,¢) :
[t, T1— L(E*, E*) with respect to the function of bounded variation w : [¢, T] —
E* (see Sect. 1.3.3), U* is the adjoint of U and B* is the adjoint of B.

Such a function p* is called a dual extremal arc of Problem (P).

Let M (0, T; E*) be the dual space of C([0, T]; E) and let ., € M(0, T; E*) be
defined by

T
uw(x)zf (dw,x), xe€C([0,T]; E).
0



4.1 Distributed Optimal Control Problems 243

Then, (4.19) may be rewritten as
pw € N (x*, 7)),
where A4 (x*, %) is the cone of normals to # at x™*, that is,
N(F, ) ={ueM©O,T; E); n(x*—y) =0, Vye.x}.

By analogy with (4.1), we may say that the dual extremal arc p* is a solution to
the differential equation

(" +A*()p*=qg+dw on[0,T], p*(T)=pr,

but the exact sense of this equation is given by (4.18).

Note that, in contrast to the solution to (4.1), p*(¢) does not need to be contin-
uous, unless K = E (in this case, A4 (x*, K) = {0} and w is constant on [0, T']).
However, since the function t — ftT U*(s,t)dw(s) is of bounded variation on
[0, T'], the function p* arises under the form py + p», where py(t) = U*(T,t)p} —

ftT U*(s, t)q(s)ds is continuous and p; is of bounded variation on [0, T']. Hence,
p*(t 4+ 0) and p*(tr — 0) exist at every point ¢ € [0, T] (we make the convention
p*(0—0) = p*(0) and p*(T + 0) = p*(T)).

We see, by (4.18), that the points of discontinuity for p* are just the points ¢,
where w is discontinuous and, as we shall see later, these points belong to the set of
all ¢ for which x*(¢) lies on the boundary of K. As a matter of fact, we may take the
function continuous from the left on ]0, 7'] and regard p’; as p*(T). Parenthetically,
we note that in terms of the Hamiltonian function H (¢) associated to L(t), (4.20)
can be written in the classical form (see formula (2.157))

q(1) € =3 H (1, x*(1), (B*p*)(1)),
u*(t) € 3,,H(t,x*(t), (B*p*)(t)).
Equations (4.17), (4.18), (4.19), and (4.22) represent the Hamiltonian form of the

generalized Euler—Lagrange equations. If K = E, then (4.17)—(4.20) can be written
as

(4.22)

x¥(t) — A(t)x*(t) € Ba,H(t,x*(t), (B*p*)(1)) + f(1),
p¥ (1) + A*(1)p*(t) € =0 H (1, x*(t), (B* p*)(1)),

which resemble the classical Hamiltonian equations.

Observe that the set 9, H (¢, x*, (B* p*)) consists of the control vectors u € U for
which the supremum of {(u, (B*p*)(¢)) — L(¢, x*, u)} is attained. This clarifies the
equivalence between the above optimality conditions and the well-known maximum
principle.

The main result is the following theorem.

(4.23)

Theorem 4.5 Let Assumptions (A), (B), (C), (D) and (E) be satisfied, where 2 <
p < 00, the spaces E and U are reflexive and strictly convex together with their
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duals and E is separable. Then, the pair (x*,u*) € C([0,T]; E) x LP(0,T; U) is
optimal in Problem (P) if and only if it is extremal. If, in addition, B is given by (4.3),
then the function q in (4.18) belongs to LP (0, T; E™*).

Let w € LY(0, T; E*) be the weak derivative of w, and wy € BV([0, T]; E*) be
the singular part of the function w, that is,

t
w(t):/ wds +ws(r), 0<r<T. (4.24)
0

As noticed before, in Sect. 1.3.3 (see (1.88)), the measure dwy is the singular part
of dw.

Let us denote by Nk (x) C E* the cone of normals to K at x, that is, Ng (x) =
a1k (x). In terms of w and wy, Theorem 4.5 can be made more precise as follows.

Theorem 4.6 Under the assumptions of Theorem 4.5, the pair (x*,u*) is opti-
mal in Problem (P) if and only if there exist functions q € L'(0,T; E*), w €
BV([0,T1; E*), and p* satisfying along with x*,u*, (4.17), (4.18), (4.20), (4.21),
and

W(t) € Ng (x*(1)) ae.t€]0,Tl, (4.25)
dwy € A (x*, ). (4.26)

If B is defined by (4.3), then g € LP(0, T; E*).

Remark 4.7 The condition that E is separable is not absolutely necessary, but it
has been imposed in order to simplify the proof. Anyway, as we see in the proof of
Theorem 4.5 in the unconstrained case K = E it is obviously superfluous.

It is interesting that, by Theorem 4.5, it follows under certain circumstances
that the optimal controllers u* are continuous functions, though control functions
u which are merely p-summable have been admitted. For instance, if K = E, B is
given by (4.3) with B(¢) continuous in ¢ and 9, H is single-valued and continuous,
then we see by (4.22) that u* is continuous on [0, T']. This is a “smoothing effect”
of optimality on the control input. Other information on the optimal controller u* is
contained in (4.22).

Now, let us consider the particular case in which E = H is a Hilbert space and
{A(1); 0 <t < T} is a family of linear continuous operators form V to V' satisfying
conditions (j), (jj) and (jjj) of Proposition 1.149.

Here, V is a real Hilbert space continuously and densely imbedded in H and V’
isits dual (V. C H C V).

We further assume that B is defined by (4.3), f € L?*(0,T; H)and p =2.

Then, by Proposition 1.149, the solution x to (4.1) belongs to the space

WO,7)={xeL*0,T; V); x' € L*0,T; V}. 4.27)
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Next, if K = H, then also the dual arc p* belongs to W (0, T') and the extremality
system (4.17), (4.18) can be written in the following more precise form:

x¥(@)=A@)x*(@t)+ Blu*(t)+ f(t) ae. €]0,T],

(4.28)
pY(t) = —A*O)p*(t) +q(1).

This functional setting is appropriate to describe the distributed control systems
of parabolic type, and more will be said about it in Sect. 4.1.9.

Another situation in which x* and p* are strong solutions to (4.17) and (4.18)
is that when A(#) = A is the infinitesimal generator of an analytic semigroup and
x*(0) € D(A), p*(T) € D(A*) (see Proposition 1.148).

4.1.4 Proof of Theorem 4.5

It is convenient to reformulate Problem (P) as that of minimizing a certain functional
F over the space C ([0, T']; E) x L? (0, T; U) where no constraints appear explicitly.
Let J7 be the subset of C([0, T]; E) x L?(0, T; U) defined by

A ={(y,v) €C([0,T]; E) x LP(0, T; U); y' = A(t)y + Bv+ f on [0, T1}.
(4.29)
It is elementary that 7 is a closed convex subset of C([0,T]; E) x LP(0,T; U).
Now, let F:C([0,T]; E) x LP(0,T;U) — R” be the convex function defined by

fOT L(t, y(t),v(®)dt +£(y(0), y(T)), if(y,v)eH, yex,
+o00, otherwise.

F(y,v)z{

(4.30)
We note that Assumption (C) (part (i), (ii)) guarantees that the integral
fOT L(t, y(t),v(t))dr is well defined (that is, nowhere —oo) for all (y,v) € 7.
Moreover, F % 400 by Assumption (E) and F is convex and lower-semicontinuous
onc([0,T]; E) x LP(0, T; U). The latter is easily deduced from the Fatou Lemma
and condition (4.4) in Assumption (C) (see Propositions 2.53, 2.55).
In terms of the function F defined above, we can express the control problem (P)
as

Min F(y, v) overall (y,v) € C([0, T]; E) x L?(0,T; U).  (431)

If we denote by J (v, yo) the solution to y' = A(t)y + Bv + f, y(0) = yp, and set
J (v, y0) = F(y(v, y0), v), we can rewrite (4.31) as

Min{J (v, y0); v€ LP(0,T;U), yo € F} 4.32)
and so (x*, u™*) is optimal in Problem (P) if and only if

3J (u*, x*(0)) 3 0.
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Thus, the maximum principle formally reduces to the exact description of the subd-
ifferential

3J :LP(0,T;U) x E — L4(0, T; U*) x E*.

However, since the general rules presented in Chap. 3 to calculate subdifferentials
are not applicable to the present situation, we proceed in a direct way with the anal-
ysis of the minimization problem (4.31).

Now, we prove sufficiency of the extremality conditions (4.17)—(4.21) for op-
timality. Let x*, u*, p* and g € L'(0, T; E*), w € BV([0, T]; E*) satisfy (4.17)-
4.21).

By (4.20) and the definition of the “subgradient”, we have for all (x,u) €
C(0,T]; E)y x LP(0,T;U)

L(t,x*(t), u™ (1)) < L(t,x(@®), u()) + (q(t), x* () — x(1))
+((B*p*)(0), u*(t) —u@t)) ae.te]0,T[

and, by (4.21),
£(x*(0), x*(T)) < £(x(0), x(T))+(p*(0), x*(0) = x(0)) — (p*(T), x*(T) —x(T)).
Hence,
T
F(x*, u®) < F(x,u) +/0 ((g@), x*@) —x(0)) + (p* (@), (Bu™)(t) — (Bu)(1))) dt

+ (P*(0), x*(0) — x(0)) — (p*(T), x*(T) — x(T), (4.33)
forall (x,u) € 7 and x € X .
Now, using (4.1”) and (4.17), we have

T T
/()(q(t),x*(t)—x(t))dt:(/o U*(t,O)q(t)dt,x*(O)—x(O))

T t
+f (q(t),/ U(l,s)((Bu*)(s)—(Bu)(s))ds) dr.
0 0

Interchanging the order of integration, which is easily justified by the hypotheses
and Fubini’s theorem, yields

T
/0 (q(0), x*(1) — x (1)) dt

T
- (x*(O)—x(O),/ U*(t,O)q(t)dt)
0

T T
+/ ((Bu’k — Bu)(s),/ U*(t,s)q(t) dt) ds
0 0
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= (x™(0) = x(0), U(T, 0) p™(T)) — (x*(0) — x(0), p*(0))

T
- (x*(O)—x(O),/ U*(S,O)dw(s))
0

T
—fo ((Bu* — Bu)(s), p*(s)) ds

T T
—/ ((Bu* — Bu)(s),/ U*(t,s) dw(t)) ds
0 0

T
+ / ((Bu* — Bu)(s), U(T, s)p*(T)) ds. (4.34)
0

Here, we have also used (4.18). Then, by Proposition 1.125, we have

T T
/ (B(u*—u)(s),/ U*(t,s)dw(t))
0 K
T '
=/ (dw(t),/ U(t,s)B(u*—u)(s)ds)
0 0

T T
=/O (dw(t),x*(z)—x(z))—/o (dw (@), Uz, 0)(x*(0) — x(0))),

while, by (4.19), we have

T
/ (dw,x*—x)>0 forallx e 7.
0

Along with (4.33) and (4.34), the latter yields
F(x*,u*) < F(x,u) forall (x,u)e#, xeX,

as claimed.

Necessity The proof of necessity is more complicated and it is divided into several
steps. The underlying idea behind the method to be used below is to approximate
a solution (x*, u™) to Problem (P) by a sequence {(x;, u;)} consisting of optimal
pairs in a family of smooth optimal control problems. Roughly speaking, we use a
variant of the penalty functions method mentioned earlier.

Before proceeding further, we must introduce some notation and give a brief
account of the background required.

We denote by L;, £, and ¢, the regularizations of L, £ and ¢ = I (see (2.58)).
In other words,

Ly(t,x,u) =inf{@2) " Iy — x> + v —ull®) + L(t, y,v); (v,v) € E x U},
A>0,
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G (x, x2) = inf{ 20 7 (1x — yi 1 + 132 — »21?) + €1, ¥2); 1, y2 € E}
and
o) =inf{@0)~'x = y% ye K}

We notice that Hypothesis (C), part (ii), when used in equalities (see Theorem 2.58)

Ly(t,x,u) = L(t, JE(t, x,u)) + %HBL;L(LX,M)H;XW (4.35)
yields
Lo, x, 1) = (x, ro(0)) + (u, s0(0)) + &) + MA(1 + [ro@)|),
Yx,u)e ExU, A>0, (4.36)

where rg € L2(0, T; E*), so € L®(0, T; U*), £ € L' (0, T) and M is a positive con-
stant independent of A. Likewise, we have

O,(x1, x2) > (x1, x7) + (x2, x3) + My, forall xi,x; € E, (4.37)

where x{, x5 are some elements of E*. In the sequel, we use the same symbol I to
designate the identity operator in £, U and E x U.

We note that Assumption (C), part (i), implies that, for every {y, v} € E x U, the
function d L, (¢, y, v) is measurable on [0, T']. We see, by (4.35), that, for all (y, v) €
E x U, Ly (t,y,v) is measurable on [0, T']. Finally, we may conclude that, for any
pair of measurable functions y : [0, T] — E andv:[0,T] — U, L, (¢, y(t), v(t)) is
measurable on [0, T'].

Moreover, (y,v) — L(t,y,v) is Gateaux differentiable and its gradient VL, is
just the subdifferential 0L, ; similarly for ¢, and g, .

Having summarized these elementary properties of L, and ¢, , we establish now
the first auxiliary result of the proof.

Let (x*,u*) € C([0,T]; E) x LP(0, T; U) be a fixed optimal pair of Problem (P).

Lemma 4.8 For every A > 0, there exist (x,u,) € €, q, € L?(0,T; E*) and
pr € C([0, T]; E*) satisfying the equations

t
XA(I)=U(I,0)xA(0)~I—/ Ut,s)((Bup)(s) + f(s))ds, 0<r<T, (4.38)
0

T
pa(t) = U (T, 1) pp(T) —/ U*(s,1)(qx + 3¢ (x3)) (5) ds, (4.39)
t
(B* pi) (1) + ¥ (u* (1) — up () ||u* (1) — w3 (1) H‘”*2
=0, Ly (t, x, (1), u5(t)) a.e.t€]0,TI, (4.40)
¢.(t) = 0, Ly (t, x2.(1), u5.(t)) a.e.1€]0,TY, (4.41)

{P2(0) + @ (x*(0) = x,.(0)), = pa(T)} = 3, (x3.(0), x,.(T)). (4.42)



4.1 Distributed Optimal Control Problems 249

Furthermore, for > — 0,

u; — u*  strongly in LP(0,T; U), (4.43)
x,—>x* inC([0,T]; E). (4.44)

Proof Let F) : LP(0,T; U) x E — ]—00, +0¢] be the convex function defined by

r 1
Fo(u, h) = /0 <Lk(t,x(t), u(®) + ¢ (x () + 5 ey — u*(t)ll”> dr

+ 0, (x(0), x(T)) + %|x(0) —x* ), welLP(O,T;U), heE,

wherein
x(t)=U(t,0)h +/Ot U(t,s)((Bu)(s)+ f(s))ds, t€[0,T]. (4.45)
In particular, it follows by Assumption (C), part (ii), that there exists vy €
L?(0,T; U) such that L(¢,0,vg) € L”(0, T). Since, by the definition of L,,
Lt x,u) < @0 (I + lu = voll?) + L2, 0, wo),

we may infer that —oo < F) < +o0.

Moreover, we may infer by Proposition 1.8 that F) attains its infimum on
L?(0,T; U) x E in a unique point (u;, h,) (unique because Fj, is strictly convex).
We set

t
() = U1, 0)hy + fo Ut 5)((Bus)(s) + £(s)) ds

and define

T
pr(t) =U(T, t)p] —/ U* (s, 1)(0x L3 (s, x.(5), up () + 995 (x1(s))) ds,

' (4.46)
wherein

pl=puT)=—y} (v, y3) = 36 (x2(0), x2(T)).

Since (u;, hy) is a minimum point of F; and the functions || - ||, Lj, £; and @;
are Gateaux differentiable, we have

T
/0((3xLA(l,x/\,MA),Z)+<3MLA(I,XA,MA),U)

+ (992 (x2), 2) + (¥ (up. — u)[lup, — u* (P72, v)) dt
+ (82 (x.(0), x2(T)), (2(0), 2(T))))
+ (@ (x2(0) — x™(0)),2(0)) =0, (4.47)



250 4 Convex Control Problems in Banach Spaces

forall ve LP(0,T; U), where ((-, -)) is the duality between E x E and E* x E*,
while z € C([0, T']; E) is a solution to

7 =AMz+ Bv)@), 0<t<T,
that is,
t
z(t):z(0)+/ U(t,s)(Bv)(s)ds, 0=<r<T.
0

Using once again (4.35), we obtain the estimate (without loss of generality, we
may assume that L > 0)

MaLatt xw) o e <27 (I + llu — vol?) +2L(1, 0, vo),

forall (x,u) e E x U, (4.48)

where vy € LP(0, T; U) has been chosen as above.

This implies that 9L, (x,u;) € LP(0,T; E*) x LP(0,T; U*), and this justi-
fies (4.47).

Now, in (4.47) we substitute for 9, L (¢, x;, uy), 0 L(¢, x), uy) and d¢) (x;) by
their expressions (4.40), (4.41), and (4.42). By straightforward calculation, we find
that

T
/ (0L (1. x3 1) — B* py + W (s — )z — 772, v) e
0

+ (31 = P(0) + @ (x(0) — x*(0)), 2(0)) = 0.

Since v € L?(0,T; U) and z(0) € E were arbitrary, we find (4.40) and (4.42), as
claimed.

In particular, it follows, by Assumption (E), that there exists at least one feasible
pair (xg, ug) € C([0, T]; E) x L?(0, T; U). Then, by the inequality

Fy.(x, up) < Fy(xo,u0) <C, A>0, (4.49)

we may infer that {u,} is bounded in L?(0,T; U) and {x,(0)} is bounded in E
for A — 0. (Here, we have also used inequalities (4.36) and (4.37).) Thus, taking
weakly convergent subsequences, we may assume, for A — 0, that

u; — u'  weakly in LP(0,T; U),

(4.50)
x5.(0) > x°  weakly in E.
Keeping in mind (4.38), we see that
t
x.(1) — x' (1) :U(t,O)xO—}-/ Ut,s)((Bu')(s) + f(s))ds 4.51)
0

weakly in E forz € [0, T'].
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The well-known equality (see Theorem 2.58)

A A
Pr(xn) = 5|3¢A(xx)’2 +o(Jfx) = §|3<ﬂx(x)\)|2

implies that {1|d¢; (x;)|?} is bounded in L' (0, T).

Since 3¢y (x1) = A71@(x; — Jfx;), this implies that x; — J/x, — 0 in
LI(O, T; E). Thus, on some subsequence, x; (t) — Jf (t) > 0ae.t €]0,T[. Since
fo)\(t) € K, forevery t € [0, T] we may infer by (4.51) that x;(t) € K,Vt € [0, T'].
On the other hand, by (4.35), we see that {A||0L, (¢, x;, uUH%EWU*} is bounded in
Ll(O, T) and, therefore,

)%in})((x;” u;) — J)LL(t,x;\, uk)) =0 strongly in LZ(O, T;ExU)
=

and

T T
liminf [ Ly (¢, x3.(t), u (1)) dt > liminf | L(t, JE (2, x3.(t), us (1)) dt.
1333/0 2t (0 s (1)) di = linigfo (0. T2 (130, (1)

On the other hand, it follows by (4.50) and (4.51) that

)}in}) ]AL(t,x;L, u) = (ul,xl) weakly in L2(O, T,ExU).
—

Since the convex function (y, v) — fOT L(t,y, v)dt is weakly lower-semicontinuous
on L2(0, T; E x U) (because it is convex and lower-semicontinuous), we have

T

T
li{ni(r)lf/ Lx(t,x)\(t),uk(t))dtz/ L(t,x' (), u' 1)) dr. (4.52)
- 0 0

Similarly, from the equality

A
Ge1x2) = 2 06,613 [ e+ 0 (1 32)

we find by the same reasoning that {(x; (0), x,(T)) — Jf(x)\(O),x;\(T))} — 0 in
E x FE and, therefore,

lim inf ¢ (x;.(0), x2(T)) = £(x'0), x"(1)). (4.53)
—
By Jf (x1,x2) we have denoted, as usual, the solution (y;, y2) to the equation

(@ (y1 — x1), @(y2 — x2)) + L3€(y1, y2) 3 0 (see Sect. 2.2.3).
By (4.52) and (4.53), we have

T
hmmf/ L;L(t,x;\,uk)dt+€A(xk(0),xx(T))
0

r—0

T
> / L(t,x" u")dr +£(x'(0), x*(1)).
0
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On the other hand, we have
T
F(x,uy) < F(x*, u*) < / L, x*,u*)dt +£(x*(0 < x*(T)))
0

because L) < L and ¢, </ forall A > 0.
Since F(x*, u*) < F(x1, ul), we may infer that

T
lim llus — u™||” dt = 0.
A—=0Jo

Hence, u! = u*, x! = x*, and by (4.51), (4.44) follows, thereby completing the
proof of Lemma 4.8. g

For the sake of simplicity, in the subsequent proof we take f = 0, throughout.

Lemma 4.9 There exists C > 0 independent of ) such that
|p(T)| < C. (4.54)

Proof We define on E x E the function
A(hy, hy) =inf{G(x, u); (x,u) € A, x(0)=hy,
x(T)=ha, x(t) € K fort €0, T1},

where
r —1 * 1 * 2
G(x,u):/ (L(t,x,u)+p ' u—u ||”)dt~|—§|x(0)—x O
0

We have already seen that the function (x, u) — fOT L(t,x,u)drt is convex and
lower-semicontinuous on L1(0,7; E) x LP(0,T;U). Since G is also coercive
on ¢, we may infer that, for every choice of 1, k7, the infimum defining A(h1, hy)
is attained. This fact implies by a standard argument involving the convexity and
the weak lower-semicontinuity of the convex integrand L that A is convex and
lower-semicontinuous on E x E. Furthermore, the effective domain D(A) of A
is the very set Ky defined in Sect. 4.1.1. To prove estimate (4.54), we use As-
sumption (E). First, let us suppose that condition (4.9) is satisfied. Then there exists
y € C([0, T]; E) such that £(y(0), y(T)) < +oo and y(T) € int D(A(y(0), -)). This
implies that the function # — A(y(0), i) is locally bounded at 4 = y(T') and, there-
fore, there exist some positive constants p and C such that

A((0), y(T)+ ph) <C forallh € E, |h|=1. (4.55)

Now, let (z, v) € ¢ be such that z € JZ, z(0) = y(0) and z(T') = y(T') + ph, where
h is fixed and || = 1. Again, using (4.38)—(4.41), we find, after some calculations,

(Pa(T), x:.(T) = y(T) = ph) = (p2(0), x:.0) = y(0)) = G (xs, u3) — Gi(z, v),
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where
g —1 * 1 * 2
GA(x,u):/O (L)\(t,x,u)+<p;h(x)+p lu —u ||p)dt+5|x(0)—x (O)| .

Inasmuch as (y(0), y(T) 4+ ph) € K1, we may choose the pair (z, v) in such a way
that G(z,v) = A(y(0), y(T) 4+ ph). Since G, (z,v) < G(z,v), by (4.55) we may
infer that

Giz,v) =C

and, therefore,

(PA(T), x2(T) — y(T) — ph) — (p2(0), x2.(0) — y(0)) = C, (4.56)

for all h € E, |h] = 1. (We denote by C several positive constants independent
of A.) To obtain the latter, we have also used the fact, already noticed in the proof of
Lemma 4.8, that F) (x, u,) and, consequently, G, (x,, u;) are bounded from below
with respect to A.

Since, by (4.42) and the definition of 9¢;,

(P2.(0), x2.(0) — y(0)) — (pa(T), x1(T) — y(T))
> £3(x2(0), x2(T)) — €,(y(0), y(T))

1
+5 (%O =+ O - [y - o),

while, by (4.37), £,(x,(0), x,(T)) is bounded from below and ¢, (y(0), y(T)) <
£(y(0), y(T)) < 400, we see by (4.56) that p, (T) is bounded in E*.

Now, assume that condition (4.10) is satisfied. In other words, there is (y, v) € K,
y € , such that (y(0), y(T)) € Kr NDom(¢) and y(T) €int{h € E; (y(0),h) €
Dom(¥¢)}. Hence, there exist some positive constants o and C such that (see Propo-
sition 2.16)

Z(y(O), y(T) —i—,oh) <C forallheE, |hl=1.
Next, by (4.42) we have

(P2.(0), x2(0) — y(0)) — (pa(T), x,.(T) — y(T) — ph)
> €5 (x2.0), x,.(T)) — €,.(y(0), y(T) + ph)

1 2 2
+ §(|xk(0) —x*(0)]" = [y(0) — x*(O)]).
Now, using once again (4.38)—(4.41), we find that

(pa(T), x,.(T) — ¥(T)) — (pr(0),x,.(0) — ¥(0)) = G(x5.,uz) — G (y,v) = C
forall A > 0.
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Hence,
p(pA(T),h) <C foral x>0, |hl=1,

wherein C is independent of A and h. We have, therefore, proved the boundedness
of {|p,(T)|} in both situations, thereby completing the proof of Lemma 4.9. O

Now, we continue the proof of Theorem 4.5 with further a priori estimates on
p1. By Assumption (D), there exists at least one pair (x°, u®) € K such that x°(r) €
intK for r € [0, T, L(t,x°, u®) e L'(0, T) and £(x°(0), x°(T)) < +o00. Since x°
is continuous on [0, T'], there exists p > 0 such that

xo(t) +pheK forallh, |h|=1; te[0,T].
By the definition of d¢, , we have
0 0 _
(02 (x2), %0 — x” = ph) = 5.(x2) — 1. (x° + ph) = @a.(x2),

whereupon we get

T T
,0/0 |05 (x) | dt S/O (0 (x2), X2 —xo) dr. (4.57)

On the other hand, once again using (4.38)—(4.41), one obtains
T
/ (99 (x2), x5, — x°) dr
0

T
5/ (La(t.x%u%) = Lot xo un) + p~ ' (Ju® = [P = llus. — w*)17))
0
+ (pa(T), x2(T) — x°(T)) — (p2.(0), x:.(0) — x°(0)) < C,

because L,x(t,xo, uo) < L(t,xo, uo), {]OT L, (t, xy,uy)dt} is bounded from below
(by (4.36)) and

(P(T), x:.(T) — x%T)) — (p2(0), x2.(0) — x°(0))
> (@ (x*(0) — x2(0)), x:.(0) — x°(0))
+ £,(x°(0), x°(T)) — € (x2(0), x2(T)) < C.

Hence,

T
fo |32 ()| dr < C. (4.58)

Now, according to Assumption (C), part (iii), there exist functions «, § €
L?(0,T) and v, measurable from [0, T] to U such that |v,(#)| < B(¢) ae. t €
10, T[ and L (¢, x*() + ph, vy (¢)) < L(t, x*() + ph, vp(t)) < a(t) ae. t €10, T,
|h] =1, A > 0. Here, we have used the fact that the function x* : [0, T] — E is
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continuous and so, its graph is compact in E. Next, by (4.40), (4.41) and the defini-
tion of 0L,, we have

(9:.(1), x5.(t) — x*(t) — ph)

+((B* p) (1) + ¥ (u* (1) — w3, (0) | w* () — w72, wa(6) = va (1)
> L (t, x2(0), up. (D)) — Ly (t, x*(t) + ph, vp(1)).

Along with (4.36), the latter yields
plar®| < (q:(®), () — x* (1)) + a(t)

+ | B*p) O s (0) = vn @) | + 4 () = ws @) |7~ s @) = vi ()

)

because the duality mapping ¥ is demicontinuous on U and u; — u* in
LP(0,T;U).

Recalling that x; (#) — x*(¢) uniformly on [0, T] and u; — u* in LP (0, T; U),
for A sufficiently small we have

[9.(0] < C([B* P @] + |u*(0) —ur(®) p_l)(Hux(t)H +B®) +ai (), 4.59)

where a1 € L' (0, T). Then, by (4.44), (4.45), and Lemma 4.8, we have

T
|p ()] < c<1 +/ 1(B*p) ()| (B(s) + ||MA(S)||)dS)~
t

Finally, by Holder’s inequality
/ T /
Ipa0)]" < C(l +/ |B*p)|” ds>, 0<r=<T, (4.60)
t

where % + % = 1. Since B is ‘“causal”, the adjoint B* : L”/(O, T;E*) —
L”,(O, T;U*) is “anticausal”, that is, B;(t’T) = X[qu]B;[t,T] for all ¢t € [0, T].

(Here, 4[;, 7] is the characteristic function of the interval [¢, T'].) Then, arguing as in
the proof of Proposition 1.8, we obtain the inequality

fTH(B*y)(s)H” ds < ch|y(s)|”’ ds, yeLP(0,T;E"), 0<t<T.
t t
The latter, compared with inequality (4.60), implies via Gronwall’s Lemma
;| <C, Vrel0,T], 4.61)
where C is independent of A. Next, since {B*p,} is bounded in LY (0, T;U*) and

u; — u* in LP(0, T; U) it follows by (4.59) that {g;} is bounded in L!(0, T; E*)
and the integrals { f o lan(s)|ds; £ C [0, T']} are uniformly absolutely continuous,
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that is, for every ¢ > 0 there exists §(g) > 0 such that f o lgx(s)|ds < & whenever
the Lebesgue measure of §2 is < §(¢). Then, by the Dunford—Pettis criterion in
a Banach space (Theorem 1.121), we may conclude that {g;} is weakly compact
in L1(0, T; E*). Thus, there exists q € LY(0, T; E*) such that on a subsequence
L—>0

g, — q weaklyin L'(0, T; E¥). (4.62)
Similarly, by (4.61), we have
pr— p* weaklyin L'(0, T; E¥) (4.63)
and, therefore,
B*p; — B*p* weaklyin LP(0,T; U™).
By (4.43), (4.44), and the definition of 9L, , we have

T
fo (Lt 30 13) — Ly (1, y, ) dr

T
5/ ((B* pa+ @ (u* — ) — w3172, — v) + (g3 00 — ) dr,
0

for all (y,v) € L*(0,T; E*) x LP(0,T;U). Remembering that L, () < L(t)
and (4.52)

r—0

T T
liminf/ Ly (t,x;,u;)dt 5/ L(t,x*,u*)dt,
0 0

we obtain by (4.43), (4.44), and (4.62)

T T
/ (L(t,x*,u*)—L(t,y,v))dtf/ ((B*p*,u* —v) + (g, x* — y))dt,
0 0

because ¥ is demicontinuous on U and u; — u* strongly in L”(0, T; U).
Let £2 be any measurable subset of [0, 7] and let y(¢), v(¢) be defined by

) = v, on §2,
YW@y, on[0, T1\ 2,

{ﬁ, on 2,
v(t) =
u*(t), onl0,T]\ £,

wherein (¥, v) € E x U. We have

/ (L(r,x*(t), u™(1)) — L(, 5, 0)) dt
2

T
< /O ((B*p*, u* () — )+ (g(0), x* (1) — 7)) dr
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and, since §2 is arbitrary, it follows that
(g(). x* (@) = 3) + ((B*p*) (@), u* (1) — 0) = L(r, x*(1), u* (1)) — L(z, 7, V)
ae.te]0,TJ.

Hence,
(q(0), (B*p*)(1)) € 0L (1, x™ (1), u™ (1)) ae.1€]0,T[. (4.64)

Next, by Lemma 4.9 and (4.39), we may infer that on a subsequence again denoted
by A, we have

p:.(0) — pi  weakly in E¥,
pa(T) — p7  weakly in E*.

Since @ is demicontinuous on E, it follows by (4.42) that
(Pg: x™(0) = x1) = (pF x™(T) = x2) = liminf €5 (x.(0), x,.(T)) — £(x1, %),
V(x1,x2) € E X E.
Since, as noticed earlier,
liminf €3 (. (0). x,.(T)) = €(x*(0). x™(7),
the latter implies

(p5. —p7) € Be(x*(O), x*(T)). (4.65)
We set
t
wx(t)=/ 3¢ (x1(s))ds, 0=<t<T.
0
By estimate (4.58), we see that Theorem 1.126 is applicable. Thus, there exist a

function w € BV([0, T]; E*) and a sequence convergent to zero, again denoted by
{1} such that w; () — w(t) weakly in E* for every 7 € [0, T] and

T T
lim / (B(px(xk(s)), y(s)) ds = / (dw, y)
A—0J; t
forall y € C([t, Tl E), vt e[0,T]. (4.66)

Hence, for all ¢ € [0, T'], we have

T T
/ U*(s,t)agox(xx(s)) ds—)/ U*(s,t)dw weakly in E*
t t
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and, letting A tend to zero in (4.39), we see by (4.47), (4.62), and (4.63) that p*
satisfies the equation

T T
p* () =UT,1)p} —/ U*(s,t)q(s)ds —/ U*(s,t)dw(s), 0<t<T,
t t
and p*(0) = p*.
Along with (4.64) and (4.65), the latter shows that the functions p*, w satisfy
together with x* and u*, (4.17), (4.18), (4.20), and (4.21). As regards (4.19), it
follows by (4.66) and the obvious inequality

T
/ (a(pk(x;h(s)), X (s) — y(s)) ds >0 forallye. 7.
t

Assume now that B is given by (4.3), where B : [0,T] — L(U, E) is strongly
measurable and ||B(#)|lrw,E) < n(t) ae. t € ]0, T[, where n € L°>°(0, T'). Then,
| B*()|lL(e*,u+ < n(t) and by (4.61) we see that |[(B*p,)(#)]| < C a.e.t €0, T[.
Since u; — u* in L?(0, T; U) and g;, — g weakly in L'(0, T; E*), we may con-
clude by (4.59) that g € L”(0, T'; E*). This concludes the proof.

4.1.5 Proof of Theorem 4.6

If w satisfies (4.25) and (4.26), then clearly (4.19) holds.

Assume now that w € BV ([0, T]; E*) satisfies (4.19). To prove the theorem, it
suffices to show that w and dwy satisfy (4.25) and (4.26), respectively.

Let #( be arbitrary but fixed in ]0, T'[. For y € K and ¢ > 0, define the function y,

x*(1), for [t — 19| > ¢,
ye() =3 (1 —e7 Yt — 1)y + e Lt — )x*(tg — &), fort €[ty — &, 0],
(I —e7 Yt —10)y +e 1t —to)x*(tg + &), fort €[ty 1o+ el

Obviously, y. is continuous from [0, 7] to E and y.(¢t) € K for all ¢ € [0, T].
By (4.19), we have

T T
/ (1), (1) — ye () i + / (g, x* — y5) > 0. (4.67)
0 0

We set pp(f) = e~ L (x* (1) — ve(t)). If 1o happens to be a Lebesgue point for the
function w, then, by an elementary calculation involving the definition of y,, we get

T
lim | (W(0), pe (1)) dr = ((t0), x™(t0) — ¥). (4.68)
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Inasmuch as x* — y, = 0, outside [fg — &, o + €], we have

T th+e
/ (dwg, x* — y,) = / (dwg, x™ — y).
0 1

0—¢&

On the other hand, for each n > 0, there exist {xl?j]}f\':l CE and aj € C([0, T])
such that

N
() = Y xf oy (t)

i=1

<n fortel0,T].

We set

N
2y (1) =X () = Y x} ety (1)

i=1

We have

to+e
/ (dws. 2,)
fo

—&

< (Vilto + &) — Vi (to — &)) sup{|z, (1) |: |t — 10| < &},

where V(t) is the variation of w on the interval [0, ¢]. Since V; is a.e. differentiable
on ]0, T[, we may assume that

tot+e
limsupe ™! / (dwy, zy) < Cn, (4.69)
fo

e—>0 —&

where C is independent of 7.
Now, we have

fo+e N
*
/ dwy, inn“in
n—¢ i=1

fo+¢
| antdax,)
0]

—&

(Vin(tO + 8) - Vir](tO - 8))%’77;

N
=3
i=1

N
<2
i=1

where Vj; (¢) is the variation of (wy, x;“n) on [0, t] and y;; = sup|a;, (t)|. Since the
weak derivative w; of wy is zero a.e. on ]0, T'[, we may infer that

d
3 V(=0 aerel0. T

and, therefore, we may assume that

to+e¢ N
lim ¢! / dws, » iy | =0 foralln > 0. (4.70)
1 i=1

e—0 0—&
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Similarly, we see that

fo+¢&
lim ™! / (dws, ys(s)) =0 ae.1nel0,T],
e—0 fo—e

which along with (4.69) and (4.70) yields

T
lim (dwy, pe) =0,
e—0Jo

whereupon, by (4.67) and (4.68),
(W (1), x*(t0) — y) =0 ae.19 €10, T].

Since y is arbitrary in K, this implies (4.25).
To conclude the proof, it remains to be shown that dw; € A (x*, %), that is,

T
/(dws,x*—y)zo forall y e 7. 4.71)
0

Let £2 be the support of the singular measure dwy. Then, for any ¢ > 0, there
exists an open subset £29 of ]O, T[ such that £2 C §2p and the Lebesgue measure
of 29 is <e.Let p € Cj°(R) be suchthat 0 < p <1, p=1o0n £ and p =0 on
10, TT\ $20.

We set y¢ = py + (1 — p)x*, where y € 7 is arbitrary. By (4.19), we have

T T
/ (wx,x*—ys)—l—/ (w,x*—ys)dtzo.
0 0
Since x* — y* =0o0n [0, T]\ £2, we find that
T
/ (w, x* — y°)dr
0

where limg_, ¢ §(¢) = 0. On the other hand, since dwy; =0 on [0, T]\ §£2 and p =1
on §2, we see that

scf|mmsaa
20

T T
A(wmﬁwwa=A(Mmﬁ—w,

whereupon it follows that

T
/ (dwg, x* — y) = =8(e).
0

Since ¢ is arbitrary, we obtain (4.71), as claimed.
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Remark 4.10 A little calculation involving the definition of the Stieltjes—Riemann
integral reveals that
T fo+e
lim [ (dw,x* —y,) = lim (dw, x* — y,)
e—=0Jo e—>0 to—s
= (w(to +0) — w(tg — 0), x*(t9) — y)-
Hence, for all y € K, we have

and, therefore, w(fy + 0) — w(tp — 0) € N (x*(t), K) for every 1y € [0, T']. Inasmuch
as, by (4.18),

p*(to+0) — p* (10 — 0) = w(to + 0) — w(tg — 0),
we may conclude that
p*(to+0) — p*(to — 0) € N(x*(t0), K) forall g € [0, T].

As noticed earlier, this amounts to saying that the set of all the points #y, where the
dual extremal arc is discontinuous, is contained in the set of 7 values for which x*(¢)
lies on the boundary of K (we recall that N (x, K) = {0} for x € intK).

4.1.6 Further Remarks on Optimality Theorems

Analyzing the proofs of Theorems 4.5 and 4.6, it is apparent that the assumptions
imposed on L, £ and K are, at least in certain cases, indeed excessive. For the sake
of simplicity, we discuss here the simple case when U and E are Hilbert spaces and
p=2.

In passing, we observe that, if A(¢) is continuous on E or, more generally, if, for
every po € E and g € L*(0, T; E), the forward Cauchy problem

PO+A Opn)=g), 0=<t=T,
p(0) = po,
is well posed, then in Hypothesis (E) we may reduce conditions (4.9) and (4.10) to
xo €int{h € E; (h,x7) € K1}
and
xo €int{h € E; (h,x7) € Dom(¢)}.

As mentioned earlier, condition (4.9) in Hypothesis (E) can be regarded as a com-
plete controllability assumption for (4.1), which is, in many important infinite-
dimensional examples, a very stringent requirement. However, it turns out that this
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condition can be weakened by replacing the strong interior by the interior relative to
a certain linear closed manifold in E. We illustrate this for a control problem with
fixed end points. In other words, the function £ is defined by

0, f h = d h = ,
L(h1, ho) = na .xo et =T
+00, otherwise,

where xg and x7 are fixed in E. We consider only the particular case K = E, f =0
and xp = 0, the general case being obtained by appropriately translating the special
case we consider.

If ueL*0,T;U) is given, then we denote by x(-, u) the response function
to (4.1) with control u and initial condition x(0, u) = 0. Then, the attainable set
at the time 7 is defined by

Er ={x(T,u); ue L*0, T; 1)}

Let E7 be the closure of Er in E. Clearly, Er is a closed linear manifold in E.
Finally, let K7 be defined by

Kr={heE; (0,h)eK.}.

Obviously, K7 is a subset of E7 and, in terms of the above notation, condition 4.9)
may be expressed as x7 € int K7. In general, the interior of E7 in E is empty. If the
interior of E7 is not empty, then we have E7 = E, because E7 is a linear mani-
fold. However, it turns out that, in the special case we are considering, Theorem 4.5
remains valid if this condition is replaced by the following weaker one:

(E") xr €riKr,

where ri denotes the interior relative to the manifold E 7.
Here is the argument. Let (x, u) be an optimal pair of the given problem. Clearly,
the control optimal problem:

.. T 1 2 "
Minimize L(t, y(@®),v(®) + 3 [v@) —u@)|” ) dt + *(y(0), y(T)),
0
over all (y,v) €
has a unique solution (x;, u,) € 5. Here, *: E x E — ]—00, +00] is defined by

1 .
a2 —xr %, ifx; =0,

+o00, otherwise.

€+ (x1, x2) ={

It should be observed that Hypotheses (A)—(E) are trivially satisfied. Thus, by The-
orem 4.5, the boundary-value problem

x, — A(t)x, = B()u,, t€[0,T],
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{p/k-i-A*(t)p;\,B*(t)p,\-f-u*—u;L}eBL(t,x;\,u;L) a.e.on 0, 7|,
1.0)=0, App(T)+x(T) =xr

has at least one solution (x;, uy, py).

The proof continues by the same argument as that used in the proof of Theo-
rem 4.5, except for Lemma 4.9, where Hypothesis (E) was necessary. However, this
lemma can be proved under Hypothesis (E). In fact, let &y : E; — ]—00, +00] be
defined by

®o(h) =inf{G(y,v); (v,v) € #; y(0) =0, y(T) =h},

where G is defined as in the proof of Lemma 4.9. Obviously, @q is convex and
lower-semicontinuous on E7. Moreover, Dom(®) = K7 and Hypothesis (E’) im-
plies that @ is locally bounded at &2 = x7. Since p,(T) € Er, reasoning as in the
general case, one concludes that {| p; (T')|} is bounded.

While various other extensions of Theorem 4.5 could be pursued, we concentrate
on the control of periodic systems, which are treated in more detail in Sect. 4.5. If
the function £ : E x E — R is given by

0, if x1 = x3,

l(x1,x0) =
) :+oo, if ) # 32,

then Problem (P) leads to a problem with periodic conditions.

(P1) Minimize fOTL(t,x(t),u(t))dt on the set of all (x,u) € C([0,T]; E) x
L2(0, T; U) subject to (4.1) with periodic conditions x(0) = x(T).

For the sake of simplicity, we consider here the special case where K = E, B is
given by formula (4.3) and A(¢), B(¢) are time-independent and

Lt,x,y)=¢°x)+y(u) forallxeE, uel,

where ¢ : E — R is a continuous, convex function and ¥ : U — R" is lower-
semicontinuous and convex. Further, we assume that the operator (I — A7)~ is
well defined and continuous on all of E. The latter condition implies, by a standard
existence result, that (4.1) has a unique periodic solution with period T'.

The optimality equations (4.17)—(4.21) become

x¥ =Ax*+ Bu*, te][0,T], (4.17)
pY=—A*p*+q, t€l0,T], (4.18")
q(t) € 3 (x* (1)), B*p*(t) € 3y (u* (1)), 1€l0,T], 4.19)
x*(0) = x™(T), p*(0) = p*(T). (4.20)

It must be noticed that Theorem 4.5 is not applicable since Hypothesis (E) is
not satisfied in this case. However, by a slight modification of the proof, we see
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that (4.17")—(4.20") are necessary and sufficient for optimality in Problem (Pt). In-
deed, by (4.41), it follows that, for p > 0,

(@21, x2(1) = x* (1) — pw) = @) (x2(1)) = (x* (1) + pw)  for1 €[0, T, |w] =1.
Hence,
|g.(t)| <C  forallz €[0,T]and A > 0,

because ¢ is continuous.
Also, notice that, in this case,

Ixi — x2/?
0 (x1,x0) = - forall x;, x> € E,

and therefore (4.42) becomes
P2 (0) +x*(0) — x,,(0) = (20) ™" (x2(0) — x,.(T)) = pa(T).

Since the operator [ — AT is invertible and, by (4.46),

T
pa() =T py (T) — / e (s)ds, 0<r<T,
t

we may conclude that {| p; (T)|} is bounded, as claimed.
Now, consider the case where E and U are Hilbert, K = E and

L(x1,x2) =0 if x; =xg, L(x1,x2) =400 if x| # xp.

If x(z, xo, u) is the solution to (4.1) with the initial condition x(0) = xg, then Prob-
lem (P) can be written, in this case, as

inf{J(u); ueL*0,T; U)},

where J : L2(O, T;U) — ]—00, 40o0] is the convex function

T
J(u) =/ L(t,x(t,xo, u), u(t)) de.
0

The subdifferential 9J is given by
0J(u) = {w € L*(0,T;U); w(t) € QL (x(1), u(n)) — B*p(t)},
Vu e L*(0, T; U),
where (x, p) is a solution to the system

x'= A(t)x + Bu; pe—A*t)p+0d;L(x,u), tel0,T],
x(0) = xo, p(T)=0.
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This follows by Theorem 4.5, noticing that w € dJ () if and only if u solves the
minimization problem

T
inf{](u)—/ (u(t),w(t))dt}.
0

We may use the formula for dJ to construct numerical algorithms for Problem (P).
For instance, the classical gradient algorithm

Uil =u; — pjw;, w; €9J;), pi >0,
reduces to
x;=A@)x;+ Buij,  p; € —A*(0)pi + 9:L(xi,u;), 1€[0,T],
x; (0) = xo, pi(T) =0,

Wip1 =u; — piw;;  w; €0, L(x;,u;)—B*p;, i=0,1,...,
and we have (see problem (2.2))
ui — u*  weakly in L>(0, T; U),

where u* is optimal.

4.1.7 A Finite-Dimensional Version of Problem (P)

We study here Problem (P) in the special case E =R", U =R™ and

Lo(x1) + £1(xp), if x1 € Coy, x2 € Cy,
C(x1, x2) = 4

00, otherwise.

Namely,

T
Minimize/ L(t,x(), u(®))dr + £o(x(0)) + €1 (x(D))
0

onall (x,u) e AC([0, T]; R") x % (4.72)
subjectto x' = A@)x(t) + B(H)u + f(t) ae.te(0,T),
x(0) € Cy, x(T)eCy, (4.73)
under the following assumptions.

(k) The function L : (0, T] x R" x R™ — R is convex and continuous in (x, u)
and measurable in 7. The Hamiltonian function

H(t,x, p) =sup{p-u —L(t,x,u); ue U(t)}
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belongs to LI(O, T) for each (x, p) € R” x R". For each ¢ € [0, T'], the set
U (t) is closed and convex and {¢ € [0, T]; C NU (¢) # #} is measurable for
each closed subset C of R™.
(kk) The functions £y, £1 : R” — R are convex and everywhere finite. The sets

Co, C; C R" are closed and convex.

(kkk) Thereis [x,u] € AC([0, T]; R") x % satisfying the state system (4.73) such
that L(z, x, u) € L1(0, T) and either x(0) € intCy or x(T) € intC;.

(kkkk) A € L1(0, T;R"* x R"), B € L®(0, T;R" x R"), f € L' (0, T; R").

Here, AC([0, T']; R™) is the space of absolutely continuous function from [0, 7] to
R"™ and % is the set of all measurable functions u : (0, T) — R™ such that u(¢) €
U(t) ae.t € (0, T). We denote by | - | the norm in R” and R™.

By (k), it follows that any optimal control u* to problem (4.72) belongs to
L0, T; R™). Indeed, since

L(t,x,u)=sup{p-u—H(t,x,p); peR"}, Vx,u)eR"xU®), (4.74)
we have
L(t,x*(0), u* (1)) = plu*(t)| — H(t, x* (1), psgnu™(1)) ae.1€(0,T)

and the latter implies that u* € L1(0, T; R™).
As regards the maximum principle, it has in this case the following form.

Theorem 4.11 Assume that conditions (k)—(kkkk) are satisfied. Then, the pair
(x*, u™*) is optimal in problem (4.72) if and only if there exists p € AC([0, T]; R")
which along with x* and u* satisfies the system
p +A*t)p € 0, L(t,x*, u*) a.e te(0,T), 4.75)
p(0) € Ny (x™(0)) + 3o(x*(0)), (4.76)
—p(T) € Ney (x*(1)) + 941 (x*(T)),
B*()p@) € BL,L(t,x*(t), u*(t)) + NU([)(u*(t)) ae. te(0,T). (4.77)

Here, 0L = [0, L, 3, L] is the subdifferential of L(z,...) and A*(¢), B*(¢) are the
adjoint of A(r) € L(R",R") and of B(t) € L(R™, R"), respectively.

Proof Sufficiency. Let x*, u*, p satisfy system (4.73), and (4.76)—(4.77). By the
definition of the subdifferential, we have, as in the proof of Theorem 4.5,
L(t,x*(t), u™ (1)) < L(t,x(0), u(®)) + B*(0)p(1) - (u* () — u(t))
+ (') + A*O)p@) - (x*@) —x(t)) ae.te(0,T),
Lo(x(0)) + £1(x™(T)) < €o(x(0)) + €1 (x(T))
+p(0) - (x*(0) = x(0)) — p(T) - (x™(T) — x(T)),



4.1 Distributed Optimal Control Problems 267

for any solution (x, u) € AC([0, T]; R") x % to (4.73). This yields
T
/ L(t, x* (), u*(1)) dt + £o(x*(0)) + €1 (x™(T))
0

T
< / L(t,x(1), u(t))dt + €o(x(0)) + £ (x(T)),
0

that is, (x*, u™*) is optimal into problem (4.72). o 5
Necessity. The proof is similar to that of Theorem 4.5. Denote by L, £o and ¢,
the functions

. L(t,x,u), if U(),
Ltz = | 00, T e UO
+o00, ifuel(t),
~ 0 , ifx € Cop,
otx) = 0(x) ?X_ 0
+o00, ifx€Cy,
~ V4 , if Cy,
L= Txea
400, if x€Cy,

and by L s (fo) A (E 1) the regularized of Z, 570 and ¢ 1, respectively, that is,

2 o2
L, x,u) =inf{ x 2;' + Ju 2;' +L(t,y,v); (y,v) eR" x R’”},

Ix —y?

(Zi)x(x)=i"f{ +4i(y), yeR”}, i=0,1.

We recall that L, (z, ), (¢;); are convex, continuously differentiable and

|, ul — (I + AL, )~ (x, w)]?

I:x(t,x,u)z o
F L6 (T+200¢,9)  (x,w), Va>0, (4.78)
- Nle2 5
(Zi),\(x)=|x (I+2A/\azl) al + 4 ((1+208) 'x, i=0,1, A>0.

(4.79)

Let (x*, u™*) be optimal in problem (4.72).
Consider the functions @, : L! (0, T; R™) x R" — R defined by

T
@A(u,xo)zfo ik(t,x(t,xo,u),u(t))dt+(Zo)k(xo)+(El)k(x(T,xo,u))

2
)

T
+e/ |u(t) — u* ()] dr +271x*(0) — xo
0
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where ¢ > 0 is arbitrary but fixed and x (¢, xg, ) is the solution to (4.73) with the
initial value condition x (0) = xq.

According to Ekeland’s variational principle (Theorem 3.73), for every A > 0
there exist (u, x}) € L'(0, T; R™) x R" such that

. L
@x(ux,x())‘) = 1nf{<1§;h(u,xo) + A2 |lup —ullpro,r:mm

+)\.% ||xo —xé

; (u,x0) € L'(0, T;R™) x R"}.  (4.80)

O
We set x; = x(t, xé, uy), that is, x, (0) = xé‘.
Lemma 4.12 We have
B* (1) pa(t) = Vu Lo (1, x2.(0), up (1)) + em (1) + A28, (4.81)

where n;, & € L0, T;R™), [m@®)], 160 <1, ae. t € (0,T) and p, €
AC([0, T]; R™), satisfies the system

P =—A*O)pr+ VaLli(t, x5, u3) ae te(0,T), (4.82)
P2(0) = V({), (5.(0)) +x.(0) = x*(0) + 221, Il <1, s
pa(T) = =V (@) (x1(D)).
Proof By (4.80), it follows that
lhiir(}ff1 (@A(uk + hv, xé + hxo) — @A(u)\, xé))
+ A2 [Vl 10,75 + A2 0] = 0, (4.84)

for all (v, xg) € L' (0, T; R™) x R".

Now, let p;, be the solution to (4.82) with final value condition p;(T) =
—V(€1)(x,(T)). Then, using the fact that Ly (z,-), (£o); and (£1); are differen-
tiable, it follows that

hlin})h*(@;h(u;h +hv,xé + hxo) — @A(ux,x())‘))
T
=/ (VoL (t, %3, un) - 2(6) + Vu Ly (t, x5, up) - v(1)) dt
0
+V(€o), (x5) - x0 + V(£1), (x2(D)) - 2(T)

T
T (6.0) — x*(0)) - 12 (0) + ¢ fo (1) - v(0) dr,
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where n (f) = sgn(u, (t) — u*(t)) and

7 =AMz+Bt)v ae.te(0,T),
2(0) = xo.

(Here, sgnv = ﬁ if [v] <1,sgn0={w e R™”; |lw| <1}.)
Then, by (4.82), we see that

}}in})(dﬁk (3. + hv, x§ + hxo) — @5, (13, x{4))

T
=/ (VuL(t, x5, u3) — B*py. +emp) - vde
0

+ (V(€0)1 (x1.(0)) + x2.(0) — x*(0) — p(0)) - x0

and, by (4.83), it follows that

T T
/(VZ;L(t,x;\,uk)—B*p)L+sm)~vdt+)»%/ lv(t)| dr
0 0

+(V(80), (x2(0)) + 2. (0) = x*(0) = p(0)) - %0
+A2x0 =0, VveL'(0,T;R"), Vxg e R",

and this implies (4.81) and the first end-point condition in (4.83). O

Lemma 4.13 For A — 0,

u) — u*  strongly in LI(O, T; R’”),

X — x* uniformly on [0, T].

Proof We have, by (4.80),
T
@5, (1. x,.(0)) < &; (", x*(0)) +/\%/ lux — 1| dt + 27 |x*(0) — x,,(0)|
0
T
5/ L(t,x*,u*)dt+€o(x*(0))+£1(x*(T))
0
| T
+m</ |uk—u*|dt+|x*(0)—xk(0)|>, (4.85)
0

because L < L and (Zi)x <¥¢;,i=0,1.
We note that, by the conjugation formula (4.74), we have

L(t,x,u)> —H(t,x,0), YxeR" uecU®), tecl0,T],
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and that
—H(,0,0) <—H(t,x,0) —n(t)-x, VxeR" rel0,T], (4.86)
where n(t) € o,(—H (¢,0,0)) and
In®| < H(,0,0) +sup{—H(z, y,0); |yl <1}

and so, by Lemma 4.14 below, 1 € Ll(O, T;R™).
We have, therefore,

L, x,u)>n(t)-x+H(@#,0,0), VxeR", ueclU@®), te[0,T].

Then, replacing, if necessary, L by Z(l, x,u) —n()-x — H(t,0,0) and taking

T
@A(u,xo)zfo (Lx(t,xo,u)+n(t)«x(t,u,xo)—l—H(t,0,0))dt—l—(Zo)k(xo)

2
)

T
+ (Zl)k(x(T,xo, u)) + 8/ lu—u*|dr 427" |x0 —x*(0)
0
we may assume that
T _ T
| Bexmar= [ poar
0 0

where 8 € L'(0,T). We have |x; (1) < C(|xx(0)] + fOT lu, (1)|de), t € (0, T).
Then, by (4.85), we see that

oy — M*”Ll(oj) + ’xx(0)| <C, Vix>0.

We also note that, by (4.78),
T T I
/ L(t,xx,uk)dtgf L(t, (I +20L)  (xp,up))dr
0 0
T ~\—1 2
+,\—1/ |(I+20L)" (x5, up) — (xn, up)|"dt
0

T
fo L (t,x),uy)dt <C, VA>0.
0

On the other hand, again by (4.74) and Lemma 4.14, we have
L(t’-x’ M) 2 N|M| - H(t’xv ngnu) 2 N|u| - ﬁN(t)’ Vt € (O’ T)? |x| S Nv

where By € L1(0, T).



4.1 Distributed Optimal Control Problems 271

Hence, for each measurable subset Eg C (0, T'), we have

1 1 c 1
/;20|ux(t)|dt§N/EOL(t,x,\,u,\)dt+N/EO|,BN(S)|ds+N+N/EO|,3N(s)|ds.

Then, by the Dunford—Pettis theorem (Theorem 1.121), we infer that {u, } is weakly
compact in Ll(O, T;R™), and so, on a subsequence convergent to zero, again de-
noted A, we have

u) — u weakly in Ll(O,T;R”’),
x,— X% inC([0, T];R"),
x; — X' weakly in Ll(O, T; ]R”).
Then, by (4.78), it follows that
T

T
lim Lx(t,xx,uk)dtZ/ L(t,x,un)dt,
A—=0Jo 0

because, as seen earlier, the function (x, u) — fOT L(t, x,u)dt is lower-semiconti-
nuous in L'(0, T; R™) x L' (0, T; R™). Similarly, by (4.79), we have

lim inf(£0); (x1.(0)) = £o(¥(0)),
1i{n_)igf(£1)x(n(7")) > (X(T)).
Then, letting A tend to zero in (4.85), we get
T ~ ~ ~
/ L(t, %, @) dr + £o(X(0)) + £, (X(1))
0

T 2

+ 11%nf<e/ |, — u*|dr +27" |x.(0) — x*(0)| ) <inf(4.72),

0

and the conclusion of Lemma 4.14 follows. O

We are going to obtain the optimality system (4.72)—(4.77) by letting A tend to
zero in (4.81)—(4.83). To this purpose, some a priori estimates on p; are necessary.
Let (x, u) be an admissible pair chosen as in assumption (kkk) (x(0) € int Cp). By
(4.83), we have

(P2(0) + x*(0) — x,.(0) — 21;) - (x,.(0) — x(0) — pw)
> (£o),, (x2(®) = (o), (x(0) + pw),

for all |jw|| =1 and p > 0. Since, for p sufficiently small,

(20), (x(0) + pw) < &o(x(0) + pw) <C, VA >0,
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we get
p|Pr(0)] < C + pi(0) - (x2(0) —x(0)) Vi >0.
On the other hand, by (4.82) we see that

—p(0) - (x3.(0) — x(0)) + pa(T) - (xs.(T) — x(T))
T T
=/ ink(f,xk,uk)’(xk_x)dt‘i‘/ B(uj —u) - pydt,
0 0

because x' = A(t)x + B(H)u + f(t) a.e. 1 € (0, T).
Now, using (4.82), we get

—p2(0) - (x2.0) — x(0)) = (£1), (x2(T)) — (1), (x(1))

T
+/ (Ex(t 30 13) — Lot %)) de
0

T
+/ (ux—u)(sm(t)Jr/\%éx(t))dtEC, Vi >0,
0

because L; < L and (¢1), < €1, VA > 0.

Hence, {p, (0)} is bounded in R".

For further estimates, we need the following lemma, which was already invoked
in the proof of Lemma 4.13.

Lemma 4.14 For any r > 0, there exist «,, By € L! 0, T) such that

—H(t,x,0) <a,(t) aete(0,T), |x|<r, 4.87)
H(t,x,w) <B.(t) aete0T), |x|<r |w<r (4.88)
Proof The function H (¢, x, p) is convex in p and concave in x. Let xq, ..., x,41 be

such that the n-dimensional simplex generated by these points contains the ball of
radius r centered at the origin. Since, by assumption (k), H(z, x;,0) € L! (0, T) for
all i, by convexity of x — —H (¢, x,0) we get (4.87). Similarly, if wi, ..., Wy
generates an m-dimensional simplex containing {w € R™; |w| < r}, we have by the
convexity of w — H (¢, x, w) that

H(t,x,w) <sup H(z, y, w;) <sup sup H(z,y,w;) for x|, |w|=<r.
i

i |yl=r

Since, by hypothesis (k), SUP||xj<r H(t,y,w;)=H(t,xi,w;) € L0, T), the latter
implies (4.88). In particular, it follows by (4.87) and (4.88) that

sup{|v|; vEDH(t, Yy, 0)} <pB() ae.te(0,T), (4.89)

where 8 € L1(0, T).
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Indeed, by the definition of 9, H, we have
H(t,y,0)<H(, y,w)—v-w, YweR",
for every v € 9, H (t, y, 0). This yields
lvll <H(@, y, w)—H(t,y,0) < (1), |wl=1

Now, coming back to the proof of Theorem 4.11, we note first that, by (4.74), we
have

L(t,y,v)=—H(t,y,0), Yved,H(t,y,0).

Then, by (4.89), we see that there exist the functions «, 8 € L(0, T') independent
of w and vy, : [0, T] — R measurable such that |v,,(¢)| < B(¢) a.e. t € (0, T) and

L(t,x*(t) + pw, vw(t)) <a(t), aete(0,7T), lw<l. (4.90)
By (4.81) and (4.82) we see that
1
(P + A" @)pa) - (o —x* — pw) + (B*pr —emp — A28) - (s, — v)

> La(t, xa,u3) — L (t, x* + pw, vy)

> L(t, x5, up) —a(r), ae.te(0,T).
Since x; — x* uniformly on [0, T'], the latter yields

|P,() + A* () pr(D)] < Ca(t) — La(t, x:.(0), ur (1))
+ ([ O] + & +22) (|lua (@) + BO))
ae. €(0,7). (4.91)

Since, as easily seen by (4.78) and by Lemma 4.14,
t ~
/ Lx(s, x.(8), ux(s)) ds>C, VA>0,tel0,T],
0

and {|uy |} is weakly compact in L' (0, T), the previous inequality implies via Gron-
wall’s Lemma that

Ip@)| <C, Va>0,1€0,T].
‘We have also
||P3\||L1(0,T;Rn)SC, VA >0,

and so, {p,} is compact in C ([0, T']; R"). By (4.91), we see also via the Dunford—
Pettis theorem that {p} is weakly compact in L'(0, T; R"). Hence, on a subse-
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quence, we have
py(t) = p(t) uniformly on [0, T],
pi, — p' weakly in LI(O, T; R”),
N, — n°  weak-star in L°°(O, T: R”‘),
in;\(t,x;\, u,) — q1 weakly in Ll(O, T; R"),
VoL (t, x5, u3) — q»  weak-star in L>(0, T; R™),
where p = p,.

Now, from the inequality

T T
/ Ly (t, x5, u)dt < / L (7, x,u)ds
0 0

T
+/o (Ve Lat, x5, u3) - (xp — x)
+ Vi Lo (t, x5 uz) - (up, — w)) dt,
V(x,u) € L>(0,T; R") x L' (0, T; R™),

we get

T T T
f Z(t,x*,u*)dtf/ Z(r,x,u)dr+/ (g1 (F —x)+q2- (u* —w))dt,
0 0 0

for all (x,u) € L0, T;R") x LY(0, T; R™) and this implies, as in the previous
case, that

(q1), q2(1)) € IL(t, x* (1), u*(1)) ae.t€(0,7).
Then, letting 1 — 0 into (4.81) and (4.82), we get

p A ped L(t,x*, u*) ae.te(0,T), (4.92)
B*(t)p(1) € 8, L(t, x* (1), u* (1)) + Nu (u* (©)) + en® (1)
ae.1€(0,T). (4.93)

~Next, letti~ng A — 0 into system (4.83) and taking into account that V(Z,-);L €
aL; (I +213£;) 1), it follows by Lemma 4.13 and by relations (4.79) that

p(0) € 38 (x*(0),  p(T) € =Ly (x*(D)).
Since 8(75 (x) =04;(x) + Nc,;(x), i =0, 1, we get
p(0) € 3o(x*(0)) 4+ Nc, (x*(0));
—p(T) € 34, (x*(T)) + N¢, (x*(T)).

Here, as well as in (4.93), we have used the additivity formula for subdifferentials
(Corollary 2.63).

(4.94)
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Now, to conclude the proof, we let ¢ — 0 into the above equations. Indeed, if we
denote by p, the solution to (4.92)—(4.94), that is,

(P, + A*(t)pe, B*(t)pe —en®) € AL(t,x*,u*) ae.in (0,T), (4.95)

p(0) € 3o(x*(0)) + Ne, (x*(0)), £96)
—pe(T) € 3¢, (x*(T)) + Ne, (x*(T)), '

we have, as above,
pe(0) - (x*(0) — x(0) — pw) > £o(x*(0)) — £o(x(0) — pw),
where (x, u) is as in hypothesis (kkk). This yields

| pe@] < pe(0) - (x:(0) — x(0)) + C
<=0 (x" (D)) + €1 (x(T))

T

T
+/ (L(t,x,u)—L(t,x*,u*))dt—i—s/ llu* — ul dt.
0 0

Hence, {p:(0)} is bounded in R" and, arguing as above, we find by (4.90) and from
the inequality

—(pi + A (O)pe) - w+ (B*pe +en°) - (g — vo) = L(1,x*, u™) — (1)

that {p,} is compact in C([0, 7]; R") and {p.} is weakly compact in L0, T;R™).
Then, we may pass to the limit to (4.95) and (4.96) to get (4.75)—(4.77). This com-
pletes the proof. U

Remark 4.15 Tt should be emphasized that Theorem 4.11 cannot be deduced by
Theorem 4.5, which refer to optimal controllers u in L”(0, T'; U) with p > 1. The-
orem 4.11 extends to the case of state-constraint optimal control problems of the
form (4.5) (see Rockafellar [41]).

4.1.8 The Dual Control Problem

Having in mind the general duality theory developed in Chap. 3, one may speculate
that the dual extremal arc p* is itself the solution to a certain control problem. We
see that this is, indeed, the case in a sense which is explained below.

Given the functions L(¢) and £ defined on £ x U (R x E, respectively) and the
closed convex subset K of E, we set

M(t, p.q)=sup{(p,v) + (q.y) — L(t,y,v); yeK, veU},
m(p1, p2) =sup{(p1, h1) — (p2, h2) — £(h1, ha); hyi, ha € E},

for (p,q) e U* x E* and (p1, p2) € E* x E*.
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The hypotheses of Sect. 4.1.1 are understood to hold.
. . —%k —%k
In terms of conjugate functions, M(¢) : U* x E* - R andm: E* x E* - R
can be written as

M, p.q) = (L(t) +1k)"(q, p),
m(p1, p2) =£*(p1, —p2).
If p € BV([0, T]; E*) is given, we denote, as usual, by p € LY(0, T; E*) the weak
derivative of p, and by p,(¢) = p(t) — fot 0(s) ds the singular part of p.
Now, let Go : BV([0, T]; E*) — R” be the convex function

T
Golp) = sup{/ (dps, %); x € %}
0

It should be remarked that Go(p) = Ho(dps), where Hy: M(0, T; E*) — R is
the support function of J#" and dp; is the Lebesgue—Stieltjes measure defined by p;
(see Sect. 1.3.3).

We take as the dual of (P) the following optimization problem:

Minimize
T
(P*) /0 (M (, (B*p)(0), p()) + (f (1), p(1))) dt + m(p(0), p(T)) + Go(p)

overall p € BV([O, TI; E*) and p:[0,T]— E*

T
subjectto  p(@) =U*(T,1)p(T) —/ U*(s,t)dp(s), 0<t<T.
t

(4.97)
Here, we agree to consider any p € BV([0, T]; E*) as a left continuous function on
10, T'[. In particular, this implies that p(7') = p(T — 0).
If there are no state constraints in the primal problem, that is, K = E, then we
take the dual problem to be that of minimizing over the space C([0,T]; E*) X
LP(0,T; U*) the functional

T
f (M(z, (B*p)(0), v®)) + (f (), p(1))) dt +m(p(0), p(T))
0 (4.98)

subjectto p'+A*t)p=v(), 0<t<T.
Problem (P*) should be compared with the general dual problem £2* introduced

in Sect. 3.2.1 and it can be regarded as a control problem with the input v = dp and
the state equation

p'+A*)p=dp onl0,T].

Now, we discuss the circumstances under which the integral in the dual prob-
lem (P*) is meaningful for all p € BV([0, T]; E*). The existence of this integral
ought to involve a measurability condition on M (¢) of the following type.
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M(t,q(t),v(t)) is a Lebesgue measurable function of t whenever g : [0, T] —
U* and v : [0, T] — E* are Lebesgue measurable.

As pointed out before, there are several notable cases in which this condition may
be derived from Assumption (C), but we omit the details.

By Assumption (C)(iii), we see that, for all g € LY (0,T;U)and v e LY(0, T;
E™), there exists some y € L0, T), such that

M(t,q(®),v@®) =y(@) ae.tel0,TI.
On the other hand, it follows by part (ii) of Assumption (C) that
M(t,50(1), o)) < go(t) ae.t€]0, T[.

It follows from the above inequalities that the functional

T
/O (M (1. (B*p)@). p(0) + (£ (1), p(0))) di

is well defined (that is, equal either to a real number or +00) and nonidentically
+00.

In passing, we remark that the dual problem (P*), as well as the primal prob-
lem (P), involves implicit constraints on the control p

H(t) e W(t, p(t)) ae.tel0,TI,
where
W, p)={veE*; M(t,(B*p)(1),v) < +oo}.
Similarly, there is the end-point constraint
(p(0), p(T)) € D(m) = {(p1, p2) € E* x E*; m(p1, pa2) < +00}.

Now, we are ready to formulate the duality theorem.

Theorem 4.16 Let the assumptions of Theorem 4.5 be satisfied. Then the pair
(x*,u*) e C([0,T); E*) x LP(0,T; U*) is optimal for problem (P) if and only if
the dual problem (P*) has a solution p* such that

T T
/ L(t,x*,u*)dt—l—/ (M@, B*p*, p) + (f (1), p* (1)) dt

0 0
£(x*(0), x*(T)) + m(p*(0), p*(T)) + Go(p) =0. (4.99)

Furthermore, the function p* satisfies, along with w(t) = p(t) — fOT q(s)ds and x*,
u*, (4.17)—(4.21).
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Proof Let (x*, u™) be optimal in problem (P) and let p* be a dual extremal arc. By
virtue of the conjugacy relation (4.75), the transversality condition (4.21) is satisfied
if and only if

£(x*(0). x*(1)) +m(p*(0), p*(T)) = (x*(0). p* () — (x"(T). p*(T)). (4.100)
while, for arbitrary y € C([0, T']; E) and p : [0, T] — E*, it would be true that

E(y(0), y(T)) +m(p(0), p(T)) = (y(0), p(0)) = (y(T), p(T)). (4.10D)
Similarly, since by (4.20) and (4.25)
(g +uw, B*p*) € 0(L(r,x*,u®) + Ig (x*)) ae.on]0, T,

it follows by (4.74) that

L(t, x* (), u* (1)) + M (¢, (B*p*) (1), q(t) + (1))
=(B*p") (), u*(®))+ (x*(1),q() + w(r)) ae.r€]0,T[, (4.102)

while, for arbitrary (y,v) € 7, y € #, p € L1(0,T; E*), % +
[0, T] — E*, it would be true that

é:landz:

L(t, y(0),v(®)) + M(t, (B*p)(1), 2(1)) = ((B*p) (1), v(®)) + (y(1), (1))
ae. tel0, Tl (4.103)

Integrating both sides of inequality (4.102) and adding (4.100), since, by (4.17)
and (4.18),

T T

T
/0 (B*p*,u* (1) + (x* (). q(1))) i + fo (dw(o), () + /0 (F (). p*(0) dt

= —(x*(0). p*(©)) + (x* (D), p*(T)),

and, by (4.26),
T
Go(w) = / (dws, x*),
0
we obtain the equality

T
/ L(t,x*, u®)dr + Z(x*(O), x*(T))
0

T
+/O (M, B*p*,q + ) + (p*, ) dt + m(p*(0), p*(T))

+ Go(w) =0. (4.104)
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Now, integrating (4.103), where (v, v) € 5, y € ', 7z = p and p is the solution
to (4.97), we obtain, after some calculations involving Inequality (4.101),

T T
/O Lit.y. v)de + /0 (M(t. B*p. p) + (. p)) dt

T
+/O (dps. y) + £(y(0), y(T)) +m(5(0). H(T)) = 0.

Along with (4.104), the latter shows that p* is a solution to (P*) corresponding to
p=w+ [ ¢ds and equality (4.99) follows.

Conversely, if (p*, p) is an optimal pair for (P*) satisfying (4.99), it follows
by (4.101) and (4.103) that

L(t,x* (1), u™ (1)) + M(t, (B*p*) (@), 6(1)) = ((B* p*) (1), u™ (1)) + (x*(1), p(1))
ae.te]0, T,

£(x*(0), x*(1) +m(p*(0), p*(T)) = (x*(0), p*(0)) = (x*(T), p*(T)),

and

T
Golp) = /0 (dps. x*).

But, as remarked before, these equations are equivalent to (4.20), (4.21), and (4.19),
where p(t) = w(t) + fOT q(s)ds. Thus, the proof of Theorem 4.16 is complete. [

Remark 4.17 Of course, the duality Theorem 4.16 remains true under the conditions
of Theorem 4.11.

Remark 4.18 Let us denote by G the functional which occurs in problem (P*). It is
obvious that one has always the inequality

inf F(x,u) > —inf G(p).

The basic question in the duality theory already discussed in Sect. 3.2.1 is whether
the equality holds in the above relation. Within the terminology introduced in
Sect. 3.2.1 (see Definition 3.40), Theorem 4.16 amounts to saying that problem (P)
is normal. For finite-dimensional control problems of the form (P), it turns out
(Rockafellar [40, 41]) that, if no state constraints are present (that is, K = E), then
under the assumptions of Theorem 4.5 one has

inf F(x,u) =—min G(p).

Along these lines, a sharper duality result has been obtained by the same author
[44] by formulating the primal problem (P), as well as the dual (P*), in the space of
functions of bounded variation on [0, T].
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4.1.9 Some Examples

The following illustrates the kind of problem to which the results of the previous
sections can be applied. The examples we have chosen can be extended in several
directions, but we do not attempt here maximum generality nor claim to be compre-
hensive in any sense.

Example 4.19 Consider an optimal control problem of the following type.

T
Minimize [ Lo(x (1), u(r)) dt + €o(x(0), x(T))
0

ianC([O, T];E) andu € LP(0,T; U) (4.105)
subjectto x'=A@®)x+ B)u(t), 0<t<T, (4.106)
x(0) € X, x(T) € X1, (4.107)
u()yelUy ae.tel0,TI, (4.108)
x(t) e K foreveryte[0,T], (4.109)

where Lg and £ are lower-semicontinuous, everywhere defined convex functions
on E x U and E x E, respectively, Uy is a nonempty, closed convex subset of U and
Xo, X1, K are nonempty closed convex subsets of E. (In particular, Xy or X; may
consist of a single point or all of E.) The operators A(¢) : E — Eand B(t) : U — E
(0 <t < T) are assumed to satisfy Hypotheses (A) and (B), respectively. The spaces
E and U are strictly convex and separable along with their duals.

To formulate this as a problem of type (P), we define

Lo(x,u), ifu e Uy,
L(x,u)= ‘
+00, otherwise,
and
Lo(x1,x2), ifx; € Xgand x, € X1,
L(x1,x2) = .
+o00, otherwise.

In this way, the given optimal control problem is equivalent to minimizing

T
/L(x,u)dt+z(x(0),x(T))
0

over all x € C([0,T]; E) and u € L?(0,T; U) subject to the state constraints
(4.106)—(4.109).
As pointed out earlier (see (4.11)), Assumption (C) holds if
L(x,u) _

im
lull—o0  |ue]]

(If Uy is bounded, this is trivially satisfied.)
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It may be noted that Dom(¢) = X¢ x X{. Thus, Assumption (D) requires the
existence of a pair (x,u) € C([0,T]; E) x L0, T:U) satisfying (4.106)—(4.109)
and such that Lo (x, u) € L1(0, T), x(t) € int K for every t € [0, T]. It is possible to
develop general explicit conditions guaranteeing that such a pair (x, u) exists. For
brevity, our attention is confined to the unconstrained control case Uy = U = E,
B(t) =1 and A(t) = A time-independent and dissipative on E. Assume further that
Lo(y,v) € L'(0,T) forall y,v e C([0, T]; E) and

eMintK cintK forallt > 0.

Then Hypothesis (D) is implied by the following more easily verified one.
There exist xo € Xo Nint K such that e*Txp € X; Nint K.

Here is the argument. Define

t t
x(t) = eA’<?eATxo + (1 — ?>x0), te(0,T).
Clearly, x(¢) € intK for ¢ € [0, T'] and
xX'(@#)=Ax@)+u@®) fortel0,T],

where u € C([0, T']; E). Moreover, x(0) € X, x(T) € X1 and Lo(x,u) € LY, 7).
As regards Assumption (E), it requires in this case the existence of a feasible
function y € C ([0, T]; E) which satisfies (4.106)—(4.109) and

y(T) €int X, (4.110)
or
y(T)eint{h € E; (y(0),h) € K.}, (4.110')

where K, is the set of all attainable pairs for the given optimal control problem.

If X; = E, then (4.110) automatically holds as long as at least one fea-
sible arc exists. If Uy = U = E, B(t) = I and Lo(y,v) € L'(0,T) for all
(y,v) e C([0, T]; E) x LP(0,T; E), then K is just the set of all end-point pairs
(y(0), y(T)) arising from arcs y € C([0, T]; E) which satisfy the condition

y(t)e K forrel0,T] (4.111)

Hence, as may readily be seen, Hypothesis (E) is satisfied by assuming that D(A) N
XoNK #@, D(A) N (intX1) N K # @. In fact, y(r) = (1 — #)yo + + y1, where
yo € D(A)N XoN K and y; € D(A) N (int X1) N K, satisfies conditions (4.110)
and (4.111).

According to the rule of additivity of the subdifferentials (see Corollary 2.63),
(4.20) and (4.21) can be written in this case

q(t) € dxLo(x (@), u(r)) ae. €10,TI,
B*(t)p(1) € 9, Lo(x (), u(t)) + N(u(t), Up) ae.1€]0,TI,
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and

(p(0), —p(T)) € 3£o(x(0). x(T)) + (No(x(0)), N1 (x(T))).

where N (u, Up), No(x(0)) and Ni(x(T)) are the cones of normals at u#, x(0) and
x(T) to Up, X¢ and X1, respectively.

To calculate the dual problem, we assume for simplicity that £o = 0. Then,
we have

m(p1, p2) =" (p1, —p2) = Ho(p1) + Hi (—p2),

where Hy and H are the support functions of Xo and X1, respectively. Next, we
have

M(p.q) =sup{(p,u) + (g,x) — Lo(x,u); x €K, u € Up}

and, since D(Lg) = E x U, we may use the Fenchel theorem (Theorem 3.54) to get
M(p,q) =inf{Lo(qg — G, p — P) + Huy(P) + Hk (§); p€U*, g € E*},

where Hy, and Hg are the support functions of U and K, respectively.

Given a closed and convex subset K of E, consider the following problem: find
the control function u subject to constraints (4.108) such that x(t, xo, u) € Ko for
all t € [0, T']. Here, x(¢, xo, u) is the solution to (4.106) with initial value condition
(x(0) = x0. The least square approach to this controllability problem leads to an
optimal control problem of the form (4.105)—-(4.109), where Xo = {xo}, X1 = E,
lo=0,K =E,and

d*(x, Kp), if Uy,
LoGr.u) = 1 %4 &Ko), ifueUp 4.112)
+o00, otherwise.

Here, o > 0 and dz(x, Ky) is the distance from x to K.
The ill-posed problems associated to (4.106) represent another important source
of optimal problems of the form (4.105)—(4.109).

Remark 4.20 If K is a closed convex cone of E, x(0) € K, (I —eA)"'K C K for
all e > 0 and B(t)u(t) € K a.e. t € 10, T[, for all the control functions # which
satisfy condition (4.109), then x(¢) € K for all ¢ € [0, T] and therefore the state
constraints (4.109) become redundant.
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Example 4.21 Consider the following distributed optimal control problem.
Minimize / g(y(t,x),u(t,x))drdx inyeL*(0,T; Hy(£2)) and u € L*(Q),
Q

subject to the linear diffusion process described by the heat equation
vi—Ay=u inQ=]0,T[x $2,
y(t,x)=0 inX=]10,T[x 1T,
with the constraints

y(0,x)>0 ae. xef, lu(t,x)| <1 ae (t,x)€Q.
(4.113)

Problems of this type are encountered in the control of industrial heating pro-
cesses in the presence of internal heat sources (see the book of Butkovskiy [20] for
such examples).

We assume that the function g : R x R — R is convex and everywhere finite.
Further, we assume that there exists vy € L2(§2) such that [lvp(x)] <1 ae. x € 2
and g(v, vg) € L' (£2) for every y € L?(£2). As seen in Example 4.19, this implies
that the function L : L2(2) x L?(£2) > R defined by

[o8(y,v)dx, ifjox)|<lae xe,

L(y,v)=
. v) +o00, otherwise

satisfies assumptions (C).

We place ourselves in the framework of Example 4.19 (problem (4.105)-
(4.109)), where E =U = L%(2), B(t) =1, K = E, Up = {u € L*(£2); Ju(x)| < 1
ae.x € R}, X1 =L%R), Xo={y e L*(2); y(x) >0ae. x € 2} and A(t) = A
with D(A(t)) = HO1 (£2) N H2(£2). As a matter of fact, we are in the situation pre-

sented at the end of Sect. 4.1.3, where V = H(} (£2) and A(?) = A.
It is elementary that Assumptions (A), (B), (D) and (E) are satisfied.
Let g : R x R — R be the extended real-valued function

8()’,1)), 1f|U|§1,

3(y. v) =
80, v) +o00, otherwise.

By Proposition 2.55, we see that

(8L(y, v))(x) = Bg(y(x), v(x)) ae. x €52,
whereas
38(y,v) =3g(y,v) + {(0, Av); A >0, A(1 — |v]) =0}.

Next, observe that the cone No(y) of normals to X at y is given by

No(y) = {w € L*(£2); w(x) <0, w(x)y(x) =0ae.x € 2}.
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Then, by Theorem 4.5 (we give the extremality system in the form (4.23)), the pair
yeL%0,T; HO1 (£2)), u € L*(Q) is optimal in problem (4.113) if and only if there
exist p e L*>(0, T; H(; (£2)) with p; € L>(0, T; H~'(2)) and A : Q — R™ such that
pi+Ap €dyg(y,u) onQ,
p—Auecd,g(y,u) ae.onQ,
A(1—[ul) =0, lul <1 ae.onQ,
y(0,x) >0, p(0,x) <0, y(0,x)p(0,x) =0 ae.xes2,
p(T,x)=0 ae.xe€f2.

The dual problem to (4.113) is that of minimizing

T
/ ¥ (w(, x), p(t,x))dr dx
0

overall p e L%(0,T; HO1 (£2)) and w € L2(Q), subject to the constraints

pi(t,x)+ Ap(t,x) =w(,x) onQ,
p(0,x) <0, p(T,x)=0 ae.on$2.

To be more specific, let us suppose that g(y, v) = «|y| + |v| for all y and v in R,
where « is a nonnegative constant. Then, as is easily verified,

0, if|g| <aand |p[ <1,
400, if|g|>aor|p|>1,

g*(q,p)={

and, therefore,

3*(q.p) = max(|p| —1,0), iflg|<e«,
' 400, if |g| > «.

Thus, in this case, the dual problem becomes

T
Minimize/ / max{|p(t, x)| — 1,0} drdx
0 Jg

inpe L%, T; H(} (£2)), subject to the constraints

|pi(t,x) + Ap(t,x)| < on Q,
p0,x) <0, p(T,x)=0 ae.xef2.
Example 4.22 In practice, it is usually impossible to apply the control action u(z, x)

in order to influence the state y(#, x) of equation at each point of the spatial do-
main £2. Usually, what can be expected is that the control can be applied at isolated
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points within the spatial domain. An important feature of this case is that the control
space U is finite-dimensional. As an example, let us briefly discuss the following
variant of the problem presented in Example 4.21.

T
Minimize/ / g(y(t,x),u(t)) drdx over all yeL2(O,T;H01(.Q))
0 J

andu = (uy,...,uy) € L*(0, T; RY)  subject to the constraints

N
yt—Ay:Zuj(t)Xj(x) on Q, y(,x)=0 on X,
j=I

y(0,x) =yo(x) on£2,
lui(®)| <1 ae.on]O,T[,i=1,...,N.

Here, the function g is finite and convex on R¥*! and {x i) 1 are the characteristic

functions of a family of disjoint measurable subsets £2; which cover the domain £2.
In this case, the control is provided by N heat sources. As already mentioned, this
problem may be written as a problem of the type (P), where E = L?(2), U =RV,
K =L*2), X1 = L3(2), Xo = {yo}, A(t) = A and B : RN — L2(£2) is defined
by

N

(Bu)(x) = Zuixj(x) a.e. x € £2.

j=1

Noticing that B*v = { f o Xj(x)v(x) dx}i.vzl, we leave to the reader the calculation
of the optimality system in this case.

Remark 4.23 In Examples 4.21 and 4.22, we may consider more general functions
g:82 X R x U — ]—00, +00], which are measurable in x € §2, convex and contin-
uous in (y, u) € R x RY and such that g(x, y, vg) € L1(£2) for all y € L*>(£2) and
some v in the control constraint set.

Example 4.24 We consider the following problem.

Minimize / gy, x), ut, x))dxdr + @o(y(T))
o

subjectto y € L*(0, T; Hy (£2)), v € L*(0, T; H1(£2)),
uel?>(Q) and y,—Ay=u inQ, y=0 inx, 4114
y(0,x) =yo(x), x €4,

/F(x,ny(t,x))deO, Vrel0, T].
Q
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Here, ¢ : H(; (£2) —> E*, g:RxR— R™ are lower-semicontinuous convex func-
tions and F : £2 x R" — R is a normal convex integrand having the property that
F(x,z) € LY(2) for every z € (L3(£2))".In particular, this implies that the function
v Hl(2) —> R,

v =/QF(x,Vy(x))dx

is convex and continuous.
Problem (4.114) can be written in the form (P), where

E=H} (%), U=L*2) and K={yeH}(); y() =<0},
L(y,u):/ g(y),u))dx, Vye Hg(2), ueL*(£2),
2

wo(y2), if y1 = yo,
+00, otherwise.

L(y1, y2) = {

Assumptions (A), (B), (C) and (D) are obviously satisfied if we impose the following
two conditions.

(a) There is u® € L?(£2) such that g(y, u®) € L1(£2) for every y € H (£2).
(b) There is at least one feasible function y such that y(0) = yy, ¢o is bounded on
a neighborhood of y(T') € Hé (£2) and ¥ (y(¢)) <Ofort [0, T].

Then, according to Theorem 4.5, the pair (y, «#) is optimal in problem (4.114) if
and only if there exist the functions ¢ € L'(0, T; H~1(£2)), go e H~'(22), w €
BV([0.T]; H-'(£2)), p € LA(Q)NC((0, T]; H~'(£2)) + BV([0, T]: H~'(£2)) sa-
tisfying the system

pr+Ap=gq+dw in[0,T],

p(T =0)=qo+w(T —0) —w(T),

(q(t,x), p(t,x)) € 8g(y(t,x), u(t,x)) ae. (t,x) € Q,
g0 € =00 (y(T)).

Taking into account the special form of the set
A ={5eC(0,T1; H)(22)), ¥ (y(1)) <0, Yt €[0, T},
we see that the measure dw € M ([0, T]; H~'(£2)) can be expressed as
dw = {10®(y), >0, A& (y) =0},

where @ (y) = sup{y/(y(?)); t € [0, T]}. We may use this formula to express dw in
terms of the gradient of r(x, -) as in the work [35] by Mackenroth.
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4.1.10 The Optimal Control Problem in a Duality Pair
VcHcV'

Consider problem (P) in the special case X = V, X’ = V’/, where V is areflexive Ba-
nach space such that V. C H C V'’ algebraically and topologically. Here, H is a real
Hilbert space with the norm | - | and scalar product (-, -). The norm of V is denoted
|l llv and V"’ is the dual of V with the norm || - || y+. The duality v/ (-, -)y, which coin-
cides with the scalar product (-, -) of H on H x H, is again denoted by (-, -). Assume
also that V and V' are strictly convex. The family of the operators {A(¢); 0 <t < T}
is assumed to satisfy Assumptions (j), (jj) and (jjj) of Proposition 1.149. For sim-
plicity, we take here L : (0, 7) x V x U — R and ¢: H x H — R of the form

L(t,y,u)=g(,y)+h(,u), VyeV,uel,
L(y1, y2) = 0o(2) + Iiyr(y1),  Vy1,y2 € H,

where g: (0, T) x V — R,h:(0,T)xU — R, and o : H — R satisfy the follow-
ing conditions.

(1) g(z,-) is convex and continuous on V, measurable in ¢ for every y € V and
o) <g(t,y) < azllyll%, +a3, VyeV, fora; eR,i=1,2,3.
(1) h(z,-) is convex and lower-semicontinuous on U and measurable in ¢. There
are p > 2 and &y > 0, a3 € R such that A(f, u) > &2||u||%] + a3, Yu € U,
te (0, 7).
(1) ¢g is convex and continuous on H.
(1) B(t) € L(U, V') ae.t € (0,T) and ||B(t)|lLw.v/y € L>(0,T). Here, U is a
real Hilbert space with the norm || - ||y and the scalar product (-, )y .

Then, problem (P) is, in this case, of the form

T
(Po) Min{/o (g(t. y(®) +h(t,u(t)))dt+(po(y(T))}
subjectto Y =A@)y+B@Ou+ f(), te(0,7T), v(0) = yp.

Theorem 4.25 Assume that conditions (1)-(lll) hold and that f € L2(0,T: V"),
yo € H. Then, there is at least one optimal pair (y*,u*) € (C([0,T]; H) N
L%0,T;V)) x L2(0,T;U) in problem (Py). Moreover, any such a pair is a so-
lution to the Euler—Lagrange system

0" =A@)y* + B(Ou*+ f aete(0,T), (4.115)
p=—A*WOp+nt) aete,T),

Y0 =yo. p(T)e—dgo(y*(T)). (4.116)
u*(1) € dh(t, B*p(1)) a.e.t€(0,T), 4.117)

wheren € L*(0,T: V') and
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n(t) e 8g(t, y*(t)) ae te(0,T). (4.118)
Equations (4.115)—(4.118) are also sufficient for optimality.

Proof Existence of an optimal pair follows by a standard device described in Propo-
sition 4.1 and so it is outlined only. Namely, consider a sequence (y,, u,) satisfying
the equation

yn=AOy+BOu,+ f ae.re(0,T),

4.119)
Yyu(0) = yo,

and such that

T 1
d< / (8@t yn) + h(t,u))dt + o (ya(T)) <d + - (4.120)
0

where d is the infimum in problem (P). By estimates (1), (11) and (IlI), we see that
{u,} is bounded in L?(0, T'; U) and, by (4.119), it follows that

2 /
”yn ”LZ(O,T;V) + ”yn ||L2(0,T;V’) <C.
Hence, on a subsequence, again denoted n, we have

u, - u* weakly in L2(0, T;U),

yn — y* weakly in L2(O, T;V),

y, — (y*)'  weakly in L>(0, T; V'),
yu(T) — y*(T) weaklyin H,

because, by (4.119) and by assumptions (j)—(jjj) of Proposition 1.149,
1 2 5 t 1
S (O = 1y0?) = | (AG)ym yn)ds 4 | (B)un, ) ds
t
+/0 (f($), yu(s))ds

t t t
2
sc/O ||un||U||yn||vds—w/O ||yn(s>||vds+a/0 |yul* ds.

Since, as seen earlier, the convex functions y — fOT o(t,y)dt,and u — fOT h(t,u)dt
are convex and lower-semicontinuous in L2(0, 7; V) and L%(0, T; U), respectively,
they are weakly lower-semicontinuous and, therefore,

n—oo

T T
liminf/ g(t, yp)dt Z/ g(t, y")dr,
0 0

T T
liminf/ h(t,u,,)dtz/ h(t,u*)dr.
0 0

n—oo
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Similarly,

T
13522310/0 g(vn (D)) = g(y*(1)) dr.

Then, by (4.120), we see that (y*, u*) is optimal in problem (P).
Necessary conditions of optimality. Let (y*, u™) be optimal in problem (P). Then
consider, as in the proof of Theorem 4.5, the approximating optimal control problem

T 1
Min{ /0 <gx(l, y) +h(t,u) + 3 flu — u*ll%,) dt + (90):.(y(D));

Y =AM+ Bu+ (1), y(0)=yo}, (4.121)

where (¢o), and h, (¢, -), g, are, as in the previous cases, regularizations of ¢y,
h(t,-) and g, respectively, that is,

. 1
gy =infl iy — 2l + (0,2 <€ v},

1
h; (t,u) = inf ﬁnu —vll%/ + h(t,v); ve U},

(1
(90)a(y) = inf ﬁly—zler(po(z); ZGH}.

As seen earlier, problem (4.121) has at least one optimal pair (y,, #,) and, arguing
as in the proof of Theorem 4.5, it follows that (recall that g, (¢, -), hy (¢, ), g1 (t,-)
are Giateaux differentiable)

T
/0 (Vea(t. y2(0), 20) + (Vha (1, 4 (1)), v(0))

+ ((ur(0) = u* (@), v(®) ) dt + (V@)a (3. (T)), 2(T)) 20, (4.122)

forall ve L?(0,T; U) and z € C([0, T]; H) N L?*(0, T; V) solution to the system
in variations

7 =A*@)z+ B@)v, te(0,T); 2(0) =0.

dna ¢ L%(0,T; V') the so-

Then, if we consider p, € C([0,T]; H) N L*(0,T; V), &

lution to the backward dual system

p; = —A*(t)p)L + Vg (t,yy) aete(0,7),
pa(T) = =V (@0)x(y.(T)).

which exists in virtue of assumptions (1) ~ (1ll), we get by (4.122) that

(4.123)

T
/0 (Vhi(t, u5.() + (ua(t) — u*(@®))) — B*(t) pp.(1)) v(t) dt =0,
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forall v LZ(O, T; U). Hence,
B* (1) pi(t) = Vi (t, up.(0)) + (un(t) —u*(1)) ae.t€(0,7). (4.124)
On the other hand, as seen in the proof of Theorem 4.5, we have for A — 0
u, — u*  strongly in L2(0, T; U) (4.125)
and, therefore,

y»— y* strongly in L*(0, T; V)N C([0, T1; H),
. (4.126)

d d
o D strongly in L2(0, T; V).

dr dr
Recalling that (Theorem 2.58)

1 -1 2 —1
ﬁ|(1+k§00) Y (T) = ya(D)|" 4 @o (U 4+ 23¢0) ™" ya(T)) = (o)1 (y2.(T)).

(44 2080) 320~ 0} 80, (A +2080) " 10) = 811 120),
where A : V — V' is the duality mapping of V, by (4.126) we infer that, for A — 0,
((I —}—)»a(p())_ly)L(T)) — y*(T) strongly in H, “4.127)
(A + Aag(t))_lyk — y* strongly in L?(0, T; V). (4.128)
Recalling that ¢ is continuous on H and
V(@0)x (y4(T)) € dgo((I +1d900) ™' yi(T)),

it follows, by (4.128), that {V (¢0),(¥,(T))} is bounded in H and so, on a subse-
quence, again denoted {1},

V(@) (y2.(T)) = & € dpo(y*(T)) weakly in H. (4.129)
On the other hand, by the inequality
(Ver(t, y2 (), y2 (1) —6) = g (t, ya(1)) — 82(1,6), Vo€V, 1€(0,T),
we get for [|0]lv = pl| Vg (t, ya () ly-
|| Ver(t. va®)|ly: < 8.1, 0) + (Ver (. ya (), ya(0))
< Co?[Vai(t. )|y + [ Vet 32 ()|

o]y -

This yields

|Vegrtt, |3 < Cillyally + C
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and, therefore, by (4.126) and (4.128), we have
Vg (t,y) — n  weaklyin L*(0,T; V'), n(t) €og(t, y(1)), ae.te(0,T7).

Then letting A tend to zero in (4.123) and (4.124) we obtain (4.115)—(4.118), as
claimed. The fact that (4.115)—-(4.118) are sufficient for optimality is immediate,
and therefore we omit the proof. g

The Dual Problem We associate with (Pg) the dual problem (see Problem (P*)
in Sect. 4.1.7)

T
(P}) Min{/o (h*(r, B(1)p) + g*(t,v) + (f (1), p)) dr + (yo, p(0))

+@5(—p(D)): p'=—A*1)p+ v},
where g*(t,-): V' > R, h*(t,-): U > Rand ¢f: H—> R
are the conjugates of g(z, -), h(¢, -) and ¢q, respectively.

We have the following theorem.

Theorem 4.26 Under assumptions (1)-(1111), (y*, u*) is optimal in (Py) if and only
if Problem (P()) has a solution (p*, v*) and

min(Pp) + min(Pj) = 0.
The proof is identical with that of Theorem 4.16 and therefore it will be omitted.

Example 4.27 Theorems 4.25 and 4.26 can be applied neatly to an optimal control
problem of the form

Minimize/go(t,y)dxdt—l—/ h(t,u)dtdx—l—/ (po(y(T,x))dx, uel?(X)
0 b)) 2

9
subject to a—};—Ayzf inQ=0,T)x 2,

dy

—=u onX=(0,T)x 082,

ov

y(0,x) =yo(x) in 2,

where go(f,:) : R — R is a convex continuous function with quadratic growth,
that is,

g, ) <Cilr>+Ca, VreR, te(0,T),

and h(t, ) : R — R is convex, lower-semicontinuous and

h(t,u) > C3lul®> + Cs, Vu eR, where C3 > 0.
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In fact, if we take V = H'(§2), H = L%(2), U = L*(382), A(t) : V — V' defined
by

(A(t)y,lﬁ):/ Vy-Vydx, VyeHY(2)
2
and B(r) : L?(32) — V' = (H'(£2)) given by
(B(t)u,lﬂ):f uydx, Yy eH (Q).
a2

Then the corresponding Euler—Lagrange system is

ap .
§=—AP+380(L)’) in Q,
0

—p:0 on X,

ov

p(T.x) =—dpo(y(T,x)) x €2,
u*(t) = 8h*(t, B* p(1)) = dh*(, p(1)]ag).

and the corresponding dual problem is

Min{/ (g(’)“(t,v)—fv)dxdt+/ h*(t,p)dxdt—i—/ ¢§(—p(T,x))dx
0 x 2
op . ap
+ | yop(0,x)dx; — =—-Ap+vinQ; —=0on X ;.
Q at ov

Another example is that of the optimal control problem governed by the equation

— —Ay= Zu (t)8(x;) in(0,T) x (a, b),

y(0,x) =yo(x), x€(a,b); y(t,a)=y(t,b)=0,

where & (x;) is the Dirac measure concentrated in x; € (a,b), i =1, ..., m. In this
case, U =R", V = Hl(a,b), V' = H Y (a,b), A= —A, Bu=Y"",u;8(x;).
Now, we use the results of this section to indicate a variational approach to the
Cauchy problem in a Banach space.

A Variational Approach to Time-Dependent Cauchy Problem Consider the
nonlinear Cauchy problem

Y (@) +0¢(t, (1) > f1), aere(0,T),
y(0) = yo,

(4.130)
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in a reflexive Banach space V with the dual V’. More precisely, assume that V and
V' are in the variational position

VcCHCV,

where H is a real Hilbert space and the above inclusions are continuous and dense.
As above, the norms of V, H, V' are denoted || - ||y, | - |a, || - |v’. As regards ¢, the
following hypotheses are assumed.

(m) ¢ :[0,T] x V — R is measurable in t and convex, continuous in y on V.
There are a; > 0, v; e R, i =1, 2, such that

ni+arlully <o, u) <y +arlully?, VueV,1e,T),

where 2 < p1 < p2 < 00.
(mm) There are C1, Co» € RT such that

o(t,—u) <Cipt,u)+Cz, YuelV.
We have the following theorem.

Theorem 4.28 Under the above hypotheses, for each yo € V and f € L™ 0,T; V),

Ly L= 1, (4.130) has a unique solution

Pi D;
y* e L0, T; V)N C(10,T1; H) N WP2({0, T1; V7). (4.131)

Moreover, y* is the solution to the minimizing problem
T
. * ’ 1 2
Ming | (et ) +¢7( f =) = (fin)dr + S|y (D3
0
yeLPYO,T; V)N WP ([0, T1; V'), y(0) = yo}. (4.132)

A nice feature of this theorem is not only its generality (which is, however, com-
parable with the standard existence theorem for nonlinear Cauchy problems of the
form y’ + A(¢)y = f(t), where A(t) : V — V' is monotone, demicontinuous and
coercive) (see, e.g., Lions [33] or Barbu [6, 13]), but, first of all, that it reduces
the Cauchy problem (4.130) to a convex optimization problem with all the conse-
quences deriving from such an identification.

Proof of Theorem 4.28 Translating yq into origin, we may assume that yo = 0.
Recalling the conjugacy formulas from Proposition 2.2, we may, equivalently,
write (4.130) as

p(t.y®)) +¢*(t, fFO) =Y )= (f() =Y @), y(1)) ae.1€(0,T),
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while
o(t,z() +¢*(t. fFO) —Z®) — (f(t) = (), 2()) =0 ae.t€(0,7),
forall z € LP1(0,T; V)N Wl*f’/2([0, T1; V'). (Here, ¢* is the conjugate of ¢ as
function of y.) Therefore, we are lead to the optimization problem
T
Min{/o (e(t.y@) +¢*(r. fF(O)—=y' (1)) — (f )=y (1), y(1))) dt;

yeLP1 (0, T; V)N Wl”’/Z([O, T1; V'), y(0) =0}. (4.133)

However, since the integral fOT (y/'(r), y(t)) dt might not be well defined, taking into
account that (see Proposition 1.12)

1d

5 5 OI = 00.y0) aere©.1),

foreach y € LP'(0,T; V) N Wl’P/z([O, T1; V'), we shall replace (4.133) by the fol-
lowing convex optimization problem:

T 1
Min{[O (o(t.y()) +¢™(t, fF() =y ) — (f @), y(©)) dt + 3 ly(T) II?,;

y€LPNO,T; V)N WP ([0, TT; V'), y(0) =0, y(T) € H}, (4.134)

which is well defined because, as easily follows by hypothesis (m), we have, by
virtue of the conjugacy formulas,

Vi+aloly <e*.0) <y, +@mllolly,. ¥oeVaete©.T). (4135

We are going to prove now that problem (4.134) has a solution y*, which is also a
solution to (4.130). To this end, we set d* = inf (4.134) and choose a sequence

{ya} CLPYO, T; V)N WP2([0, T1; V')

such that y, (0) =0 and
r 1
d* < /0 (6 (0) + 07 (1, £6) = 3 0) = (FO 30 O) i+ 33D

1
<d*+-, VneN. (4.136)
n

By hypothesis (m) and by (4.135), we see that

/
lyallLero,7:v) + ||yn||Lp/2(O’T;V,) <C, VneN,
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and, therefore, on a subsequence, we have
yu — y* weakly in LP'(0, T; V),

v — (y*) weakly in LP2(0, T; V'), (4.137)
yo(T) = y*(T) weakly in H.

Inasmuch as the functions y — fOTw(t,y(t))dt, 7 — fOT e*(t, f(t) — Z/(t))dt
and y; — |y; |%1 are weakly lower-semicontinuous in L”1(0, T; V), LP 0,T;V)
and H, respectively, letting n tend to zero into (4.136), we see that

T
/0 (0t y* () +0* (1. F(©) — ™Y ©) = (F () y*(0))) dt

1
+ §|y*(T)’Z =d*, (4.138)

that is, y* is solution to (4.134). Now, we are going to prove that d* = 0. To this
aim, we invoke the duality Theorem 4.16. Namely, we have

d* +min(P}) =0, (4.139)

where (P}) is the dual optimization problem corresponding to (4.134), that is,
T
P Min{ / (o(t,—p®) +¢*(t, f(O)+ P'®) + (f(), p(1))) dt
0
1 / /
+ §|P(T)|?-1§ peLP O, T;V)nWhP2(0, T; V’)}-
Clearly, for p = —y, we get min(P}) < d* and so, by (4.139), we see that

min(P}) <0. (4.140)

On the other hand, if p is optimal in (PT), we have

(7.5 el 0.7), /OT@’, P dr = %(Iﬁ(T)!i, - %|15(0)|i,)- (4.141)
Indeed, by Proposition 2.2, we have
—(P'0), p®) <@(t, —p®) +¢*(t, fFO +p'®) + (f(©), p(1)) ae.t€[0,T]
and

PO+ f0), p®) <¢(t, p®) +¢*(t, fFO) +§' (1) ae.re[0,TI.

Since ¢(t, —p) € L'(0, T), by hypothesis (mm), it follows that (¢, p) € L'(0, T)
too, and therefore (p/, p) € LI(O, T), as claimed.
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Now, since
1d

5 3 PO = (0. 50) ae.re©.1),

we get (4.141), as claimed. This means that
T
min(P}) = /0 (01, =p®) + @™ (1. FO + §'®) + (f () + '), p(1))) de

1
1O, =0

by virtue of Proposition 2.2. Then by (4.140), we get d* = 0, as claimed.
The same relation (4.141) follows for y* and thus

1 t
5(|y*(z)\§,—}y*(s>|§,)=/ (Y (@), y* () dr, Yo<s<i<T.

This implies that y € C([0, T']; H) and

1 T
5|y*(T)!2=/0 (™) (x), y*(1)) dr.

Substituting the latter into (4.138), we see that y* is solution to (4.130) and also that

T
fo (e, y* @) + o™ (t. fO) = D) = (f(©) — () @), y*(1)))) dt =0.
Hence,

o(r,y* ) +¢* (1, F(O = ' ®) = (f(O) = "),y 1) =0 aere(0,T)

and, therefore, (y*(¢)) + dp(t, y*(t)) > f(¢) a.e. t € (0, T), as claimed.
The uniqueness of a solution y* satisfying (4.138) is immediate by monotonicity
of u — dp(t, u) because, for two such solutions yi‘ and y;‘ , we have therefore

d
3o - VO| <0 ae.te©T)

and, since yj — y5 is H-valued continuous and y(T) — y5(T) = 0, we infer that
¥{ — ¥5 =0, as claimed. This completes the proof of Theorem 4.28. 0

4.2 Synthesis of Optimal Control

Consider the unconstrained problem (P) with fixed initial point, that is, the problem
of minimizing

T
/ L(t,x(0), u(t)) dr + go(x(T)) (4.142)
0
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inallx e C([0,T]; E)andu € LP(0,T; U), 2 < p < 00, subject to

xX'=AM®)x+Bu, 0<t<T,

(4.143)
x(0) = xp.
By definition, a feedback control is a function (possibly multivalued) A : [0, T'] x
E — U having the property that, for all xg € E and s € [0, T'], the Cauchy problem

X =AM)x +BA@l,x), s<t<T,

x(s) = xo,

has a solution (“mild”), x = x(z, s, x9). We call such a feedback control A, opti-
mal feedback control or optimal synthesis function provided that, for all s € [0, T']
and xg € E, u(t) = A(t,x(t,s,x9)) is an optimal control for problem (4.142)
and (4.143) on the interval [s, T]. The existence and design of optimal feedback
controllers is related to the problem of control in real time of differential systems
which is a fundamental problem in automatic.

This section is concerned with the existence of optimal feedback controls and the
method of dynamic programming, that is, the Hamilton—Jacobi approach to prob-
lem (4.142).

Owing to some delicate technical considerations, we restrict our attention to the
case where L, B and A are independent of ¢, without, however, losing the essential
features of the general problem.

4.2.1 Optimal Value Function and Existence of Optimal Synthesis

We consider here problem (4.142) and (4.143) where A(¢) = A is the infinitesi-
mal generator of a Co-semigroup e/, B(t) = B is a linear continuous operator
from U to E, ¢ is a convex continuous function on E and L(¢) = L is a lower-
semicontinuous convex function on E x U.

Further, we assume the following hypothesis.

(C') The Hamiltonian function H associated to L is everywhere finite on E x U*.
Moreover, there exist y > 0, p > 1, and the real numbers o, B such that

L(x,u)>y|ull’ —Blx|+a, VxeE, uel. (4.144)
There exists ug € U, such that
L(x,ug) <+oo forallx € E. (4.145)

The spaces E and U are assumed reflexive and strictly convex together with their
duals.
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For every s € [0, T], define the function ¢ : [0, T] x E — R
T
o(s,h) = inf{ / L(x,u)dt +g00(x(T)); x'=Ax + Bu; x(s) =h,
S
ueLp(s,T;U)}, (4.146)

which is called the optimal value function associated with problem (4.142).

Proposition 4.29 For all (s,h) € [0, T] x E, —o00 < ¢(s, h) < 400 and for every
h € E, the infimum defining ¢(s, h) is attained. For every s € [0, T], the function
(s, ) : E— R is convex and continuous.

Proof Let (s, h) be arbitrary but fixed in [0, T'] x E. By condition (4.145), wee see
that ¢ (s, h) < 400, while condition (4.144) implies, by virtue of Proposition 4.29
(assumptions (a) and (c) are trivially satisfied here), that the infimum defining
¢(s, h) is attained. This implies via a standard argument that, for all s € [0, T'],
the function ¢(s, -) is convex and nowhere —oo.

Now, we prove that ¢(s, -) is lower-semicontinuous on E. To this end, we con-
sider a sequence {h,} C E, such that ¢(s, h,) < M foralln and h,, — h,as n — co.
Let {x",u”) € C([s, T]; E) x L?(s, T; U) be such that

s

T
@(s, hn) =/ L(x, uf)dt + go(x}(T)) <M.

Then, by assumption (4.144), we deduce via Gronwall’s Lemma that {«}} remains
in a bounded subset (equivalently, weakly compact subset) of L? (s, T; U). Thus,
without loss of generality, we may assume that

u' - ug;  weakly in L (s, T; U)

and, therefore,

t
x!(t) = x(t) = e(t’S)Ah—i—f e""PABu(t)dr weakly in E for every ¢ € [s, T).

S
Since the function (s, u) — fsT L(x,u)dr and ¢y are weakly lower-semiconti-

nuous on LP (s, T; E) x LP(s, T; U) and E, respectively, we have

T
o (s, h) 5/ L. ) di + go(xs (T)) < M,

as claimed. Since ¢(s, -) is convex, lower-semicontinuous and everywhere finite
on E, we may conclude that it is continuous (see Proposition 2.16). Thus, the proof
is complete. U
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Let & be arbitrary but fixed in E, and let (x5, ug) be an optimal pair in prob-
lem (4.26). In other words,

T
cp(s,h>=/ L, ) dt + 9o (xs (7).

As mentioned in Sect. 4.1.1, the condition that —oo < H < 400 is more than suffi-
cient to ensure that Assumption (C) of Theorem 4.33 is satisfied. Hence, there exists
a function p; € C([s, T]; E*) (which is not, in general, uniquely determined) and
gs € LP(s, T; E*) such that

t
x5 (1) = e 9p +/ A DBy (r)dr, s<t<T, (4.147)

N

T
ps(0) =M T p(T) - f A g(r)dr, s<t<T, (4.148)
t

ps(T) € —0go(xs(T)), (4.149)
(g5, B*ps) € 0L(xs,u;) a.e.onls, T[. (4.150)

Fixing (y,v) € C([s,T]; E) x L?(s, T; U) such that y = Ay + Bv on [s, T] and
y(s) = h, we have by (4.149) and the definition of 9L

L(xs,u5) < L(y,v) + (g5, %5 — ) + (ps. Blus —v)), ae.tels, TI.

We integrate over [s, T']. By a straightforward calculation involving (4.147), (4.148),
and Fubini’s theorem, we find that

/YT L(xs, us)dr < /ST L(y,v)dt + (ps(T). x:(T) = y(T)) = (ps (), h — h),

whereupon by (4.147)—(4.149) we see that

o(s,h) < @(s,h) — (ps(s).h —h), YheE. (4.151)
Thus, we have shown that 4 € D(d¢(s, -)) and —p,(s) € dp(s, h). Let us denote
by ,///Xh the set of all the dual extremal arcs pg € C([s, T]; E*) corresponding to
problem (4.146). We have a quite unexpected relationship between ///sh and d(s).
Proposition 4.30 Forall s € [0,T] and h € E, we have

dp(s,h) = {—ps(s), ps .4} (4.152)

Proof Let o : E — E* be the mapping defined by

A h= {_ps(s)§ p E'///sh}-
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We have already seen that &/ C d¢(s, -). To prove the converse inclusion relation,
it suffices to show that .2/ is maximal monotone, that is, R(® + <) = E*. For any
hi € E*, the equation @ (h) + <7 h > hj can be explicitly written as

y =Ay+ Bv onl[s, T], (4.153)
p'=—A*p+q onls,T], (4.154)
(G, B*p) € dL(y,v) ae.onls, T, (4.155)
®(y(s)) — pls) =hg,  p(T) € —dgpo(y(T)). (4.156)
(Equations (4.153) and (4.154) must be considered, of course, in the “mild”
sense.) Il

Again by Theorem 4.5, system (4.153)—(4.156) has a solution if and only if the
control problem

r 1
inf{/ L(y,v)dt+§|y(s)}2_(hg,y(s))—i-(PO(Y(T));

N

veLP(s,T;U), yy=Ay+ Bvonls, T[}

has solution. But the latter has a solution by virtue of (C") and of Proposition 4.29.
Hence, the equation @ (h) + </h > h{ has at least one solution /. Equation (4.152)

can be used in certain situations to show that the operator d¢(s, ) is single-valued.
For instance, we have the following proposition.

Proposition 4.31 Let U = E, B = I and let the function L be of the form
Lix,u)=gx)+vu), VxeE, ueckE. (4.157)

If either * is strictly convex or g* and ¢ are both strictly convex, then 0¢(s, -) is
single-valued on E.

Proof 1t suffices to show that, under the above conditions, the dual extremal arc p;
to problem (4.146) is unique. By Theorem 4.16, every such p; is the solution to the
dual control problem

T
inf{/ M(p,v)dt 4+ ¢5(—p(D)) + (p(0), h), p'+A*p=n,
veL”(s,T;E*)}, (4.158)

where

M(p,v)=g*() +¥*(p).

If ¥* is strictly convex, then clearly the solution p; to (4.158) is unique. This also
happens if ¢ and g* are strictly convex. O
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Remark 4.32 In particular, it follows by Proposition 4.31 that ¢(s, -) is Gateaux
differentiable within E (see Proposition 2.40 and the comments which follow it).

Now, we return to the optimal control problem (4.142) and (4.143).
Let (x*,u*) € C([0,T]; E) x LP(0, T; U) be an optimal pair. Then, by Theo-
rem 4.33, there is p* € C([0, T]; E*) and g € LP(0, T; E*) satisfying

x* = Ax* + Bu* on|0, T], (4.159)
p¥=—A*p*+4qg onl0,T], (4.160)
(q, B*p*) € 0L(x*,u*) ae.on]0, T, (4.161)
p*(T) € =dgo(x*(T)), u (1) € 3, H(x* (1), B*p*(1))

ae.t€l0, T (4.162)

We see that, for every s € [0, T], (x*,u*) is also an optimal pair for prob-
lem (4.146) with initial value & = x*(s). Another way of saying this is that

T
go(s,x*(s)) =f L(x*(t), u*(t)) dr —i—(po(x*(T)) fors € [0, T], (4.163)

so that, by (4.152), we have
p*(s) +0¢(s,x*(s)) 20 forallse[0,T].
This means that
A(t,x) = 8,,H(x, —B*3¢(t, x))

is an optimal synthesis function for problem (4.142), (4.143). In other words, any
optimal control u*(¢) is given by the feedback law

u*(t) € 81,H(x*(t), —B*B(p(t, x*(t))), tel0,T], (4.164)
while the optimal state x* is the solution to the closed loop differential system

x' e Ax + BZ),,H(x, —B*E)(p(t,x)), 0<t<T,
x(0) = xg.

(4.165)

In a few words, the result just established amounts to saying that every optimal
control u is a feedback optimal control.
4.2.2 Hamilton—Jacobi Equations

In this section, we prove that, under certain circumstances, the optimal value func-
tion ¢ : [0,T] x E — R is the solution to a certain nonlinear operator equation
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(see (4.167) below), which generalizes the well-known Hamilton—Jacobi equation
from the calculus of variations and classical mechanics.

This equation is known in the literature (see, for instance, Fleming and Rishel
[27], Berkovitz [18]) as the Bellman equation or the partial differential equation of
dynamic programming.

We assume hereafter that £ and U are real Hilbert spaces, A is the infinites-
imal generator of an analytic semigroup of class Cp, and that the assumptions of
Sect. 4.1.1 are satisfied where L(t) =L, 99 =0, B(t) =B, p =2.

In addition, we assume that Condition (C’) is satisfied with p = 2 and that we
have the following.

For every k > 0, there exists Cy > 0 such that

sup{lyl; yedxH(x,q)} < Ck(1+ llqll) forqeU, |x| <k. (4.166)

The main result is the following theorem.

Theorem 4.33 Under the above assumptions, for every s € [0, T], the function h —
@(s, h) is convex and lower-semicontinuous on E and, for every h € D(A), the
function s — @(s, h) is absolutely continuous on [0, T'] and satisfies the equation

@5 (s, h) + (Ah, dp(s, h)) — H(h, —B*d¢(s, h)) =0
a.e.s €10, T[, Yh € D(A), (4.167)
o(T,h)=0 forallheE. (4.168)

Here, ¢5(s, h) stands for the partial derivative % @ (s, h) which exists a.e. on
10, T[. Equation (4.167) must be understood in the following sense: for all & €
D(A), almost all s € ]0, T'[ and every section n(s, h) C d¢(s, h),

@s(s, h) + (Ah, n(s, h)) — H(h, —B*n(s, h)) =0.
Here, d¢ (s, h) denotes, as usual, the subdifferential of ¢ as a function of 4.

Proof Fix h € D(A) and s € [0, T]. By Proposition 4.29 and Theorem 4.5, there
exist functions x;, ps € C([s, T1; E), gs € L*(s, T; E), us € L*(s, T; U) satisfying

x,=Ax; + Bu; ae.tels, T, (4.169)
Py=—A*ps+qs aerels, T, (4.170)
xs()=h,  p(T)=0, (4.171)
(gs, B*ps) € 0L (x5, us) ae.onls, T, “4.172)

and

T
mam=/ LGxy. ) dr.
0
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Equations (4.169), (4.170), and (4.172) can be equivalently expressed as

x; =Ax5+BapH(xs,B*pS) ae.rels, T, 4.173)
py=—A*p; — 0 H(xs, B*ps) ae.tels, TI. (4.174)

As noticed earlier (see Proposition 1.148), since A generates an analytic semigroup,
the functions x; and ps belong to WL2([s, T1; E) and are strong solutions to (4.169)
and (4.170) ((4.172) and (4.173), respectively).

By condition (4.144), we have

T 5 T T
y/ us @] dt+a§ﬂ/ |xs(r)|dr+f L(xg (1), us () dr

and this yields

T T T
y [w@Parass [nolas [ oE )
N N N

where x?(t) =y —s), u?(t) =u(t —s) and (y,u) is a feasible pair in prob-
lem (4.142).
It follows that

T T
/Hus(z‘)sztSC(/ |xs(t)|dt+1>, s€[0, T, (4.175)

where C is independent of s.
Along with the variation of constant formula

T
x5(1) =eAl=9p +/ ARy (t)ydr, s<t<T,

s

the latter inequality implies via a standard calculation involving Gronwall’s Lemma
T 2
/ Jus@)|"dt<C, 0<s<T. (4.176)
s
Then, again using Proposition 1.148, we get
T 2
/ |x;()|"dt<C, sel0,TI. 4.177)
s

(In the following, we denote by C several positive constants independent of s.)
Now, condition (4.166) and (4.174) imply

las()| < C(1+ |ps@)]) ae.tels, T (4.178)
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because, by virtue of (4.177), |xs(¢)| are uniformly bounded on [s, T']. Then, using
once again the variation of constant formula in (4.170), we get

T
WNHSC/I%QHM,temTL
S
Substituting (4.168) in the latter, we obtain by Gronwall’s Lemma
lps)| <C, tels,T] (4.179)

and, therefore,
lgs()| <C, tels, Tl (4.180)
By (4.170) and estimates (4.179) and (4.180), it follows that

T
/Ip;(t)lzdtsc, s€l0,T] (4.181)

(because A* generates an analytic semigroup).
Let € > 0 be such that s + & < T. We note that

T
p(s+e,h) < / L(xs(t — &), us(t —¢))dt,
s+e
whereupon
T
(p(s+8,h)—go(s,h)§—/ L(xg(1), ug(t)) dr. (4.182)
T—¢

On the other hand, a glance at relation (4.161) plus a little calculation reveals that

s+e
(s, h) —@(s +¢&,h) 5[ L(xg (1), ug(t))dr

+ (ps(s + ), x5(s) —x5(s +¢)).  (4.183)

We claim that the function t — H(xs(y), B*ps(t)) is absolutely continuous on
[s, T] and

d
a(H(xs(z), B*ps(1)) + (Axs(1), ps(1))) =0, ae.on]s, T]. (4.184)

Postponing for the moment the verification of these properties, we notice that (4.184)
implies that

H(xs(t), B*ps(1)) + (Axs (1), ps(t)) =8(s) forze[s, T].
On the other hand, (4.172) yields

L(xg(1), us (1)) = (Bug (1), ps (1)) — H(xs(t), B*ps(t)) ae.onls, T|,
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so that

L(xs(t), us(t)) = (xs/(t), ps(t)) —48(s) ae.tels, TI.
Substituting the above equation in (4.182) and (4.183) gives

lo(s +&,h) — @(s, h) — e8(s)|
T s+e
< max{/T |x'@®)] |ps(t)|dt,/ |x;@)| | ps(t) — ps(s + o) dt}. (4.185)

On the other hand, we have

T
}ps(t)|2 < 8/ ‘p/(r)|2dt forT—e<t<T,
T—¢
while
s+e
|ps(t)—ps(8+s)|§/ |pi(o)|dr fors <t <s-+e.
S
Estimates (4.177), (4.181), and (4.185) taken together show that
lo(s +&,h) —p(s,h) —e8(s)| < C(e)e, (4.186)
where
lim C(g) =0.
e—0
Moreover, it is obvious that
8(s) = H(xs(T),0).

Inasmuch as {|xs(T)|} is bounded in E, condition (4.166) implies, in particular,
that d; H (x;(T'), 0) and, consequently, §(s) are bounded on [0, 7']. Thus, inequal-
ity (4.186) shows that the function s — ¢(s, k) is Lipschitz on [0, T']. Moreover, it
follows from (4.186) that

d
aw(& h) =38(s) = H(h, B*ps(s)) + (Ah, ps(s)).

Recalling that, by Proposition 4.30, p,(s) = —d¢(s, k), we obtain the desired equal-
ity (4.167).

We complete the proof of Theorem 4.33 by verifying that the function H (x;(?),
B* ps(t)) has the properties listed above (equation (4.184)). We have already no-
ticed that the condition —oo < H (x, p) < +oo, for all (x, p) € E x U, implies
that the subdifferential 0 H = {—9, H, 9, H} of H is locally bounded in E x U (see
Corollary 2.111). In particular, this implies that the function (x, p) — H(x, p) is
locally Lipschitz on E x U. In other words, for every (xg, pg) € E x U there is a
neighborhood Vj of (xg, po) and a positive constant M such that

|Hx,p)—Hy.¢)| <M(Ix =yl +llp —qll)
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for all (x, y) and (y, g) in Vj. Since the functions x; and p are E-valued continuous
on [s, T'], the above inequality implies that

|H(xs(t)» B*ps(t)) - H(Xx(f), B*ps(f))| = M1(|xs(t) _xs(f)| + |ps(t) — Ds (;)D

forall 7 and 7 in s, T]. Recalling that x; and py are in W'2([s, T]; E), we may infer
that the function t+ — H(x,(¢), B*p,(t)) is absolutely continuous on [s, T] and,
therefore, it is almost everywhere differentiable on ]s, T'[ with % H(xs(t), B*ps(1))

in Lz(s, T). Next, we show that relation (4.184) holds almost everywhere on s, T'[.
Letrand & > O be such that ¢, ¢+ h € [s, T]. We observe from (4.173), (4.174), and
the definition of 0 H that

H (x5(t), B* ps(1)) — H (x; (1), B*ps(t + 1)) < (us (1), B*(ps (1) — ps(t + h)))
while
—H (x5(t + h), B*ps(t + h)) + H(xs(t), B*ps(t + h))
< (g5t +h). x4t +h) — x,(0)),
wherein g, (t) = p}(t) + A* ps(t). Combining the two relations above gives
H (xy(1), B*py(1)) — H(x5(t + h), B* ps(t + h))
- (Bus(t +h) —qs(2), xs(t + h)) — (qs(t), Xxs(t +h) — xs(t))
<(gs(t +h) — qs(1), x.(t + h) — x4(1)).
Similarly,
H (xs(t +h), B*ps(t + h)) — H (x5(t), B* ps(1))
— (Bus(t), ps(t + h) — ps(0)) — (gs (), x5(t) — x(t + h))

< (B(us(t +h) — ux(t)), ps(t+h)— ps(t)).

Integrating over [s, T — h] yields

1

T—h
3 [ OB ) =~ 0. B puta )

— (Bug(1), ps(t) — ps(t + h)) — (g5 (@), x(t + h) — x5()) | dt
= h
+ ‘Qs(t +h) _%‘(t)‘ ’xs(t) — x5 (2 +h)’)dt-

1 T—h
= / (|B(us(t + 1) —us(®)] | ps(t + h) — ps(@)]

Since x;, ps are in WH2([s, T1; E) and Buy,qs in L?(s, T; E), we can take the
limits for # — 0 and use the Lebesgue dominated convergence theorem to get

d * / /
aH(xS(t), B*py(1)) — (Bus(1), ps()) + (g5 (), x{(1)) =0 ae.1€]s, T,

as claimed. Theorem 4.33 has now been completely proved. 0
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Now, we prove a variant of Theorem 4.33 under the following stronger assump-
tions on H and A.

(a) The Hamiltonian function H satisfies Condition (C'), where p =2, and E, U
are real Hilbert spaces. The function p — H (x, p) is Fréchet differentiable and
the function (x, p) — 0, H (x, p) is continuous and bounded on every bounded
subset of E x U.

(b) L: E — U — R is continuous, convex and locally Lipschitz in x, that is, for
every r > 0, there exists L such that

‘L(xvu)_L(yvu)|§Lrlx_y| f0r|x|7|y|a”u”§r~

(c) A: D(A) C E — E is the infinitesimal generator of a Cy-semigroup on E and
o : E — Ris a convex, continuous function which is bounded on every bounded
subset.

Let ¢ : [0, T] x E — R be the optimal value function (4.146).
Theorem 4.34 Under assumptions (a), (b), (¢) and (4.166), the function ¢ satisfies
the following conditions.

(i) Forevery x € D(A), s — (s, x) is Lipschitz on [0, T1].
(ii) For every s € [0, T], x — ¢(s, x) is convex and Lipschitz on every bounded
sub set of E.
(i) For all h € D(A) and for almost all s € 10, T[, there exists n(s, h) € 0¢p(s, h)
such that
os(s,h) + (Ah, n(s, h)) - H(h, —B*n(s, h)) =0 aesel0,T[,(4.187)

o(T,h) =¢o(h) forallheE. (4.188)

Proof We denote by x(¢, s, h, u) the “mild” solution to the Cauchy problem

xX'=Ax+Bu, s<t<T,

4.189
x(s)=h. ( )

Let (s,h) € [0,T] x D(A) be arbitrary but fixed. Let (x;,us) € C([s,T]; E) x
L%(s, T: U) be a solution to (4.189) such that

T
@(s, h) = / L(xy,ug)dr + ¢o(xs(T)) (4.190)

and let ps; be a corresponding dual extremal arc. In other words, x;, ug, ps sat-
isfy (4.169), (4.170), and (4.172) (equivalently (4.173) and (4.174)) along with the
transversality conditions

xs(s)=h, ps(T) + 3¢o(x(T)) 2 0.
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Let0<s <s; <T and ug € U. By (b), L(x, ug) < +o0, for all x € E. Consider
the function w : [s, T'] — U defined by

w(t) =ug fors <t <sy, wt) =us @), s1<t=<T.

‘We have

K T
(p(s,h)—(p(sl,h)ff 1L(x(z,s,h,m)),uo)dz+/ (L(x(, s, h,w), w())

51

— L(x5, (1), ug, (1)) dr + o (x (T, 51, x(s1, 5, h, w), w))
—@o(x(T, 51, h, w)). (4.191)

On the other hand, we have

t
|x(t,5,h,up) — h| < |e*™h — b +/ eA=" Bug|dr < Clt — s|(1 + |Ah])
N
fors <t <sq,

and
|x(t,s1,h, w) — x(t,s1,h1, w)| <Clh—hy| fors; <t <T,
respectively,
|x(t, s, h,w) —x(t,51,h, w)| < Clx(s1, s, h,uo) —h| < Cls; —s|.

We notice that, by assumption (c), ¢p is locally Lipschitz on E (because ¢ and,
consequently, dgg are bounded on bounded subsets). Then, by (4.191), we see that
the function s — ¢(s, k) is Lipschitz on [0, T'].

Next, forall s € [0, T'], A, he E, we have

|x(t, s, hou) —x(t,s,h,u)| < Clh—h| (4.192)
and
t
|x(t, s, h,u)| §C(|h| +/ lu| dr), s<t<T.
)
Then, by (4.175), we see that for || < r, we may restrict problem (4.146) to those

ue Lz(s, T;U) and x(¢, s, h,u) which satisfy the inequality (C; is independent
of 5)

T
/||u(t)||2dr+|x(t,s,h,u)|§C, for0<tr<T.
s

Since the functions L and ¢ are locally Lipschitz, it follows, by (4.192), that

lo(s, ) —@(s,h)| < L,|h—h (4.193)
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for all s € [0, T'] and |A], |I~l| <r, where L, is independent of s.
It remains to prove that ¢ verifies (4.187). To this purpose, we fix h € D(A),
s € [0, T'] and notice that, forall s <t < T,

T
o(t.x5(0)) = / L(xs(), s (1)) d T + g0 (x,(T)).
t
Recalling that u, (t) = 9, H (xs(¢), B* ps(t)) for t € [s, T] and

L(xs (), us (1)) + H (x5(1), B* ps(1)) = (Bus (1), ps (1)), (4.194)

we conclude by assumption (a) that the function t — L(x;(¢), us(¢)) is continuous
on [s, 7] and therefore

% @(t, x5()) + L(x5(1), us (1)) =0, s<t<T.

Let s € [0, T] be such that the function t+ — ¢(t, h) is differentiable at t = 5. We
have

d
G Pxm)|  =Tm(e(,x () =g (s %)) = 57!
t1=s

+ tli_r)r;(go(t, xs(t)) — go(t, xs(s)))(t -9~ 4.195)

By the mean value property (see Proposition 2.66), there exist ¢; on the line segment
between x;(¢) and x,(s) and §; € dg (¢, &) such that

(p(t’xs(t)) - ‘P(ta XS(S)) = (8,,)9;([) - xs(s))-

Since, by (4.193), {4;} is bounded for r — s and lim;_,s {; = x4(s) = h, we may
assume that

8 — n(s,h) weaklyin E,
where 1 (s, h) € d¢(s, h). On the other hand, since the function u; is continuous on
[s, T] and x5(s) = h € D(A), it follows, from the variation of constant formula, that
t
x5 (1) =209 +/ A OBy (r)dr, s<t<T,
)

and that

lim (x5 (1) — x5(8)) (¢ — )" = Al + Buy(s).

—s
Along with (4.195), the latter yields

@s(s,h) + (n(s, h), Ah + Bug(s)) + L(h, us(s)) =0
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and, by (4.194),
@s(s.h) + (n(s, h), Ah) — H(h, —B*n(s, h)) =0,

because, by virtue of Proposition 4.30, we may take p,(s) = —n(s, h) € dp(s, h).
The proof of Theorem 4.34 is, therefore, complete. O

As regards the uniqueness in (4.142), we have the following theorem.
Theorem 4.35 Under the assumptions of Theorem 4.33, let ¢ : [0, T] x E — R be

a solution to problem (4.167)—(4.168) having the following properties.

(j) For every s € [0, T], ¢(s,-) is convex and continuous on E; for every x €
WL2([0, T1; E), the function t — ¢(t, x(t)) is absolutely continuous and the
following formula holds:

d
E(p(t, x(t)) =@ (t, x(t)) + (n(t, x(t)), x/(t)) ae t€]0,TJ, (4.196)

where n(t, x) € 0p(t, x).
(jj) For each xo € D(A) and s € [0, T], the Cauchy problem

x' e Ax + BapH(x, —B*B(p(t,x)), s<t<T,
(4.197)
x(s) = xo,
has at least one solution x; € Wi-2([s, T1; E) N L>®(s, T; D(A)).
Then ¢ is the optimal value function of problem (4.142) and
At,x) = BxH(x, —B*0¢(t, x))

is an optimal feedback control.

Proof Let y € Wh2([s, T1; E) and v € L2(s, T; U) be such that y(s) = h € D(A)
and

y =Ay+Bv ae.tels, T[.
By formula (4.196) and (4.167), it follows that

d
06 y®) =H(y@), =B"n(t, y®)) + (Bv@), n(t. y0)) = L(y(0), v(1)

ae.tels, T,

and, integrating over [s, T'], this yields

T
@(s, h) 5/ L(y,v)dt. (4.198)
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Hence,
o(s,h) <@(s,h) forallh € D(A), (4.199)

where ¢ is the value function of problem (4.142). Since D(A) is dense in E and ¢, ¢
are continuous, inequality (4.199) extends to all of E. Now, let X; be the solution to
the Cauchy problem

x'=Ax+BA(t,x), s<t<T,
x(s)=h,

and let uy = A(t, X5) be the corresponding control. We have
d - - - </
7 0(LEO) =@ (1.5 0) + (99 (1, % (1), %))
=@ (1, %5 (1)) + (A% (1), 09 (1, X(D))) + (09 (2, X5 (1)), Bit — s(1))
ae.tels, T[

and, therefore, by (4.167)

d 5 s .

aga(t, Xs(1)) = H(Xs(1), —B*3¢(1, %,(1))) + (Bdg(1, %:(1)), it (1))
= —L(X% (1), iis(1)) ae.r€ls, T,

since, by (4.164), iis(t) € 0, H(Xs(t), —B*d¢(t, Xs(¢))). Integrating the latter over
[s, T], we get

T
oo = [ L
S
and, therefore,
o(s,h) =¢(s,h) forallse[0,T], hekE.

Thus, ¢ is the optimal value function of problem (4.142) and i is an optimal control
onl[s, T]. O

Remark 4.36 In general, the optimal value function ¢, defined by (4.146), is called
the variational solution to the Hamilton—Jacobi equation (4.187) and (4.188), and
Theorem 4.35 amounts to saying that, under the additional assumption (4.166), this
is a strong solution.

Let us now take a brief look at some particular cases.
If E=R"and A =0, (4.187) reduces to the classical Hamilton—Jacobi equation

9 9
2 ot x) — H(x, —8—9” (t,x)) —0, 1€[0,T], x €R",
X

ot (4.200)

o(T,x)=go(x) forx e R".
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It is instructive to notice that the differential systems of characteristics is just the ex-
tremality systems in the Hamiltonian form associated to the corresponding problem
of the calculus of variations. We refer the reader to the book [33] of P.L. Lions for
other existence results on (4.200) and its implications in control theory.

As another example, consider the case of the control problem with quadratic cost
criterion, that is,

1
L(x,u)= (|C)c|2 + (Nu,u)), wo(x) = 3 (Pox,x), xe€eE,uel,

1
2
where C € L(E,E), Py € L(E, E) is symmetric and positive, and N is a self-
adjoint positive definite isomorphism on U. It is readily seen that

- 2
H(x,p)= z((N p.p)—ICx|?), forallxeEandpeU.
Thus, the corresponding Hamilton—Jacobi equation is
d 1 —1 px* * 1 2
AR h) — E(N B*0¢(t, h), B*d¢(1, h)) + (Ah, 8p(1)) + EIChI =0
ae.on 0, T, (4.201)
1
o(T,h) = E(Poh’ h), forevery h e D(A).

It is easily seen that D(¢(¢, -)) = E. Furthermore, (4.173) and (4.174) show that
the operator 1 — p;(¢t) = d¢(t, h) is linear and, therefore, self-adjoint on E (see
Proposition 2.51). Moreover, we have

1
o(t, h) = 5(P(r)h, h) forallheE, P(t) = 3¢p(t).
In terms of P(¢), (4.201) may be rewritten as

%(P(t)h, h) — (N"'B*P(t)h, B*P(t)h) + 2(Ah, P(t)h) + |Ch|* =0
a.e.on 0, T[ and for all h € D(A). (4.202)

Thus, differentiating formally (4.202) (in the Fréchet sense), we obtain for P an
operator differential equation of the following type (the Kalman—Riccati equation):

d -1
— P A*P P(t)A— P(t)BN™ B*P CC*=0,
a () + (1) + P(1) ) )+ (4.203)

P(T) = Po,
whereas the optimal feedback control u(¢) is expressed by (see formula (4.164))
u(t)=—N""B*P()x(t), 0=<t<T.

In this context, (4.203) is equivalent to the synthesis of optimal controller for the
given problem.



4.2 Synthesis of Optimal Control 313

Remark 4.37 Equation (4.167) can be studied in a more general context than that
treated here, namely, that of viscosity solutions (see Crandall and Lions [21-24]).
The concept of viscosity solutions for (4.167) is a very general one and within this
framework existence and uniqueness follow for quite general Hamiltonian func-
tions H. However, one must assume some growth conditions on H which are hard
to verify for Hamilton—Jacobi equations of the form (4.167), arising in the synthesis
of optimal control problems.

4.2.3 The Dual Hamilton—Jacobi Equation

The duality theorem for the optimal control problem (P) can be used to express the
solution ¢ to the Hamilton—Jacobi equation (4.187) and (4.188) in function of a
“dual” Hamilton—Jacobi equation associated with the dual problem (P*). Namely,
the optimal value function ¢ given by (4.146) is, in virtue of Theorem 4.16, equiva-
lently expressed as

T
o(t,x) = —igf{go{)k(—q) —i—inf{/ M(B*p(s), w(S)) ds + (p(t),x);
t
well(t,T:E), p=—A*p+wae.seT), p(T) :q”
= —inf{eg(—q) + x(t.9); q € E},
where M is given as in Sect. 4.1.8 and
T
X, q) = inf{/ M(B*p(s), w(s)) ds + (p(t),x); wel'(t,T;E);
1
p'=—A*p+wae.in(,T); p(T) =q}
T—1
=inf{/ M(B*p(s), w(s))ds + (p(T —1),x); p'=A*p+w
0
ae.in (0,7 —1), we L'(0,T —#; E), p(0) =q}
T
=inf{/ M(B*z(s), v(s))ds + (z(T), x);  =A*z—v
t

ae.se(t,T);, z(t)y=q, ve Ll(t, T; E)}.
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In other words, x : [0, T] — E — R is the variational solution to the Hamilton—
Jacobi equation

xi(t.q) — H(q. xg(t.@) + (A%q. x4 (t.9)) =0,
x(T,q)=(q,x),

(4.204)

where H is the Hamiltonian function
H(g,v) = sup{(v, w) — M(B*q,w); we E} V(g,v) € E x E.

We call (4.204) the dual Hamilton—Jacobi equation corresponding to (4.167).

We have proved, therefore, the following representation formula for the varia-
tional solutions to the Hamilton—Jacobi equation (4.187) and (4.188) (see Barbu
and Da Prato [15]).

Theorem 4.38 Under the above assumptions, the variational solution ¢ to the
Hamilton—Jacobi equation (4.187) and (4.188) is given by

o(t,x)= —inf{(p(”j(—q) +x(,q); q € E} V(t,x)el0, T]x E, (4.205)

where x is the variational solution to (4.204).

Now, we consider some particular cases. Let
L(x,u)=h(u), Yx,u)eEXE,
where £ is a continuous convex function such that
h*(z) =sup{(z,u) —h(u); ue U} <oo, VzeUl.

Then

h*(z), ifw=0,
M(z,w)zi @, ifw ) Y(z,w)e U X E.
+00, otherwise,

In this case, the Hamilton—Jacobi equation (4.187) and (4.188) has the following
form:

@[(l,x) + (AX, %c(t»x)) - h*(_B*(pX(t7x)) :09
@(T, x) = ¢o(x),

while the corresponding dual equation (4.204) is

xi(t.q) + (A*q. x4 (t.q)) + h*(B*q) =0,
x(T,q)=(x,q).



4.2 Synthesis of Optimal Control 315

This is a linear first-order partial differential equation which has the solution given
by

T—t
X(r,q)z(eA*<T—f)q,x)+/ n*(B*e?*q)ds, V(t,q)€l0,T1xE,
0

and therefore by (4.205), we have

T—t

o(t,x) = —igf{wa‘(—q) + (e T g, x) + /

h*(B*et S q) ds }
0

In the special case A = 0, this yields
o(t,x) = —inf{i(—q) + (¢, x) + (T — )h*(B*q)}
= sup{(p, x) — @3 (p) — (t — T)h*(=B*p); p € E}.

Using the Fenchel duality theorem (see Theorem 3.54), we may equivalently write
@ as

T

where H (p) = h*(—B*p) and H* is the conjugate of H.
With this notation, the function ¢ is the variational solution to the Hamilton—
Jacobi equation

o(t, x) =inf{goo(p) (T — t)H*(%); pe E} (4.206)

¢r —H(px)=0 i (0,7) X E,
@(T, x) = po(x).

Formula (4.206) is known in literature as the Lax—Hopf formula.

Assume now that L(x,u) = %|Cx|2 + (Nu,u) and ¢o(x) = %(Pox,x). Then,
as seen earlier, the Hamilton—Jacobi equation (4.187) reduces to the Riccati equa-
tion (4.203) (equivalently, (4.202)) and so, by (4.205), we have (see Barbu and Da
Prato [16])

1 1
E(P(t)x,x) = —qiglfz{i(Po_lq,q) +1/f(t,q)}

. r, _ 1
= — inf —(PO 1q,q)—i——(Q(t)q,q)+(r(t),q)+s(t) ,
geE 2 2
where Q is the solution to the equation
Q'+ AQ+ QA" - QC*CQ+BB*=0, Q(T)=0,

and

r'(t) + (A — Q(I)C*C)r(r) =0, tve@T), r(T)=x,
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1 T
s(1) = _5/ |CUT, T +1 —0)x| do,
1

where U (¢, s) is the evolution operator generated by A — Q(-)C*C (see Defini-
tion 1.147).

4.3 Boundary Optimal Control Problems

We present here a general formulation for the so-called “boundary optimal control
problem” in Hilbert spaces. There are some notable differences between this formu-
lation and that given in Sect. 4.1, and the main one is that the operator B arising in
system (4.1) is, in this case, unbounded from U to E. This more general formulation
allows us to include boundary controllers u into specific problems involving partial
differential equations.

4.3.1 Abstract Boundary Control Systems

Let E and U be a pair of real Hilbert spaces with the norms denoted | - | and || - ||,
respectively. Let A be a linear, closed and densely defined operator in E with domain
D(A) C E and U a linear continuous operator from U to E. Denote by (-, -) and
(-, -) the scalar product of H and U, respectively.

We assume that:

(i) A generates a Co-semigroup S(t) = e on E
(i) DeL(U,E).

An abstract boundary control system is of the form

dy = _ _
S O=A(O = Du®) = 1Du(®) + f(), 1€0.T) (4.207)

y(0) = yo,

or, equivalently,

?j—i}(t) =Az(t) —ADu(t)+ f(t), te(0,7),

2() = y() — Du(t), 1€(0,T), (4.208)
y(0) = yo,
where yo € E, u € L2(0, T; U), f € L*>(0,T; E), A € p(A) (the resolvent of A).
Formally, the solution y to (4.208) is given by

t t
y(t) = ey — f Ae ) Dy(s)ds + / e (=ADu(s) + f(5))ds. (4.209)
0 0
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However, since in general ADu is not in LZ(O, T; E), Formula (4.209) must be
taken in the generalized sense to be defined below.
We denote by (D(A*)) the completion of the space E in the norm

llxll =1 — A% x|, VxeH.

We have of course E C~(D(A*))’ in the algebraic and topological sense. Then we
consider the extension A of A defined from E to (D(A*))’

Ay(¥) = (y, A™Y), V¢ € D(AY). (4.210)
Then we mean by “mild” solution to (4.207) a (D(A*))’-valued continuous function
v :[0, T] — (D(A*)) such that
A " AU—s
(@), v)=(ey0,¥) — / (e Du(s), A*y) ds
0

t
+/ (A=) (=aDu(s) + £(5)), ¥) ds,
0

Vi € D(A%), Vt € [0, T]. (4.211)
Equivalently,
d—y:Ay+(A—,\1)Du+f te(0,T)
dr ' T (4.212)
y(0) = yo.

In this way, the boundary control system (4.207) can be written in the form (4.212),
that is,

dy ~

Y Ay+Bu+f 1e@©T),

a Y f 4.213)
y(0) = yo,

where B = (A — M)D € L(U, (D(A*))"). Therefore, we may view an abstract
boundary control as a control system of the form (4.1), but with an unbounded op-
erator B.

We present below a few specific examples.

1° Dirichlet Boundary Control Consider the control system

‘Z—f (t.x) — Ay(t.x) = f(t.x).  (1.x) €(0.T) x 2 = Q.

y(O,x) = yo(x), X e Q’ (4214)

y(t,x)=u(t,x), (,x)eXr=(0,T)x03S2.

Here, £2 is a bounded and open subset of RN with smooth boundary 9£2. In
system (4.214), the control input u is taken in L?(X7) = L?(0, T; L2(382)),
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f e L*(Qr) = L%0,T; L>(2)) and yo € L%(2). In order to write (4.214) in
the form (4.207), we set E = L%(2), U = L*(02), . =0, A = A, D(A) =
HO1 ()N H%(£2) and D € L(U, E) is the Dirichlet map associated with (4.214),
defined by

Du=z, (4.215)

where z € L?(£2) is the solution to the nonhomogeneous Dirichlet problem
Az=0 1in £2; z=u onoas2. 4.216)

The solution z to (4.216) is defined by
0
/ zA(pdx:/ u=2dx, Ve Hl(2)NHX($2), 4.217)
o) a dv

and it is well known (see Lasiecka and Triggiani [31, 32]) that D € L(L%(3%2),
H% (£2)). Then B = AD € L(L?*(3£2), (D(A*))’) and therefore system (4.214) can
be written as (4.212) (equivalently, (4.207)).
We note for later use that the adjoint B* € L(D(A), L2(8 £2)) of the operator B
is given by
dy

B*yza_, Vy e D(A) = H} (2) N H*(2), (4.218)
1%

where % is, as usual, the normal derivative.

2° Neumann Boundary Control Consider system (4.214) with Neumann bound-
ary control, that is,

dy .

2 _ Ay =

o1 y=/f inQr,

y(0,x) =yo(x) in 2, (4.219)
0

% =u onlX7,

where u € L2(X7).
In this case, U = L>(382), E = L2(2), A= A, D(A) = {y € H}(2); £ =0
on 92} and A is any negative number. Then Du = z is the solution to the Neumann

boundary problem

)
Ay —ay=0 in$2; a—yzu on 912
vV

and, as is easily seen, we have D € L(L?*(382), H'(£2)) and

B*y=ylse, VyeD(A")=D(A).
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A simpler and more convenient way to represent (4.219) as an abstract boundary
control system is to write it as

dy
— =Aoy+ Bu+ ae.te(0,7),
dr ! (4.220)

y(0) = yo,

where the operator Ag € L(V, V'), V. = H'(2), V' = (H'(£2))' is defined by
(Aoy, V) =f Vy-Vidx, VyeV,
2

and B € L(L%(£2), V') is given by (By, V) = fasz uydx,VpeV,yeV.

3° The Oseen—Stokes Boundary Control System Consider the linear system
ay .

o~ WA @ V)y+ (- Vb=Vp+ [ in(0.T)x 2=0r.

V-y=0 onQr, (4.221)
y(0,x)=0 in £2,

y(t,x) =u(t,x) onXr.

Here, y = {y1,...,yu}, V-y=divy, a,b e (H*(£2))", vo>0and 2 CR" is a
bounded and open domain with smooth boundary 9£2. System (4.221) describes the
dynamics of an incompressible fluid improving the classical Stokes model. In the
special case a = y., b = y,, this system arises by the linearization of the classical
Navier—Stokes equation

d .
= —wAy+(-V)y=Vp+f inQr,
V.y=0 on0Qr, (4.222)
y(0,x)=0 in£2,
y=u onQr,
around the stationary solution y, € (H?(£2))N (H(} £2))",V-y,=0.

Weset E={ye (L2(2)"; V - y=0,y-v=0o0n 082} (the space of free diver-
gence vectors on £2) and denote by A the operator

Ay =P(volAy — (ye - V)y — (v - V)e) (4.223)

with the domain D(A) = {y € E; y € (H} (£2))" N (H*(£2))"). Here, P is the Leray
projection of E on (Lz(.Q))” (see, e.g., [13], p. 251) and v is, as usual, the normal
to 052.
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Consider the operator D : U — E defined by

—v9ADu+ (a-V)Du+ (Du-V)Yb+ADu=Vp 1in$2,
V.-Du=0, Du=u onof2,
where U = {u € (L?(382))", u-v=0 on 92} and A > 0 is sufficiently large. Then
we have D € L(U, E).

System (4.221) can be written as (4.212), where A E—> (D(A*)) is given
by (4.210), that is,

(Ay, 1/[) = /;2 yA* Y dx

= —fgyj(voAI/fj — Di((e)ivj) + Dj((ve)ii)) dx,

Yy € D(A*) = D(A), (4.224)
and
B=(A—I)D:L*32)— E.
‘We have
X dy
B*y = Yz, Vy € D(A). (4.225)
v

Now, coming back to the “mild” solution y to system (4.207), by (4.211) we
see that, for u € LP(0,T;U), y: [0,T] — (D(A*)) is in LP(0,T; (D(A*) N
Cy ([0, T1; (D(A*))), that is, y is weakly (D(A*))'-valued continuous. However,
under additional assumptions on A, the “mild” solution is in L? (0, T; E). This hap-
pens, for instance, if besides (i) and (ii) the operator A satisfies also the following
assumption.

(iii) A is infinitesimal generator of a Co-analytic semigroup €' and there is y €
LY(0, T) such that

|B* | .5y ¥, Vie©T), (4.226)

where B = (A — AI) € L(U, (D(A*))).
Then we have the following proposition.
Proposition 4.39 Under assumptions (1)-(iii), the mild solution y to (4.207) is in
LP([0,T)]; E) if u e LP(0,T; U). Moreover, if y € LP (0,T), % + # =1, then
yeC(0,T]; E).

Proof Consider the function

t
(LTu)(t)zf e "9(A —X)Du(s)ds, te€l0,T]
0
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which, for each u € L?(0, T; U) is well defined from [0, T'] to (D(A*)) and be-
longs to C([0, T1; (D(A*))"). Moreover, we have

t
(Lru(t), ) =f (u(s), B*eX ™y )ds, Vi e L7 (0,T; E).
0
By (4.226) and the Young inequality, the latter yields

|(LTu(t)s W) |L1(O,T) <Cr ”M”LP(O,T;U) Iy ”LP/(O,T;E)
and, therefore,

ILrullLro,1:E) < CrllullLro,7:0)-
Hence, LTu € LP(0, T; E), as claimed. O

Assume now that y € LY (0, T). We have, as above, Ltu € L°°(0, T; E) and
|Lru(t+¢&) — Lru()|

t+e
/ eAUte=) By (s)ds

t

< +

t
(eAa - I)/ e By (s)ds
0

t+e
§C/ |u()| v @+e—s)ds + ds
t

t
(eAS_I) / eA(l—S)Bu(S)
0

t+e 3/ [rte .
§C</ Hu(s)”‘:/ds> (/ (vt +e—s9)" ds)
t t

t
(e —1) / e Bu(s) ds
0

E|._.

+

— 0,

as & — 0, because y € Lp,(O, T),ueLP0,T;U)and Ltu € L°°(0,T; E). Hence,
Lru € C([0, T]; E). Taking into account that, by assumption (4.226), we have

e B, . <v@®, Vie©,TI,

it follows by Proposition 4.39 that the “mild” solution y € L?(0, T; E) to (4.207)
can be equivalently expressed as

t
y(t) =eAyg + / A9 Bu(s)ds, ae.re(0,T). (4.227)
0

Let us check the key assumption (iii) in the examples considered above.
In the case of Dirichlet, for the boundary control system (4.214), by (4.218), we
see that (4.226) reduces to

<yOlyol 2@, VYo L* (), (4.228)

dy
2o
ov L2(382)
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where y(t) = e’y is the solution to the linear equation

%—Ayzo in(0,7)x 2=0r,

y=0 on(0,T)x0d82=2r,

y(0,x) =yo(x), xe$2.
Let us check that (4.228) holds with y () = Ct’%. Indeed, by Green’s formula, we
have for all ¢ € HZ(Q),

d 0
/ 8—)’(X,t)(0(x)dx=/ = y(x,l)<ﬁ(x)ds=/ Ay(x,Hep(x)dx. (4.229)
a v o ot Q

Let us denote by A%, 0 < o < 1, the fractional power of the operator A. A% is
defined by (see, e.g., Yosida [48], p. 260)

sina

o0
(—A)%x = / A7t — A" TAxda,  Vx e D(A).

0

Then H 5 (2)c DAY for0 < a < % (see Lions—Magenes [34], Lasiecka and Trig-
giani [31]) and by (4.229) we see that

d
/ 2 (g0 da
R ov

< [ ATyt n]- 4% as

< ClA D] g e Vo € HA(Q).

H? )
On the other hand, we have the interpolation inequality
|AT=*y| = Clay"|y*,  Vy e D(A).
Since y(t) = el Yo is an analytic semigroup, we have
C
[Ay®] =, vi=0,
and, therefore,
Ay ] 22y < €1 Mvoll2g2)s Yyo € L7 (2).

In virtue of the trace theorem, this yields
ay _3 2
%(X, Nu(x)dx| < Ct™4lyoll 2oy lull 2502y,  VYu € L7(382),
982

which implies the desired inequality (4.228) with y () =C t_?T .
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In particular, it follows by Proposition 4.39 that, foreachu € L?(0, T LZ(B.Q)),
the solution y to (4.228) is in L?(0, T; L*>(£2)) and, if u € L*(0, T; L*>(3£2)), then
y € C([0, TT; L*(2)).

Consider now the Neumann boundary control system (4.219). Then Assump-
tion (4.226) is reduced to

1
2 2
(/m|y(r,x)| dx) <yOlyoll 2. Yrelo, T,

where y (1) = e’y is the solution to

9

a—i—Ay 0 in(0,T)x £,
y(0)=up in £,

9

—y=0 on (0,T) x 052.
ov

Since, as is easily seen,

/T||y(r)||§,l(ms/T/ V3P dsdx < 2 13010,
0 0 Ja 2

we get by the trace theorem that

T 5 % 1
(fo /m|y<s,x>| dx) S\/;llyolle(g)

and, therefore, (4.226) holds with y € L2(0, T'). This implies that the solution y to
system (4.219) is in C ([0, T']; L2(£2)) for u € L?(0, T; L*(3£2)).

Consider now the Oseen—Stokes equation (4.221). By (4.225), we have, as above,
that

* 0 4+
IB** Yo 125000 = vo|| =€ Yo .
(Lroen v L2@2)"
while, by the trace theorem,
2] el g, = Clanien
(LZ(a_Q))n (H 2 (-Q))n

_3
< Ct *lyoll(L2¢2)y-

Hence, condition (4.226) holds with y (¢) = C t_% and we have the same conclusion
as in the case of the parabolic system (4.214).
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Remark 4.40 The abstract formulation (4.212) includes besides linear parabolic
boundary control systems of the type presented above also linear systems with sin-
gular distributed controllers. For instance, the parabolic control system

a

a—i]—Ay:uu in (0,T) x 2,

y=0 on(0,7) x 052, y(0)=yp 1in 2,

where u € L%(0, T) and u € (H(} (£2)NH?(£2)) canbe represented as (4.12), where
A=—A, D(A) = H(} (£2), U = R. In particular, if 1 <n < 3, one might take u =
8(xg) (the Dirac distribution concentrated in xo € §2). The latter is the case of a
pointwise controlled system.

4.3.2 The Boundary Optimal Control Problem

We study here the following unconstrained optimal control problem.

T
Minimize / L(t, y(0), u(r)) dr + £(y(0), y(T))
0

4.230
overallyeC([O, T];E) andu € LP(0,T;U) ( )

subject to state equation (4.207) (equivalently, (4.227)).

Here, p € [2,00[ and L : (0,T) x E X U—>TR, ¢:Ex E— R are convex
and lower-semicontinuous functions to be made precise below. We assume that
(iii) holds with y € LP'(0, T), where pi =1- % and so, by Proposition 4.39,
y € C([0, T]; E). This gives a meaning to £(y(0), y(T)).

An end-point pair (y1, y2) € E x E is called attainable for problem (4.230) if
there exists y € C([0,T]; E) and u € L?(0, T; U) satisfying equation (4.207) (in
the “mild” sense (4.227)) and such that L(¢, y, u) € L! 0,7),y0) =y1,y(T) = y3.
The set of all attainable pairs will be denoted by K .

We are now ready to formulate the main result of this section.

Theorem 4.41 Assume that the functions L(t) and € satisfy Hypotheses (C) and (E)
in Sect. 4.1, where Ky was defined above. Then a given pair (y*,u*) is optimal
in problem (4.230) if and only if there exist functions p* € C([0,T]; E) and q €
L0, T; E) satisfying along with y* and u* the system

pY=—-A"p*+q, 1€]0,T], (4.231)
(q(t), B*p* (1)) € OL(t, y*(t), u*(t)) a.e.t €10, TI, (4.232)
(P*(0), —p*(I)) € 3E(y*(0), y*(T)). (4.233)

and such that B*p* € Lp/(O, T;U).
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Equation (4.231) must be, of course, considered in the following “mild” sense:

T
p*(t):S*(T—t)p*(T)—/ S*(s —)gq(s)ds, 0<r<T,

t

where S*(1) = (St))* =eA™, 1 > 0.
Let us briefly present a few examples.

Example 4.42 Minimize
1
/g(x,y)dxdt—}-/ h(u)dxdt+—/ (T, 5) —&(x)| dx (4.234)
0 x 2Jo

inyeC([0,T]; L>(82)) and u € L?(0, T; L*(T)) subject to

y—Ay=0 inQ=]0,T[x £,
y=u onX=]10,T[x a8, (4.235)
y(0,x) =up(x), xeL.

Here, £2 is an open domain of R” with a smooth boundary 952 and & € L?(£2)
is a given function. The function g : £ x R — R is continuous and convex in y,
measurable in x, and satisfies

|g(x,y)| <ClyP?+¢(x) ae.xe, yeR,

where ¢ € L! (£2). As regards the function 2 : R — K*, it is assumed convex, lower-
semicontinuous and satisfying the growth condition

h(u) > Cilul>+ C> forallu e R,
where C; > 0.

Theorem 4.41 is applicable with E = Lz(.Q), U= Lz(B.Q), A=A, D(A) =
HO1 (£2) N H2(£2), B defined as in Example 4.42 and

1 .
z(yl,yz)z5/9|y2<x)—s(x>|2dx if yy=yo and

= +o0o if y; # yo,

L(t,y,u):/ g(x,y)dx+/ h(u)dx.
2 2

il

According to estimate (4.228), we should choose p > 4. Thus, recalling (4.218), by
Theorem 4.41, the pair (y*,u*) is optimal in problem (4.234) if and only if there
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exist p* € C([0, T1; L2(.Q)) and q € L', T; L2(.Q)) satisfying the system

pf+Ap*=q inQ,

q(t,x) e Byg(x, v (x, t)) ae. (t,x) € Q,
p =0 onX,

ap*
av
y50,x)=yo(x),  p*(T,x)+y"(T,x)=§(x) ae. xe.

(4.236)

€ dh(u®) ae.in X,

Example 4.43 We now present an optimal control problem in fluid dynamics:

(1T 2 T 2 1 2
Mln{—/ /’y(x,t)| dt+/ / |u(x,t)| dxdt}+—/ ‘y(x,t)| dx
2J)o Jo 0o Jae 2/

subject to (4.221).
(4.237)

In the context of fluid dynamics governed by the Oseen—Stokes system (4.221),
problem (4.237) expresses the regulation of the turbulent kinetic energy of the fluid
through the boundary control u.

The existence and uniqueness of an optimal pair (y*, u*) is immediate. As re-
gards the first-order optimality conditions, by Theorem 4.41 we have

*

9
W = vp aq in(0,T) x 2, (4.238)
v

where g™ is the solution to the adjoint system

*
ot

V.g*=0, in(0,T)x, (4.239)

g*=0 on(0,T) x 352,

q"(T,x)=—y*(T,x) ing2.

—vAg* — (V-a)g*+V(b-qg")=Vp+y* in(0,T) x £,

4.3.3 Proof of Theorem 4.41

Since the proof follows closely that of Theorem 4.5, it is only sketched.
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Let (y*,u*) € C([0,T]; E) x LP(0, T; U) be an optimal pair in problem (4.230).
For any A > 0, consider the approximating control problem

T
Minimize{ / (L;L(t, you)+p Hu— u*||p) dr +E)L(y(0), y(T))
0

1
+ 5y - y*(0>\2} (4.240)

overall (y,u) € C([0,T]; E) x LP(0, T; U) subject to (4.207). It follows, as in the
proof of Theorem 4.5, that problem (4.240) has a unique optimal solution (y;, u;)
and 0L, (¢, yy,uy) € LP(0,T; E) x LP(0,T; U). Let p, € C([0, T]; E) be defined
by

T
pi(t) = S*(T — ) pa(T) —f S (s =Dy La(s, ya(s), ua(s))ds.  (4.241)
t

Next, since (yy, u;) is optimal, we have

T
f (O L(ts yas 1), ¥) + (B Lty yas w3) + s, — w172 (up =), v)) dt
0

+ (96 (3.0, (D)), (y(0), (1)) + (y2(0) = ¥y*(0), y(0)) =0, (4.242)

forallve LP(0,T;U)and y € C([0, T]; E) satisfying (4.207), where f = 0. Then,
after some calculations involving Fubini’s theorem, we get

B*py — lu* —up|IP 2y — u*) = 9y Ly (t, yo, up), ae.te€l0,T[. (4.243)
By (4.242) and (4.243), we also have
(P2.(0) + y*(0) — y2(0), —pa(T)) = 3£,.(y2(0), y,.(T)). (4.244)

We have

T . 1
/0 (LA(t»YAsMA)+P_1||”A—H*”p)dt‘i‘ﬁk()’k(o)v)’A(T»"r‘§|yk(0)_y*(0)|2

T
5/0 Ly, u®)dr + £(y*(0), y*(T)),

and thus all u; remain in a bounded subset of L?(0, T'; U). Then arguing as in the
proof of Lemma 4.8, we find that for A — 0

u, — u*  strongly in LP(0, T; U), (4.245)
y.—y* inC([0,T]; E). (4.246)

Similarly, by the same reasoning as in the proof of Lemma 4.9, we infer that

lpp(D)|<C, 0<i<l. (4.247)
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Next, according to Assumption C, there exist functions «, 8 € LP(0, T) and vy, :
[0, T]— U such that ||v,(¢)|| < B(t),a.e.t €]0,T[ and, forallh € E, |h| =1,

Ly (t, y* (1) 4+ ph,vj(@)) < L(t, y*(1) 4 ph, v; 1)) < a(r).
This yields
|8y L. (1. oo 0) | < C(B@) + [us @) (" @) — s () |7
+|B*pr®)|) +8(t) aerel0, T[,  (4.248)

where § € LP(0, T). We set gy = dyL; (¢, y., u;). By (4.241) and (4.248), we have
T
|5l = (e =0+ [ c6-0(E6)+ o))
t

x (|| B*pa(o) | + | () —un(s)|P~") ds + 1). (4.249)

Next, by Young’s inequality, we have for p;, (s) = py(T —s), tiy(s) = up (T — 5)

v t p, #
</o (/0 t6s = 0]B @[5 56| ds) dt)

L v
5(/0 |;<r>|”’dt)" /0 it (5) ]| B* 5 s) | ds

1
< n(V)</0 |B*pa o] dr) " osvsr,

where lim;_, o n(t) =0.

We may, therefore, conclude by (4.249) that { fTTf . I1B* p;L||1’/ dr} is bounded for
some positive constant v. Then, by (4.241), we see that |p;, (¢)| are uniformly on
[T —v, T]. Now, reasoning as above, with T replaced by T — v, we find after several
steps that { B* p, } is bounded in L (0,T; U) and

|| <C, Vrel0,TI. (4.250)

It should be observed by (4.248) that {3} C L'(0,T; E) is bounded and
{ f o qxdt; 2 C [0, T]} are uniformly absolutely continuous. Then, according to the

Dunford—Pettis criterion, {g,} is a weakly compact subset of Ll(O, T; E). Thus,
extracting a subsequence if necessary, we may assume that
g, — q weakly in LY0,T; E),
pa(T) — pr weaklyin E,
) (4.251)
py — p weak-starin L*°(0,T; E),

B*p; — B*p weakly in L”' (0, T; U).
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It follows by (4.248) and (4.251) that g € L?(0, T'; E), while by (4.241)

T
Pk(f)—>17(f)=5*(T—t)PT—/ S*(s —t)g(s)ds forte[0,T]

t

in the weak topology of E.
Since y; (1) — y*(¢) uniformly on [0, T'], we may pass to the limit into (4.244)
to get

(p(0), —p(T)) € 3L(y*(0), y*(T)).
Similarly, by (4.243), (4.245), (4.246), and (4.251), it follows that

(q(t), B*p(t)) c 8L(t, v (@), u*(t)), ae. 10, 7],

as claimed. This concludes the proof of Theorem 4.41.

Remark 4.44 A duality theory for problem (4.224) could be developed following
the pattern of Sect. 4.1.8, but the details are left to the reader.

4.4 Optimal Control Problems on Half-Axis

We study here Problem (P) on the half-axis R = (0, co) and its implication in the
stabilization of linear systems. It is apparent from the previous development that,
in this framework, an existence theory for problem (P), as well as the maximum
principle type result, requires some stabilizability assumption on the pair (A, B).

4.4.1 Formulation of the Problem

We are given two real and reflexive Banach spaces E and U which are strictly con-
vex along with their duals E* and U*. A : D(A) C E — E is the infinitesimal gen-
erator of a Co-semigroup {S(z); ¢t > 0} on E. Then the adjoint operator A* generates
the dual semigroup S*(-).

Now, we consider the linear evolution Cauchy problem

x'(t) = Ax(t) + Bu(t), t>0,

4.252
x(0) = xo, ( )

where B is a linear continuous operator from U into E and u : Rt — U is a given
integrable function. As in the previous sections, by a solution to (4.252) we here
mean a “mild” solution, that is,

t
x(t) = S(t)xg +/ St —s)Bu(s)ds, t>0. (4.253)
0
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The problem to be studied is that of minimizing
o
(Pso) / L(x(1),u(t))dt
0

inue L (RT;U) and x € C(RT; E) subject to (4.252). Here, xg is fixed in E
and L : E x U — RT is a lower-semicontinuous convex function satisfying the
condition

L(x,u) > Cillul|> + Ca|x|* + C3 for (x,u) € E x U, (4.254)

where C; > 0 and C;, C3 are real constants.
For any xo € E and u € LIZOC(RJF; U), we denote by x(t, xo, #) the corresponding

solution to (4.253). Let G : L> (R*; U) x E — R be defined by

loc
G(u, xg) = /OO L(x(t, X0, U), u(t)) dr.
0

Inasmuch as L > 0, we infer that G (u, x¢) is well defined (unambiguously either a
real number or +00) for each (u, xg) € leOC (R; U) x E. In terms of the functional G,
Problem (Poo) can equivalently be written as

min{G (u, x0); u € L, (RT; U)} = ¢ (xo). (4.255)

loc

As in the case of optimal control problems on finite intervals, a function u for which
the infimum in (4.255) is attained is referred to as an optimal arc.
Let Dom(y) be the effective domain of the function ¥ : E — R¥.

Proposition 4.45 For every xg € Dom({), the infimum defining ¥ (xo) is attained.
Moreover, the function \r is convex and lower-semicontinuous on E.

Proof The proof of existence is standard but we reproduce it for the sake of com-
pleteness. Let xg € Dom(/) be fixed and let {u,} C L% (R*; U) be such that

loc

W(xO)SG(unaXO)Ew(XO)‘F%, n=12.... (4.256)

We set x,(t) = x(t, xo,u,) and fix any T > 0. After some calculation involv-
ing (4.252) and inequalities (4.254) and (4.256), we find that the {u,} remain in
a bounded subset of L2(0, T'; U). Since the space L>(0, T; U) is reflexive, we may
assume that

u, — u weakly in L>(0, T; U). (4.257)
Then, by (4.252), it follows that

Xp(t) — x(t) forallz >0 weakly in E
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and
Xxp, — x weakly in every L2(0, T; E). (4.258)

Since the function (y, v) — foT L(y(y), v(t)) dr is convex and lower-semicontinuous
and, therefore, weakly lower-semicontinuous on L2(0, T, E)x L2(0, T; U), it fol-
lows that

T
f L(x(t), u(t)) dr <yr(xg) forall T > 0.
0

Hence, [~ L(x(1), u(1)) df = (xo), as claimed.

Let xo and yo be arbitrary but fixed in E and let 1 € [0, 1].

We set xg = Axo+ (1 —X)yp and consider the pairs (x1, u1), (y1, v1) and (x;, u;)
such that

o0

‘/’(x‘)):/o L{x1(0), w1 () dt, Wyo)z/o L(y1(0), v1(0)) dt,
and
¥ (x3) :/o L(xx (1), up (1)) dz.

Since x5 (0) = x) and L is convex, we have
oo
v (x3) Sf L(Ax1+ (1= M)y1, dut + (1= Avy) dr
0

< xfo LGt u)di + (1 — “/o Lyt v1)di = 2 (x0) + (1 — )Y (30).

and, therefore, v is convex too.
To prove that v is lower-semicontinuous, consider a sequence x; — xo for
n — oo. Let (x,, u,) be such that

e¢]

¥ (x) :/o L(xp,up)dr.

Arguing as in the first part of the proof, we infer that {u,} is weakly compact in
leoc (RT; U). Hence, on some subsequence, again denoted {u,}, we have for every
T=>0

u, — i weakly in L2(0, T; U),
xp(t) > x(t) weakly in E forevery ¢ € [0, T'].

Hence,

T T
liminf/ L(xy,uy)dt > / L(x,u)dt forallT >0
0 0

n—o0
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and, therefore,
¥ (x0) < liminfy (xg) ,
n—>oo

as claimed. O

4.4.2 Optimal Feedback Controllers for (Po)

Let H : E x U* — R be the Hamiltonian function associated with L, that is,

H(y,q) =sup{(g,v) — L(y,v); ve U}

and let 0 H = —(—0y H, 9, H) be the subdifferential of H. Unless stated otherwise,
the following hypotheses are in effect throughout this section.

(1) The function H is everywhere finite on E x U*. Furthermore, one has
H(x,00<0,  H(x,q@) <C(IxP+llgl*+1), V(x,q)€ExU*,
(ii) There exists R > 0, such that
(a) S0, R) C Dom(y).

(b) For each xg € S(0, R) there exist a sequence T,, — +00 and the controllers
un € L0, Tp,; U) such that x(Ty,, xo, u,) € S0, R).

Here, S(0, R) is the open ball {x € E; |x| < R}.
As seen earlier, the condition that —oo < H < 400 on E x U* implies that H is
continuous and d H is locally bounded on E x U*.
By hypothesis (i), it follows that L satisfies (4.254) and
L(y,v)>0 forall (y,v)eE xU. (4.259)

The controllability hypothesis (ii) holds in some notable cases. In particular, it is
satisfied in the situation described in Lemma 4.46 below.

Lemma 4.46 Assume that the control system (4.252) is stabilizable and
L(0,0)=0, (0,0)eintDom(L). (4.260)

Then hypothesis (ii) holds. In addition, if either Dom(L) = E x U or the uncon-
trolled system (4.252) is asymptotically stable and

L(y,0) <400, VyekE,

then hypothesis (i) is trivially satisfied with R = 4-00.
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Here, Dom(L) denotes, as usual, the effective domain of L; that is,
Dom(L) = {(y,v) € E x U; L(y,v) <+oo}.
Proof By condition (4.260), there is r > 0 such that
L(y,v) <+oo forall|y|<r, ||v] <Tr. 4.261)

The fact that (4.252) is stabilizable means that there is a bounded linear operator
F : E — U such that the closed loop system y' = (A + BF)y is asymptotically
stable, that is, there exist y > 0 and M > 0 such that

ly(®)| < Mexp(—y)|y(0)|, Vi =0.

We take R = inf{;, 47| F'|l}, where | F'|| is the operator norm of F. By (4.260), we
see that

(y(t), Fy(t)) e intDom(L), Vt>0,

for each solution y with initial value xo = y(0) in S(0, R).
On the other hand, inasmuch as the subdifferential d L of L is locally bounded
within int Dom(L) we may infer that

21| + |22 =€, >0,

for all (z1(7), 22(1)) € AL(y(1), Fy(1)).
The above estimates, along with the hypotheses of Lemma 4.46 yield

L(y(@), Fy(®) < (z1(0), y(0) +(22(1), Fy(t)) < Cexp(—y1), forallz >0.

Thus, part (a) of hypothesis (ii) holds with R defined as above.
The proof of the last part of the lemma is straightforward, so we omit it. 0

Theorem 4.47 Assume that hypotheses (i) and (ii) are satisfied and let (x*,u™)
be an optimal pair for Problem (Ps,) with x*(0) = xg € S(0, R). Then the optimal
control u™ is given as a function of optimal arc x* by the feedback law

u*(t) € 04 H(x*(1), —=B*9y (x*(1))) a.e.1>0. (4.262)

As usual, 9y : E — E* denotes the subdifferential of the function .
In particular, Theorem 4.47 implies that each optimal arc to Problem (P,) is a
solution to the closed loop system

x'— Ax € By, H(x,—B*3y(x)), 1>0. (4.263)

Proof of Theorem 4.47 Let x( be a fixed element in S(0, R) and let (x*, u™) be an
optimal pair for Problem (P,) corresponding to xo € S(0, R). (The existence of
such a pair is provided by Proposition 4.45.) If  is the function defined by (4.255),
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then it is easy to see that, for each T > 0, (x*, u™) is also a solution to the following
problem:

t

T
min{ / L(y,v)dr + w(y(T)); y(t) = S()xo + / S(t —s)Bv(s)ds,
0 0
ve L*0,T; U)}. (4.264)

Here is the argument. Let v € L?(0, T; U) and y be the corresponding “mild” solu-
tion to (4.252) with y(0) = xq. Since, as seen earlier, the infimum defining 1 (y(T))

is attained, there exists w € leOC (RT; U) such that

1//(y(T))=/0 L(z, w)drs; 7 =Az+ Bw, z(0)=y(T).

It should be remarked that the pair (y;, v1) defined by

y(), 0<t=<T,
yi(®) =

z6—=T), T <t<oo,

v(t), 0<tr<T,
v1(¢)=< ©

w(it—-T), T<t<o

satisfies (4.252). We have

o] [ee] T
tﬁ(m)=fo L(X*,u*)dtffo L(yl,vl)dt=/o L(y,v)dt + ¢ (y(T)).

Thus, we may infer that ¥ (x*(T)) > fToo L(x*, u*)dt and, therefore,

() = /T L(x* (), 1" (1)) dr.

Let {T,} be the sequence defined in hypothesis (ii). According to this hypothe-
sis, for a sufficiently large n there exists an admissible control u, on [0, T,] such
that x (7, xo, u,) € intDom(y). Thus, Assumption (E) of Theorem 4.5 is satisfied.
Since the other assumptions automatically hold, we may apply this theorem to prob-
lem (4.264) to infer that for each n there is a continuous function py; [0, T,,] > E*
which satisfies the equation

T,

pn(t) = S*(Ty — 1) pu(Ty) —/ ' §*(s — g (s)ds (4.265)

t

on the interval [0, 7;,] and the final condition

pn(Ty) € =39 (x*(Ty)), (4.266)
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where qi’ € L2(0, T,; E*) satisfies the equation
(qf‘(t), B*p, (t)) € BL(x*(t), u*(t)) ae. .t €]0, T,[. (4.267)

(As pointed out before, dL : E x U — E* x U™ stands for the subdifferential of L.)
It follows, therefore, that

u*(t) e 8qH(x*(t), B* py (t)) a.e. t €]0, T,l[. (4.268)
To conclude the proof, it remains to show that
pa(t) € —aw(x*(t)) forallz € [0, T,].

Here is the argument. Let 2 be arbitrary in Dom(y) and let v € L? (R;U) and

loc
y(t) = St)h + fOT S(t — s)Bv(s)ds be such that ¥ (h) = fooo L(y,v)dr. Let t be
arbitrary but fixed in the interval [0, 7,,] and let y;(s) = y(s — 1), v:(s) = v(s — 1),
t <5 < +o0. It follows from (4.252) and the definition of d L that

L(x*(s), u™(s)) < L(y:(s), v:(5)) + (x*(s) — y:(5)., 41 (5))
+ (¥ (s) = vi(5), B*pu(s)) ae.s>0.
We integrate the latter on the interval [¢, T;] to obtain after some calculations
~(Pa (). X (@) = h) + (pu(T). x*(T) — y(T, — 1))
> /IT" L(x*(s). u*(5)) ds — /OT"_tL(y(s), v(s)) ds
=¥ (x* () — Y (*(T) — ¥ (k) — ¥ (y(T, — ).
Combining the latter with (4.266), we get
—(pa@), x*(1) = h) = Y (x*(1)) — ¥ (h) fort €[0,T,],

as claimed. This completes the proof. g

Let us assume now that every “mild” solution to system (4.252) with the initial
value x(0) in D(A) is a.e. differentiable. This happens, for example, if A gener-
ates an analytic semigroup and if the function x — 9, H (x, —B*3vr(x)) is Fréchet
differentiable. Suppose further that Dom(y) = E and set K = 0.

Let (x*, u™) be a solution to (Ps,). We have

(¥ (x*®)) + L(x*(0), u* (1)) =0 ae.t>0,
which in conjunction with the conjugacy formula defining the Hamiltonian H yields

(w(x*(t)))’ —(u*(t), B*Kx*(1)) = H(x*(t), —=B*Kx*(1)), ae.1>0.
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Using the chain rule differentiation formula
(¥ (x*®)) = (Kx* (), *) (1)), ae.r>0,
and keeping in mind that x* is a solution to system (4.252), we get
H(x*(1), —B*Kx*(t)) — (Ax*(t), Kx*(1)) =0 forallt >0,
and, therefore, K must satisfy the stationary Hamilton—Jacobi equation
H(h,—B*Kh) — (Ah, Kh) =0 forall h € D(A). (4.269)

It should be mentioned that a direct approach to the existence in (4.269) is hard
to obtain and also that the uniqueness of a regular solution is improbable. However,
it can be studied in the framework of “viscosity solution” theory.

4.4.3 The Hamiltonian System on Half-Axis

We say that a given pair of continuous functions x : RT™ — E and p : R™ — E*isa
solution to the Hamiltonian system

x'—Ax € B,;H(x,B*p), 1>0,

(4.270)
p +A*p e —03,H(x,B*p), >0,
if there exist functions ¢; € L}, (R™; E*) and u € L} _(R™; U) such that
t
x(t) = S(t)x(0) +/ S —s)Bga(s)ds fort >0,
0 . 4.271)
p®)=S"(T —t)p(T) — / S*(s —)gi(s)ds forall0<tr<T,
1
and
q2(t) € 3, H(x(1), B*p(1)),
2(1) € 0y H( ) 4.272)
q1(t) € —SXH(x(t), B*p(t)), ae.t >0,
or, equivalently,
(q1(t), B*p(t)) € OL(x(t), qa(t)), ace.t > 0. (4.272))

Here, (—dyH, 0, H) = 0H. (See (2.159) and (2.160).)

As seen in Proposition 4.45, under hypotheses (i) and (ii), Problem (Ps,) has at
least one solution (x, #). Our concern here is to characterize this optimal pair in
terms of the Hamiltonian system (4.270). To this aim, besides (i) and (ii), further
assumptions are necessary:
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() (0,0) is a saddle-point of H and H (0, 0) =0.
(jj) Foreachr > 0, inf{—H (y,0); |y|=r}>0.
(jjj) For each r > 0, there is a real positive function @ on R™ such that

tim 2© _

m— 0, H(y,q) < a)(||q||) forallg € U* and |y| <r. (4.273)
t

For the time being, the following consequences of the above assumptions are useful.

Lemma 4.48 Let H satisfy (j) and (jjj) and let L be the Lagrangian function asso-
ciatedwith H. Then L > 0 on E x U, L(0, 0) = 0 and there exists a positive function
y defined on R such that % — 0 for p— 0and

L(y,v) z plvll = y(p)max(l,y) forallp>0, yeE. (4.274)

Proof By the definition of the Lagrangian function L, we have

L(y,v) =sup{(g.v) — H(y.q); q €U},

which, in virtue of assumption (j), implies that L(0,0) = 0 and L > 0. The latter
also implies that

v (v) .
vl

L(y,v) = pllvll — H(y, pw) forall p >0, w=

On the other hand, since the function y — H (y, pw) is concave, we have

y
H(y,pw)§|y|H<|y—|,pw> for |y| < I.

Combining this inequality with assumption (jjj), we find (4.274), as claimed (for
|y] <1, inequality (4.274) is a direct consequence of (4.273)). O

Theorem 4.49 Let (x*, u™) be an optimal pair for Problem (Px,) with |x*(0)| < R.
Then, under hypotheses (i), (i1), (j), (jj) and (jjj), there exists a continuous function
p satisfying along with x* and g, = u™ system (4.270) and the conditions

lim x*(z) =0, |p(t)| bounded on R (4.275)
—00
Moreover, one has
p(t) € =0y (x*(1)) foreveryt>0. (4.276)

Conversely, if the pair (x,u) satisfies system (4.271) (with qo = u) and condi-
tions (4.275), then it is optimal in Problem (Pso).
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Proof As seen in the proof of Theorem 4.47, for each n there is a function p,, :
[0, T,,] = E* satisfying (4.265)—(4.267). Moreover, we have

Y (x*()) = /OOL(x*,u*)ds fort >0, (4.277)

t

Pa(t) € =3y (x*(1)) fort €0, Tp]. (4.278)

Next, by Lemma 4.48, we have

t+h 1 t+h t+h
/ |u*(s) ds < —/ L(x*,u*)ds+w<h+/ |x*|ds),
t P Ji 1Y t

forall 7, > 0 and p > 0. Since L(x*, u*) € L' (R*), we infer that

t+h t+h
/ [u*(s)| ds < 9(t)<1 +/ |x*|ds> forall >0, (4.279)
t t

where lim;_, », 8(¢) = 0. The latter combined with the obvious equality
h
x*(t +h)=Sh)x*(t) + / S(h —s)Bu*(t +s)ds, t,h>0,
0

yields
|x*¢+m)| <C(|x*®)|+6@1)) fort=>0, helo,1], (4.280)

where C is independent of ¢ and & and lim;_, o 6(t) = 0. On the other hand, the
obvious inequality

L(x,u)>—H(x,0) forallxeE, uelU,
implies that —H (x*, 0) € L' (R™). Hence,
—H(x*(1),0) <8(T) for t €[T,+oo[\ET,

where §(7'), and the Lebesgue measure of E7 tends to zero for T — +00. Along
with hypothesis (jj), this implies that

|x*(1)| <n(T) fort [T, +oo[\ET,
where n(T) — 0 for T — +-o00. Then, by estimate (4.280), we may conclude that
lim x*(¢) =0.
t—>00

In particular, we infer that there is 7 > 0 such that x*(¢) € intDom(y) for r > T.
Since dv is locally bounded on int Dom(v), it follows by (4.278) that

|pn(t)| <C fort > T, and n sufficiently large. (4.281)
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On the other hand, by (4.267) and the definition of d L, we have

p(g1 (©), w) + (B pu(0), u™ (1) — (1)

> L(x*(1), u™ (1)) — L(x* (1) — pw, v(1)), (4.282)

forall p > 0and w € E. If we take v(¢) € 9, H (x*(t) — pw, 0), we get

L(x*(1) — pw,v(1)) = —H (x*(t) — pw, 0)
and, therefore,

lv® | + L(x*@) — pw, v(1)) < C,
for all t > 0, |[w| = 1 and p sufficiently small. It now follows from (4.282) that
plat ] = C(|u* @ |(|pa®)| +1) +1) forr=0,

which, along with the equation

T
Pn(t)=S*(T—f)Pn(T)—/ §*(s —)gi(s)ds, 0<t<T<T, (4283)

t

implies that {| p,(¢)|} are uniformly bounded on [0, T']. Hence, by (4.281), we may
infer that

|pn()| <C forallz>0andn=1,.... (4.284)
Next, by the definition of d H (see (2.144)), we have

p(q{‘, w) <H&* B*p,)— H(x* — pw,B*p,) forallp>0, wek,
and
—H(x* — pw, B*py) < —H (" — pw,0) + (3, H(x* — pw, 0), B*py,).
Since H and d H are locally bounded, we have
lg} ()] <C forallt >0 and all n.
Thus, extending g{' by zero outside the interval [0, T, ], we may assume that
qq — q1  weak-star in L™®(R"; E¥).

On the other hand, it follows by (4.284) that there exists an increasing sequence
tj — +o0 and a subsequence of {p,} (again denoted p;) such that, for n — oo,

pn(tj) = p’  weakly in E* for all j.

Since (4.283) is satisfied for all T =1; < T, we infer that there exists a function
p:RT — E* such that p(tj) = p/,

pn(tj) — p(t;) weakly in E* for all j
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and
‘i
P(t)=5*(tj—t)p(tj)—/jS*(S—t)ql(S)ds, 0<t=<ty,
t

forall j =1,2,.... Letting n — oo in (4.278), we get (4.276), as claimed. Note
also that by (4.267) we have

(q1(), B*p(1)) € OL(x* (1), u™ (1)), ae.t>0,

while (4.284) implies that | p(¢)| is bounded over R™. Thus, x*, p and u* satisfy all
the requirements of the theorem. The sufficiency of condition (4.275) for optimality
is immediate. g

Remark 4.50 1t follows from Theorem 4.49 that the feedback control (4.262) stabi-
lizes system (4.252) and

{(x, p) € E X E*; p+0¢(x)>0}

is a positively invariant manifold of system (4.270).

Another important consequence is that, by (4.272) and (4.276), the optimal con-
trol u™ is expressed in feedback form as

u*(t) = 9y H (x*(t), —B* 0y (x*(1))).

We present now other qualitative aspects concerning the Hamiltonian sys-
tem (4.270). The following supplementary assumptions are imposed:

(v) H(y,q) is strictly convex in q for each 'y € E.
(vj) H(y, q) is strictly concave in y for each q € U or H is Gdteaux differentiable
ing.
(vjj) N(B*)={0} or H(y, q) is Gdteaux differentiable in y and the pair (A, B) is
“controllable”, that is, B*S*(t)xo = 0 on some interval [0, T] implies xo = 0.

Theorem 4.51 In Theorem 4.49, suppose further that hypotheses (Vi) up to (vjj)
hold. Then, for each xo € S(0, R), there exists a unique solution (x*, p) to sys-
tem (4.270) satisfying (4.275). Moreover, { is Gdteaux differentiable on S(0, R)
and

lim p(t) =0 weakly in E*.

1—00
Proof We prove first that for each x there exists at most one function p satisfying
system (4.270) along with x and u. Assume the contrary and let p; be another

solution to this system. Then (4.270) implies that B*(p — p;) =0 a.e. t > 0, because
the function H(x, -) is strictly convex. Moreover, by (4.270) we see that

(p—p)' +A*(p—p)=0 fort>0.
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Since the pair (A, B) is “controllable”, the latter implies that p — p; = 0, as claimed.
On the other hand, as seen in Theorem 4.49, every solution x to system (4.270)
and (4.275) is an optimal arc to Problem (P,). If (v) holds, then the function L is
strictly convex and, therefore, for each xg, the solution of Problem (P,) must be
unique. This fact proves the uniqueness of the solution (x, p) to system (4.270).

Denote by I C E x E* the set of all the pairs (xg, po) having the property that
there exists a solution (X, p) to system (4.270) satisfying

X(0) = xo, p(0) = po,
and

p(T) € —ay (R(I)), (4.285)

where T is a positive number with the property that there is a control u €
L*(0, T; U) such that y(T, xo, u) € S(0, R) and L(y(t, x9, u), L' (0, T') (by hypoth-
esis (ii), such a number T always exists). As seen in Theorem 4.5, system (4.270)
with condition (4.285) and x(0) = x¢ is equivalent to the optimization problem

T
min{ / L(y,v)dr + Iﬂ(y(T));
0

t

¥ () = S(t)xo + /

S(t —s)Bv(s)ds, ve L*0,T; U)}. (4.286)
0

Since problem (4.286) admits at least one solution, we may conclude that I"xo # ¢}
for each x¢ € S(0, R). Furthermore, since, as noticed earlier, L is strictly convex,
problem (4.286) admits a unique solution which must agree on [0, T'] with (x*, u™).
In other words, X = x* and p = p, where (x*, p) is the unique solution to sys-
tem (4.270) satisfying (4.275) and the initial condition x*(0) = xg. Thus, I" can be,
equivalently, defined as

I'xo = p(0) for xg € SO0, R).

In particular, we deduce that I" is single-valued and —I"x¢p C 9y (xo) for all
|xo] < R. We prove that —I" agrees with 9y within S(0, R). To this end, it suf-
fices to show that —I" is maximal monotone on E x E*, thatis, R(® — I') = E*,
where @ is the duality mapping of E. Let y; be a fixed element in E*. The equation

D (xg) — I'xg = yg (4.287)
can equivalently be written as

¥ —AX € Bo;H(x,B*p), 0<t<T,

i i oo (4.288)
p+A*pe—9,H(Xx,B*p), 0<t=<T,

with the two-point boundary-value conditions

®(%(0)) — p(0) = y5, p(T) € =3y (X(T)). (4.289)
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It is apparent that (4.288), and (4.289) are just the extremality equations in the
Hamiltonian form (see (4.266) and (4.267)) for the control problem

r 1
min{fO L(y,v>dr+w(y<T))+5|y<0>|2—(y<0),y3‘);

T
y()=S(@)yO) + / S —s)Bv(s)ds, ve LZ(O, T; U)},

0
which, by hypothesis (i), admits at least one solution.

We may conclude, therefore, that (4.287) has at least one solution xo € E. Sum-
marizing, we have shown that —I" = 9y on S(0; R). In particular, we infer that
d (xp) is singleton for each |xg| < R. This fact implies that ¢ is Gateaux differen-
tiable on S(0; R) and its gradient Vi = 9. On the other hand, —I" is demicontin-
uous on S(0; R) (that is, strongly—weakly continuous) because it is single-valued,
maximal monotone and bounded within S(0; R) (its domain contains S(0; R). This
fact combined with (4.275) yields

p() — 0 weakly in E* as t — 00,

as claimed. O

4.4.4 The Linear Quadratic Regulator Problem
Here, we consider the special case in which L is quadratic, that is,
1
L(y,v)=(ICyP+v|?) fory€E, veU,

where C is a linear continuous operator from E into itself and E, U are real Hilbert
spaces. As regards the operators A and B, the assumptions are those from Sect. 4.1.

It should be observed that hypotheses (i), (j), (jjj) are trivially satisfied in this
special case. We say that system (4.252) is L>-controllable if, for each xq € E,
there exists v € L2(RT: U) such that x(z, xo, v) € L2 (R*; E). As an immediate
application of Theorem 4.51, we find the following theorem.

Theorem 4.52 Assume that system (4.252) is L*-controllable. Then Problem (Pso)
has a unique optimal pair (x*, u*) related by feedback synthesis law

u*(t)=—B*Px*(t) fort=>0, (4.290)

where P is a linear, continuous, self-adjoint and positive operator on E satisfying
the algebraic Riccati equation

PBB*P — PA— A*P = C*C. (4.291)

The minimal cost in (Pxo) is ¥ (x0) = %(Pxo, X0).
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Proof The existence and uniqueness of the optimal control u* follow by Propo-
sition 4.1 and the strict convexity of u — L(x,u). By Theorem 4.47, u*(t) €
—B*y (x*(t)), where

t

I/f(xo)=inf{%/oo(ICx|2—|—||u||2)dt;)c(t)=S(t))co—i—/ S(t—s)Bu(s)ds}.
0 0

It is immediate that ¢ (Axg) = Azw(xo) and, for all xg, yo € E, we have the follow-
ing equality:

¥ (x0 + Y0) + ¥ (x0 — yo) = 2(¥ (x0) + ¥ (30)).
Define the operator P : E — E by

1
(Pxo, y0) = 5(1/f(x0 + y0) — ¥ (x0 — y0)).-

Clearly, the operator P is linear, continuous, self-adjoint and positive. In particular,
we find that ¥ (xg) = %(Pxo, xp) and Vi = P. Then, differentiating (4.269), we
get (4.291), as claimed. O

Theorem 4.53 In Theorem 4.52, if we assume, in addition, that

(a) there is a linear continuous operator K : E — E such that A + K(C*C)% ge-
nerates an exponentially stable semigroup,

then the feedback law (4.290) stabilizes system (4.252), and (4.291) has a unique
self-adjoint and positive solution P.

Proof Let P be the operator defined above. We have u* = —B*Px* € L>(Rt; U)

and (C*C )%x* € L>(R*; E). On the other hand, x* is the solution to the closed
loop system

x'=(A+ KQ%)x + Bu* — KQ%x, x(0) = xo,

where Q = C*C. Hence, x* € L>(R*; E). By Lyapunov’s theorem in Hilbert
spaces (see Datko [25]), we conclude that [x*(7)] < C exp(—at)|xg| for some o > 0,
as claimed.

Uniqueness. Suppose that P, P; both satisfy (4.291). Under the preceding as-
sumption, we find that A — B D generates an exponentially stable semigroup S (¢),
where D = B*P (P is given by Theorem 4.52). Write D; = B* P and notice that

((2P1(A—BDy) + D{D; + C*C)x, x)
=((2P(A - BD)+ D*D + C*C)x, x)

+(2(P1 — P)(A— BDy)x, x) + | (D — D)x|*.
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Since P and Pj are solutions to (4.291), we have

((2P(A—BD)+ D*D+ C*C)x,x) =0, Vx e D(A),
((2P1(A = BDy) + D}) + DiD; + C*C)x,x) =0, Vx e D(A),

and, therefore,
2((Py — P)(A— BD))x,x) + | (D= DDx|> =0, VxeD(A).

We set S (f) = eA=BDPD! Then the latter yields
d 2
2{ (P = P)3 SiDx, Si()x ) + [v)||"=0, Vvi=o,

where v(t) = (D — D1)S;(¢)x. Integrating on R and remembering that, for some
a >0,

|S1(1)x| < Cexp(—at)|x], >0, Vx€E,
we get
o 2
((P1 — P)x,x) :/ [v@®)|"dt=0, VxeE.
0

Hence, P; > P and, therefore, P; = P, as claimed. This concludes the proof. O
Remark 4.54 Condition (a) is known in the literature as a “detectability assumption”
and it is satisfied in particular if C is a positive definite operator. In this case, we

derive from Theorem 4.52 the following simple result.

Corollary 4.55 The control system (4.252) is stabilizable if and only if it is L>-
controllable.

4.5 Optimal Control of Linear Periodic Resonant Systems

In this section, we study the optimal control problem
T
minimize / (g(Cy®) + h(u()))dr (4.292)
0
subjectto u € L%(0,T;U) and y € C([0, T]; H) satisfying the state system

dy
2 Ay +Butf 1€(0,T),
a Y f (4.293)

y(0) = y(T).
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Here, H, U and Z are real Hilbert spaces, A is the mﬁmtesnnal generator of a Co
semigroup e’ on H, Be L(U,H),C € L(H, Z), g : Z->R" ,and h : U— R are
lower-semicontinuous convex functions. The solution y to the state system (4.292)
is considered in the “mild” sense, that is,

t
y(1) =eMy(T) + f e (Bu(s) + f(s))ds, Vrel0,T]. (4.293")
0

It should be said that, if the system is resonant, that is, the null space of the operator
% + A with periodic conditions is not trivial, then Assumption (E) from Sect. 4.1
does not hold, so Theorem 4.5 is not applicable, because the operator (I — eAT)
is not invertible as in the case of Problem Pr. Thus, for the maximum principle, as
well as for the existence in problem (4.292), one must assume some stabilization and
detectability conditions for the pairs (A, B) and (A, C), respectively, as in the case
of Theorem 4.52. As a matter of fact, the analysis of the periodic optimal control
problem (4.292) has many similarities with that of the optimal control problem on
half-axis presented in Sect. 4.4.

We use the standard notations for the spaces of vector-valued functions on the in-
terval [0, T']. The norms and the scalar products of H, U, Z are denoted by |- |, |- |y,
||z and (-, -), (-, v, (-, -) z, respectively. Given the lower-semicontinuous, convex
function ¢ on the Hilbert space X, we denote, as above, by d¢ the subdifferential
of ¢, and by ¢* the conjugate of . Given a linear, densely defined operator W on a
Banach space, we denote by D(W) the domain of W, and by R(W) its range. The
dual operator is denoted by W*.

4.5.1 Weak Solutions and the Closed Range Property

Let o be the linear operator defined in L%(0,T; H) as
dy=f (4.294)

if and only if

T
/0 (Y, @' (1) + A%0(®)) + (f (1), p(1))) dt =

for all ¢ € W2([0, T]; H) such that A*¢p € L?(0, T: H); ¢(0) = ¢(T). A function
y € L*(0, T; H) satisfying (4.294) is called a weak solution to the periodic problem

d
d—f —Ay+ [ y(0)=y(T). (4.295)

It is readily seen that the operator </ is closed and densely defined in
L?(0, T; H). Moreover, the dual operator .7* is defined as

d*z=g (4.296)
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if and only if

T
/0 ((z0), ¢' (1) = Ap(D)) = (¢(1), g(1))) dt =0, (4.297)

for all p € W-2([0, T1; H) such that Ap € L?(0, T: H), ¢(0) = ¢(T).

Let N(&) and N(</*) be the null spaces of &/ and /™, respectively. If R(&)
(the range of <) is closed in L?(0, T: H), then, by virtue of the closed range theo-
rem, so is R(2/*) and we have

L2(0,T; H) = R(</) ® N(o/*) = R(*) ® N(). (4.298)

This means that, for each f € R(&7), the solutions y to the equation &y = f
are expressed as y = y; + N(&), where y; € R(&/*) is uniquely defined. We
define o7~ as &/~! f = y| and note that, by the closed graph theorem, o7 ! €
L(R(47), L*(0, T; H)). The operator («7*)~! € L(R(=/*), L*(0, T; H)) is simi-
larly defined.

Proposition 4.56 Assume that, for each m € Z, the range Yy, of il — A is closed
in H and

sup{ [ (umil = A7y s m € Z} < 00, (4.299)

where [ty = 22%. Then R(</) is closed in L*(0, T H).

Here, we have again denoted by A the realization of the operator A in the com-
plexified space H.

Proof If f e R(«7), then there is a y € L%(0, T; H) such that

Y= ymexp(umit), t€(0,7), (4.300)

mez

where

i = (i = A fus fu=T"" /0 " exppmin) f0)
and so, by (4.299) and Parseval’s identity, we get
I¥I20.7:m) < CU S 20,7 1)
where &7y = f. This implies that R(<) is closed in L%(0,T; H), as claimed. O
Let o : D(o) C L*(0, T; H) — L?(0, T; H) be the linear operator defined as

oy = f (4.301)
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if and only if

t
V() =M y(T) + / A f(s)ds, 1€ (0,T).
0

In other words, <%y = f if and only if y is continuous and it is a “mild” peri-
odic solution to (4.295). It is easily seen that < is closed and densely defined in
L*(0, T; H). Moreover, a simple integration by parts shows that % C /. As a
matter of fact, we have the following result.

Proposition 4.57 o) = /.

Proof Since, as noticed earlier, the inclusion o7 C </ is immediate, we confine
ourselves to checking that &/ C 2. Let (v, f) € o/. We have

(@)= Z Ym €xp(ipit) in L*(0, T; H); (mi — A)ym = fm- (4.302)
me7z

Then the sequence

IND =Y Y explipimt)

|m|<N

is convergent to y in LZ(O, T; H), and, for each N, yy is a “mild” solution
to (4.295), where f = fy = Zlm\sN Smexp(iumt). Hence,

t
yn (@) = e yy(s) +/ e fyrydr, 0<s<t<T,
s (4.303)
yn(0) = yn(T).
Since yy — y and fy — f in L?(0,T; H) and a.e. on (0, 7) (on some subse-
quence), we infer by (4.303) that {y, (T)} is strongly convergent in H to some y;

and, therefore, yy (¢) is uniformly convergent to y(¢) € C([0, T]; H) and &y = f,
as claimed. O

By Proposition 4.57, we have

T
R() = {f e L*(0,T; H); / D f(tydr e R(I - eAT)}, (4.304)
0
N()={yeL*0,T; H); y0)=e"yo, (I—e"T)yo=0}.  (4.305)

Moreover, the dual operator ./* is given by .#*z = g if and only if

T
z2() =e T=02(0) + / et 0 Dg(s)ds, Vrel0, Tl (4.306)

t
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Proposition 4.58 R(<7) is closed in L*(0, T; H) ifand only if R(I —eAT) is closed
in H.

Proof If R(I —eAT) is closed in H, then, by (4.304), we see that R(.<7) is closed
in L2(O, T; H). Assume, now, that R(<7) is closed and consider the linear subspace
of H,

X ={xeH; e"x e R()}.
(Here, we have denoted by (e4’x) the function t — e’ x.) We have
X=R(I-eT). (4.307)

Here is the argument. If x € R(I — eAT), then TeATx € R(I — eAT), and therefore
the equation

(1 —e*T)yg=Ter x

has at least one solution yg € H. Then the function
t
y([) — eAtyO + / eA(l*S)eASx ds = eAtyO + teAlx
0

is a solution to 7'y = e?'x, that is, x € X.

Now, let x be in X, and let y(¢) = e’ y(0) + re’ x be a solution to o'y = e?'x.
Since y(0) = y(T), the latter implies that eA” x € R(I — eAT), and therefore x €
R(I —eAT). Since X is closed, it follows from (4.307) that so is R(I —e4T). O

Corollary 4.59 If R(<7) is closed in L*>(0, T; H), then «7~' f € C([0,T]; H) for
each f € R(&/) and

|~ Flcqorpm < CMF oz VI € R, (4.308)

Proof Since R(&7) is closed, so is R(I — eAT), and we have, therefore,

T t
;z{’lf(z)zeAt(I—eAT)_l/- eA(T”)f(z)dt+/ eAl=9) f(s)ds, Vrel0,T].
0 0

Recalling that (I —eAT)~! is continuous on R(I — eA7T), the latter implies (4.308),
as desired. O

By Riesz—Fredholm theory, we also have the following corollary.

Corollary 4.60 If AT is compact, then R(</) is closed and the spaces N (<),
N (/*) are finite-dimensional.

Given F € L(H,U), we denote by «/f the operator & + BF defined from
L*(0,T; H) to itself and we denote by o7 = o/* + F* B* its dual.
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Definition 4.61 The pair (A, B) is said to be m-stabilizable if there is an
F € L(H,U) such that R(</) is closed in L?(0,T; H) and N(a7}) is finite-
dimensional.

By virtue of Proposition 4.58 and of (4.305), the pair (A, B) is p-stabilizable if
and only if there is an ¥ € L(H, U) such that R(1 — eA+BFTY i5 closed in H and
dim N (I — e +F BTy < o0, In particular, this happens if either e4” is compact
in H, or if the pair (A, B) is stabilizable, that is, there is an F € L(H, U) such that
A 4+ BF generates an exponentially stable semigroup.

Definition 4.62 The pair (A, C) is said to be 7r-detectable if thereisa K € L(Z, H)
such that R(«/x) is closed in L2(0, T; H) and N (k) < o0.

Here, @7y = &/ + KC.
Throughout this paper, by a solution y to the state equation (4.293), we mean a
weak solution, thatis, &7y = Bu + f.

4.5.2 Existence and the Maximum Principle

We study the existence in problem (4.292) under the following assumptions:

(i) The pair &2, C)is n-d_e}kectable.
(i) g:Z—R ,h:U — R are convex and lower-semicontinuous and

() >alzlz+p, VzeZ, (4.309)
h(u) > wluly +y, VYuel, (4.310)

where o, w > 0 and B, y € R.
Theorem 4.63 Assume that there is at least one admissible pair (y,u) in prob-
lem (4.292). Then, under hypotheses (i) and (ii), problem (4.292) has at least one
solution, (y*, u*) € C([0, T1; H) x L*(0, T; U).

Proof Let (yn,u,) € C([0,T]; H) x L%(0, T; U) be such that Ay, = Bu, + f and

T
inf(4.292) =d < / (8(Cyn(®) + h(ua(0)))dt <d +n~". (4.311)
0

By (4.309) and (4.310), we have

ICynll 20, 7: 1) + Nunll 200,70y < C1- (4.312)

By (i), thereis a K € L(Z, H) such that R(</k) is closed («@x = &/ + KC) and
dim N (k) < 0o. We have

g yp =Bu, +KCy, + f (4.313)
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and set y, =y, + y,%, where y! = %K_I(Bun + KCy, + f) € R(#/§) and y,f €
N (k). Then, by (4.308) and (4.312), we have

Hy; HC([O,T];H) =G, VneNl. (4.314)

On the other hand, by the closed range theorem, we know that
N(ax) = N(6x) ® R(Y).

We have denoted by €k € L(N(w/x), L*>(0, T; Z)) the operator y — Cy restricted
to N (a/x ). Since N (<7 ) is finite-dimensional, €k has closed range in L>(0, T; Z),
and because {Cy,%} is bounded in L2(0, T; Z), it is bounded in LZ(O, T; Z), as well.
We have, therefore,

Y,% = z,l, + zﬁ,

where {z}} is bounded in L2(0, T; H) and Cz2 =0 a.e. in (0, T). We may assume,
therefore, that the sequence { y,{ + z,ll} is weakly compact in L%*(0,T; H) and, on a
subsequence again denoted {n}, we have

u, — u* weakly in L2(0, T; U),
vyl 4zl — y* weaklyin L0, T; H).

Recalling that ,szf(y,ll + z,11) = Bu, + f, we infer that &/ y* = Bu™ + f, and, since
the convex integrand is weakly lower-semicontinuous, we get

T
d=/ (g(Cy*®) + h(u*@))) dr; (4.315)

0
that is, (y*, u™) is optimal in problem (4.292). This completes the proof. O

In order to get the maximum principle for problem (4.292), we use the following
assumptions:

(G) The pair (A, B) is m-stabilizable.
(Gj) The function g : Z — R is convex and lower-semicontinuous, h : U — R is
convex and lower-semicontinuous, int Dom(h) # @.
(jj) The function f is in C([0,T]; H), and one of the following two conditions
hold.

(i1 Dom(h) = U and h is bounded on every bounded subset of U.
(iD2 f (@) = Bfo(r), where fo € C([0,T]; U) and — fo(¢) € intDom(h), Vt €
[0, T].

Theorem 4.64 Assume that hypotheses (j), (jj) and (jjj) hold. Then the pair
(y*,u*) € C([0,T1; H) x L*(0, T; U) is optimal in problem (4.292) if and only
if there are p € C([0, T]; H) and n € L*°(0, T; Z) such that

dy*

P Ay* +Bu* + f in(0,T); y*(0) = y*(T), (4.316)
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C;—’t’ = —A*p+C*p in(0,T);  p0)=p(T), (4.317)
n(t) € 3g(Cy* (1)) ae.1€(0,T), (4.318)
w*(t) € 0h*(B*p(t)) a.e.1€(0,T). (4.319)

System (4.316) and (4.317) is considered, of course, in the weak sense,
Ay =Bu*+ f; d*p=-C*n. (4.316")

Proof 1t is readily seen that (4.316)—(4.319) are sufficient for optimality. To prove
necessity, we fix an optimal pair (y*, u*) and consider the approximation control
problem

T
Min{/ (26(Cy) +h(w) +27 Iy — y* PP+ lu —u*1}, + 8_1|v|2))dt}
0
subject to (4.320)

dy=Bu+v+f, uel?0,T;U), ve L*(0,T; H), yeC([0,T]; H).

Here, g. € C!(Z) is defined as in Sect. 2.2.3.

Arguing as above, it is easily seen that problem (4.320) has a unique solu-
tion (ye, ue, ve) € C([0,T]; H) X L2(O, T;U) x L2(0, T; H), and arguing as in
Sect. 4.1, we have for ¢ — 0

u, — u* strongly in L2(O, T;U),

(4.321)
ye — y* strongly in LZ(O, T, H).
We also have
ve = 0 strongly in LZ(O, T, H).
Next, we have
T
fo ((C*Vge(Cyeo), 2) + (e — ¥y* . 2) + (ue —u™, w)y
+h (e, w) + &7 (v, v)) dt >0, (4.322)

Y(z,w,v) € C([0, T]; H) x L*(0,T;U) x L%(0, T; H) such that &7z = Bw + v.
We set p, =&~ lv,. Then (4.322) yields

T
/0 ((C*Vgs(c)’e) +ye — y*, Z) + (ug — u*, w)y

+ h'(ue, w) + (pe, @z — Bw))dt >0, (4.322)



352 4 Convex Control Problems in Banach Spaces

Vz € D(&/), Yw € L*(0, T; U). (Here, I’ is the directional derivative of h.) For
w = 0, the latter yields

A pe=—C*"Vge(Cye) + y* — ye. (4.323)

Substituting the latter into (4.322), we get

T T
/(B*Ps+u*_”s,w)Udf§/ W (ug,w)ds, Ywel.
0

0
This yields
B*pe € 0h(ug) +u, —u™ ae. €(0, 7). (4.324)
We note also
oy = Bug + epe + f. (4.325)

We are going to let ¢ tend to 0 in (4.323) and (4.324) in order to get (4.317)—(4.319).
To this aim, some a priori estimates on p, are necessary. Assume, first, that condi-
tion (jjj)2 holds. Then, by (4.324) and by the definition of 9/, we have

(B*pe (1) + u™(t) — ue (), us(t) + fo(t) — pw),,
> h(us (1)) — h(pw — fo(r)) ae.t€(0,7), (4.326)

Yw e U, |w|y =1, and p positive and sufficiently small. This yields
T T
p/o |B*pe ()], dt < /0 (Pe(®), o ye(t) — epe(t)) dt + Cs.

Finally, by (4.316") we obtain
T 2
/0 (b B*pe(®)],, +e|pe®)|) dt

T
< /0 ((V2e (Cye®), Cye (), + (e (®) = y*(0), yo(1))) dt < Ca,

because Vg, is monotone. On the other hand, it follows that {y.} is strongly conver-
gent to y* in C([0, T']; H). Indeed, by (4.325), we see that

t
Ve(t) =e FI=9y (5) + / e~ FU") (Buy(r) + epe(r) + BFy:(r)) dr,

N

O0<s<r<T,

and the conclusion follows by (4.321). (Here and everywhere in the following, F €
L(H, U) is chosen as in Definition 4.61 and </ = A 4+ BF.) Since dg is locally
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bounded in H and

T
Vge(z) € 9g(( +edg)~'z), VzeZ; / 8s(Cye)dr < Cs,
0

we have
|Vge(Cye(1))], <Cs. Ve>0,1€[0,T]. (4.327)
We may rewrite (4.323) as

A pe=—C*Vge(Cye) — (ye —y*) + F*B*p,. (4.328)
Then, by (4.327) and Corollary 4.59, it follows that
Ipi)|<C7, Vrelo, Tl (4.329)

where p, = p; + pg and p; € R(F) = N(,SZ{;)L, pg € N(y).

Denote by ). the operator y — B*y defined from N (#7;) to L%*(0,T; U). Re-
calling that the space N (27f) is finite-dimensional, we infer that %7}, has a closed
range in L%0,T; U), so by the closed range theorem, it has a bounded inverse on
its range. Since N («7) C C([0, T1; H) and {#} p?} is bounded in L' (0, T; U), it
is bounded in L2(0, T; U) too, and we have pg = qé + qf, where {qgl} is bounded in
L?*(0,T:; H) and B*qg =0a.e.in (0, T). We conclude, therefore, that the sequence
{p; + qsl} is weakly compact in L2(0, T; H). Moreover, we may write (4.328) as

Ap(pi+4i) =—C*Vge(Cye) — (ve — )+ F*B*(pi +q.).  (4.328)
Selecting further subsequences, if necessary, we may assume that
pl+4ql— p weaklyin L2(0,T: H),
Vge(Cy.) > n weak-starin L>*°(0, T; Z).

Since dg and 04 are maximal monotone (and, therefore, weakly—strongly closed),
we may pass to the limit in (4.323) and (4.328') to get the optimality system (4.316)—
(4.319).

Assume, now, that condition (jjj); is satisfied. We set p, = p; + qel. Then,
by (4.324), we have

h(ug) —h(pw) < (B*pe +u*, us — pw)y,

forall w € H, p > 0. This yields

T T
p/o |B*pe ()|, dt §C8+Th(pw)+/0 (Pe(®), A ye(t) — f(1))dt

T
< Th(pw) + C9<1 +/ |pe (1) dt).
0
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Finally,

T T
/ |B* pe(1)], di < C, + Crop™! /O |pe(0)|dr, (4330)
0

for all p > 0. Choosing p sufficiently large, it follows by (4.328") and (4.310) that
{ps1 + qgl} is bounded in L(0, T; H), so we may conclude the proof as in the pre-
vious case. (]

The optimal control problem
T
Min{[o (8+(v(®) +A*(B*(1)) + (f (1), p(1))) dt;

peC(0,T]; H), veLz(O,T;H)} (4.331)

subject to
A p=—v (4.332)

is the dual of (4.292) in the sense of Sect. 4.1.8. Here, h™* is the conjugate of A, and
g+ 1s the conjugate of the function y — g(Cy).

Theorem 4.65 Under the assumptions of Theorem 4.64, the pair (y*, u*) is optimal
in problem (4.292) if and only if the dual problem (4.331) has a solution (p*, v*)
and

T

T
[ (serr @) +aro)ar+ [ o)+ 6 0)
+ (f @), p*(t))) dt =0. (4.333)

Proof The argument is standard (see Sect. 4.1) and so the proof is only sketched. If
(y*, u™) is optimal in (4.292), then, by Theorem 4.64, the optimality system (4.316)—
(4.319) has a solution (p*, v* = C*n), and, by virtue of the conjugacy relation, we
have

h(u*) +h*(B*p*) = (B*p*,u")y,
g(Cy*) + g« (v*) = (y*, v¥).

Integrating from 0 to 7, we get (4.333). On the other hand, for all (p,v) €
C(0,T]; H) x L2(O, T; H), o/*p=—v, we have

(4.334)

h(u*) +h*(B*p) > (B*p,u™)y, ae.on(0,7),

(4.335)
g(Cy") +g+(v) = (y*,v), ae.on(0,T),

which imply that the pair (p*, v*) is optimal in problem (4.331). Conversely,
if (4.333) holds, then by (4.334) and (4.335) we see that y*, p*,and u* satisfy
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the optimality system (4.316)—(4.319), and therefore (y*, ™) is optimal in prob-
lem (4.292). O

We end this section with a few examples of linear control systems of the
form (4.293) for which the previous theorems are applicable.
1. Parabolic control problems. Consider the system

3
a—f — Ay 4+ b(x)-Vy+e@)y=Bu+ ft,x), (t,x)eR xR,

y=0, ondf2 xR,
vyt +T,x)=y(t,x), V(I x)e2 xR,

(4.336)

where b € WH®(2;R"Y), ¢ € L®(£2), f € L} (R; L*(2)) is T-periodic in ¢,
while B € L(L2(£2), L?(£2)). Here, 2 is a bounded and open subset of R"” with a
sufficiently smooth boundary 9£2. We may write (4.336) in the form (4.293), where

H=U=L*$) and
Ay=Ay+b-Vy—cy, D(A) = H} (2) N H*(£2). (4.337)

Since the semigroup e4’ generated by A on L?(£2) is compact, it follows that R(7)
is closed in L?(0, T; H) and N («7*) is finite-dimensional (Corollary 4.60). Hence,
the rr-stabilizability hypothesis (j) is satisfied in the present situation with F' = 0.
A similar conclusion can be reached for the m-detectability hypothesis (i).

2. Linear delay control systems. Consider the control system governed by the
delay system

y'(1) = Aoy(t) + A1y(t — h) + Bou(t) + f (1),
yt)=y@t+T), VteR,

(4.338)

where Ag, A| are n x n matrices, By is an n x £ matrix, f € leOC ®R;RY, ft+T) =

f@®),uce L2(R; RY), and u(r) = u(r + T). It is well known that this system can
be written in the form (4.293), where H = M, = R" x L2(—h,0;R"), U = R,
B = (By, 0), and

0 0 dyo
A(y0.y°) = { Aoyo + A1y’ (—h), e

D(A) = {(v0.Y%) e R" x W"2([=h,01; R"), yo=1°(0)}.

For each m € Z, we may rewrite the equation (w,,i I — A)y = (fo, f1) as

(itml — Ao —e " Ar)yo = fo+ / eI A fi(5) ds,
0 (4.339)

N
yo(s) =¢'Hmy, —/ e”""(“*')fl (1) dt,
0
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where ©,, =2mmn T 1. Moreover, after some calculation, we see that

N(o/*) = {Z(ymei“’”t, Al yme SN (G, I+ A + €1t AT) y,, = o}.
m

(4.340)
By (4.339), we see that R(iu,, I — A) is closed and condition (4.298) in Proposi-
tion 4.56 is satisfied. We conclude, therefore, that the corresponding operator &/
has a closed range in L?(0, T; H). Moreover, by (4.339) and (4.340), it follows that
N (&) and N (/™) are finite-dimensional.
3. First-order hyperbolic systems. Consider the control system governed by the
linear system

ye(t,x) —zx(t, x)=u(t,x)+ f(t,x), xe€(0,1), te(0,7T),
z:(t,x) — yx(t,x) = Bov(t,x) + g(t,x), x€(0,1), t€(0,7T),
y@, 0=y, 1)=0; (T, x)=y(x,0), 2(T,x) =z(x,0), Vxe(0,1).
(4.341)
Here, By € L(L?(0,1),L?(0,1)) and f,g € C([0,T]; L?(0, 1)) are given func-
tions. System (4.341) can be written in the form (4.293), where H = U =
L%(0,1) x L*(0, 1), B(u,v) = (u, Bov), and A(y,z) = (zx, yx), D(A) ={y,z €
HL(0, 1), y(0) = y(1) = 0}. Consider the feedback control F(y,z) = (—y,0).
Then it is easily seen that the corresponding operator <7F has closed range in
L%*(0,T; H), N(ar) = N () ={(0,C); C € R}, and therefore the pair (A, B)
is m-stabilizable. This simple example extends to linear control hyperbolic systems
in R” x R", and it is instructive to notice that, in this case, if 7 is irrational, then
R(&) is not closed; thus assumption (j) does not hold with F = 0.

4.5.3 The Optimal Control of the Wave Equation

We study here the optimal control problem
T 2
minimize / 27 eyo| ~ +h(u())ds (4.342)
0

subjecttou € L*>(0,T; H), y € L>(0, T; U),
y'+Ay=Bu+ f, te(0,T),
y(0) = y(T), y'(0) = y'(T),

where A is a self-adjoint, linear, and positively defined operatorin H, B € L(U, H),
C e L(H,Z), and h is a lower-semicontinuous convex function on U. By a weak
solution to (4.343), we mean a function y € LZ(O, T; H) such that

(4.343)

T

T
/0 (y(t),(p”(t)—i-Ao(p(t))dt:/O (f(1) + Bu(t), (1)) dt, (4.344)
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for all ¢ € Y = {p € C*([0,T1; H) N C([0,T]; D(A)); ¢(0) = o(T), ¢'(0) =
@' (T)}. Equivalently,

Wy=Bu+ f, (4.343")
where # : D(#) C L*(0, T; H) — L*(0, T; H) is the linear operator defined by

T T

Wy=f iff / (y(®),¢" @) + Aop(1)) dt =/ (f(),00)dt, Vepev.

° ° (4.345)
It is readily seen that % is densely defined and closed in L?(0, T; H).

Writing (4.343) as a first-order differential equation on the product space
D(A%) x H, we may apply the general results obtained in the previous section
to problem (4.342). However, a direct treatment of such a problem requires less
restrictive conditions in specific examples. On the other hand, for the sake of sim-
plicity, we do not put the results of this section in the general framework of the
p-stabilizability condition; we confine ourselves to assuming that R(%#) is closed
in L2(0, T; H). By virtue of the closed range theorem, this assumption implies that

L*O0,T;H)=RW)SNW);  # 'eL(RW),L*0,T; H)).

Arguing as in the proof of Theorem 4.63, it follows that if R(%#) is closed in
L2(0,T; H) and N(¥) is finite-dimensional, then problem (4.342) has at least one
solution (y, u) € L2(0, T;H) x L2(O, T;U). As regards the maximum principle,
we have the following theorem.

Theorem 4.66 Assume that R(#') is closed, dim N(#') < oo, and h, f satisfy hy-

potheses (ij), (iij). Then the pair (y*,u*) € L*(0, T; H) x L*>(0, T; U) is optimal in
problem (4.342) if and only if there is a p € L*(0, T; H) such that

Wp=—-C*"Cy, (4.346)

u*(t) € 8h*(B*p(t)), ae. te€(0,T). (4.347)

We omit the proof because it is identical with that of Theorem 4.64. Since in most

of the applications the null space N (#) is finite-dimensional (the state equation is
highly resonant), we may relax this condition as follows.

(k) R(¥) is closed and the operator y — B*y defined from N(#') to L*(0, T; H)
has closed range.

Theorem 4.67 Assume that hypotheses (jj), (k) hold, f € C([0,T]; H), and that
the function h has quadratic growth, i.e.,

h(u) < ailuly +B1, YueU. (4.348)

Then the pair (y*,u*) € L>(0, T; H) x L*(0, T; U) is optimal in problem (4.342)
if and only if it satisfies system (4.346) and (4.347).
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Proof Let (yg, ug, ve) be the solution to the approximating problem (see (4.320))
T
Min{ /0 Q7NCyZ +h) + 27 |y — v P+ lu— u*[f + e ul?)) de;

”//y:Bu+v+f}.

As in the proof of Theorem 4.64, we get (4.311) and (see (4.323) and (4.324))
W pe=—C"Cys+y* = ye, (4.349)
B*p; € 0h(ug) +u, —u™ ae.in (0, 7). (4.350)
By (4.348) and (4.349), we have
1B*pell?2g 7.1y < C1s V>0,

and therefore, by virtue of assumption (k), we conclude via the closed range theorem
that

{p!+p3} isbounded in L2(0, T; H),

where p. = pl + p2 + pt and p! e R(¥), pl, p? e N(#), and B*p? =0 ae.
t € (0, 7). Hence, we may pass to the limit in (4.349) and (4.350) to get (4.346)
and (4.347), as desired. O

The dual problem of (4.342) is (see (4.331) and (4.332))

T
Min{/ (g*(v)+h*(B*p)+(f, p))dt; W p=—v; v GLZ(O, T, H)}. (4.351)
0

By using exactly the same argument, it follows that under the assumptions of The-
orem 4.66 or Theorem 4.67, the conclusions of the duality Theorem 4.65 remain
valid in the present case.

Example 4.68 The one-dimensional wave equation. Consider the control system
Yir(t, x) = v ) (v(0)ye (1, X)) = Bu(t,x) + f(1,x), (t,x)€(0,7) xR,
yO,0)=y(m,1)=0, tekR,

y(-xvt+T):y(t7-x)7 yt(-xvt+T)=yt(t7-x)’ (I,X)E(O,JT)XR,
(4.352)
where v € H2(0, T), v(x) > 0, Vx € [0, ], B € L(L?(0, ), L*(0, 7)), and
ess sup{(v/(x))2 —2v"(x)v(x); x € (0,km)} <O.

In this case, U = L?(0,7), H = L*(0,n) is endowed with the scalar product
(v.2) = Jy v(®X)y(x)z(x)dx and

Aoy =—v"'wy)x,  D(A)=Hy(0,7) N H*(0, 7).
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Equation (4.352) models the forced vibrations of a nonhomogeneous string as well

as the propagation of waves in nonisotropic media. (In the latter case, v = (p u)% is
the acoustic impedance, p is the medium density and u is the elasticity coefficient.)
If T is a rational multiple of m, then R(%#) is closed, N (v) is finite-dimensional
(see Barbu and Pavel [17]), and Theorem 4.67 is applicable.

4.6 Problems

4.1 Find the maximum principle for the optimal control problem
T
Min{ / L(y(t), u(t)) dr; v =Agy(t) + A1yt —b) + Bu(t), t € (=b, T),
0

y(0) = yo, ¥(s) =y(s), s € (—b, 0)},

where L : R" x R™ — R" satisfies conditions of Theorem 4.16 (or Theorem 4.5)
and Ag, A1 € L(R",R"), Be LR™,R"), b> 0.

Hint. In the space F = M2(=b,0; R") = R" x L2(—b, 0; R"), we rewrite the
above delay system as

dy
5 =AY+ Bu, YO =(v.)),

0y _ 0 dy° _ 0 n
where &/ (yo,y") = {Aoyo + A1y"(=b), 4}, D(F) = {(yo,y") € R" x
WL2(—=b,0; R"); y°(0) = yo} and Y (¢) = {y(¢), y(t + s5)}. Then we may rewrite
the above problem in the form (P) by redefining L and ¢ as

L(Y,u) = L(yo,w), Y = (y0,5°),

0, ifY;=(0,y",
+o00, otherwise.

K(Yl,Y2)={

Then one might apply, under suitable conditions on L, Theorem 4.5. We note that
the dual system (4.100) and (4.101) has the form

PO =(p), p1(1,0)), 0€(=b,0),

q(), 0<t<T—b,

p @)+ Arpt)= {q(t)—Z(I—T): T—-b<t<T,

q(1) € L (y(0), u(®)), B*p(1) € 8, L(y(®), u(1)),

A*p(t) + ATt —b)p(t +b), ift+b<T,

A% p(t) =
P {o, ifr+b>T,
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A1(@+h), if —b<6<0,

0.0) =
p10.6) {Q if —b<0<0.

() = pi(T, 1).

4.2 Show that if H : R" x R" — R is a concave—convex continuous function and
;i :R—R,i=1,2, are convex and differentiable, then the hyperbolic first-order
system

9
& 9,H(y. p)=0, xe(0,1),
0x

ap
0x

p(0)=Ve(y©),  p()+Ver(y(1) =0,

has a solution y for each f € C[O0, 1].

+H(y.p)=f(x), xe(0.1),

Hint. We associate with the above system the minimization problem
1 1
Min{ /0 L(y(x), y')) dx + /0 FE)y ) dx +€1(y(0)) + €2 (y(D);

yeWL%mJLRQ}

and apply Theorem 4.5. (See Barbu [5] for a more general result pertaining to the
variational treatment of hyperbolic systems of this type.)

4.3 Let A be an infinitesimal generator of a Cp-semigroup in the Banach space E
and let B € L(U, E), where U is another Banach space. Assume that

T
2 2
lpo 1 =cr [ 150 o
for all the solutions p to the backward differential system p’(t) = —A* p(r). Show

that there is a controller u* € L2(0, T'; U) such that fOT lw*(@)117, dt < Crllyoll% and
y =Ay+ Bu*,t€(0,T), y(0) = yo, y(T) =0.

Hint. Consider the control problem
T
. 1 2 1 2 /
Miny | > [lu)] dr + % Iy 5 ¥ =Ay+ Bu, y(0)=yo,
0
which has an optimal pair (yg, u}) satisfying the maximum principle

1
py=—A%pg, pe(T) =— ye(T).
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This yields

T 1
[ 18 el L1 = £ 2200

Letting ¢ — 0, we obtain the result.

4.4 Show that the solution to the eikonal equation

¢ —pllecl =0, t>0, x eR",
¢(0,x) =@o(x), xeR",

is given by ¢(t, x) = sup{po(y); [x — y| < pt, y e R"}.

Hint. One applies the Lax—Hopf formula (4.206).

4.7 Bibliographical Notes
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4.1. In a particular form, the main results of this section, Theorems 4.5, 4.6, 4.16

and 4.26, were given by the first author in [2—4]. In a series of influential works
on the convex control problem of Bolza in R", Rockafellar [39, 41, 42, 44] has
developed a theory of the “maximum principle” in subdifferential form under
convexity assumptions which inspired the present work. However, the infinite-
dimensional case treated here presents several significant differences. For gen-
eral results on control problems governed by ordinary differential systems, we
refer the reader to the book of Berkovitz [18].

The first studies on validity of the maximum principle for a specific form
of distributed parameter optimal control problems were published in the early
1960s. The general theory of optimal Banach spaces has been studied in the
works of Balakrishnan [1] and Datko [25], among others. The book of Lions
[33] first published in 1968 represents a systematic treatment of quadratic op-
timal control problems governed by partial differential equations. The results
presented here largely encompass the previous one by the absence of differ-
entiability assumptions on the integrand L as well as by the generality of the
problem studied. The ideas contained in the present approach of convex con-
trol problems were used to develop a theory of necessary conditions for control
problems with a nonconvex cost criterion and with nonlinear state equations
(see Barbu [10, 11]). In this case, the extremality conditions are expressed in
term of Clarke’s generalized gradient.

Theorem 4.28 is new in this context, though it was known a long time ago
that the Cauchy problem associated with nonlinear operators of subpotential
type can be reformulated as convex optimization problems (see Brezis and
Ekeland [19]). Recent extensions to this principle as well as applications to the
existence theory of PDEs can be found in Visintin [46] and Ghoussoub [28].
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4.2.

4.3.

4.4.
45.

4 Convex Control Problems in Banach Spaces

There exists an extensive literature on the synthesis of finite-dimensional con-
trol systems and of linear evolution control systems with quadratic cost (see
Fleming and Rishel [27], Lions [33] and the references given there), but there
appears to be little previous work on optimal feedback controllers for infinite-
dimensional control convex problems. We refer to the works [21-24] of Cran-
dall and Lions for a viscosity solution theory of the Hamilton—Jacobi equations
associated with infinite-dimensional optimal control problems (see also Barbu
and Da Prato [14]).

The abstract formulation of the boundary control systems given here arises
from the works of Fattorini [26], Balakrishnan [1], Washburn [47], Lasiecka
and Triggiani [31]. In particular, the book [32] by Lasiecka and Triggiani con-
tains a complete description of linear boundary control systems of parabolic
and hyperbolic type. Theorem 4.41 was taken from Barbu [9]. Optimality con-
ditions for linear parabolic boundary control problems with convex cost crite-
rion and state constraints have been derived by several authors including Mack-
enroth [35] and Troltzsch [45].

The results of this section closely follow the work [7, 8] of Barbu.

The main results presented here are taken from the work [12] of Barbu.
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g-subdifferential, 115 Bidual space, 27
A-quasi-subdifferential, 121 Bipolar theorem, 81
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A
Absolute value, 44 C
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Adjoint operator, 6 Cauchy-Schwarz inequality, 5
Affine combination, 7 Closed function, 71, 127
Affine constraints, 164 Closed half-spaces, 13
Affine function, 154 Closed loop differential system, 301
Affine mapping, 164 Closed loop system, 333
Affine set, 7 Closed operator, 31
Algebraic closure, 8 Closed set, 28
Algebraic interior, 8 Closure of a function, 71
Algebraic relative interior, 8 Coercive operator, 54
Analytic semigroup, 60 Coercivity condition, 72
Antiprojection, 219 Cofinite function, 92
Approximatively compact set, 210 Compatible linear topology, 1, 25
Asymptotic cone, 21 Complementary slackness condition, 162
Asymptotically compact, 21 Concave conjugate function, 81
Attainable, 236 Concave—convex-like, 138
Attainable end-point, 324 Cone of normals, 124
Augmented Lagrangian, 184 Cone of pseudotangents, 165
Cone of tangents, 164
B Conjugate function, 75, 82, 136
Banach space, 4 Consistent problem, 153, 159, 179
Banach-Steinhauss theorem, 4 Constraint qualifications, 156
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Control, 197, 234

Control of periodic systems, 263
Controlled system, 234
Controller, 234

Convex (affine) hull, 7

Convex combination, 7

Convex function, 13, 67

Convex integrands, 94

Convex normal integrand, 237
Convex operator, 159

Convex programming problem, 153
Convex set, 6

Convolution, 216

Cost functional, 235

Critical point, 154

D

d-proximinal, 221

d-remotal set, 221

d.c. optimization problem, 219
Demicontinuousoperator, 53
Derivative of order j, 45
Detection filter problem, 201
Dieudonné’s criterion, 23
Directional differential, 86
Dissipative, 59

Domain, 83

Dual, 4

Dual cone, 76

Dual extremal arc, 242

Dual formula of the norm, 20
Dual Hamilton—Jacobi equation, 314
Dual problem, 173, 179, 206
Dual system, 24

Duality mapping, 34

E

Eberlein theorem, 34

Effective domain, 68, 128

Eikonal equation, 361

Epigraph, 68

Evolution operator, 59

Exact convolution, 216

Extended real-valued functions, 67
Extremality conditions, 205

F

Farthest distance function, 219
Farthest point, 219

Farthest point mapping, 219
Farthest point problem, 219
Feasible element, 153
Feasible function, 236
Feedback control, 297

Feedback law, 301

Feedback optimal control, 301
Fenchel duality theorem, 181
Fenchel-Rockafellas problems, 187
Fréchet derivative, 85

Fréchet differentiable, 86, 165
Fréchet differential, 166

Free boundary, 110

G
Gateaux derivative, 85
Gateaux differentiable, 86

Index

Generalized complementarity problem, 113

Generalized gradient, 124, 125
Geometric Hahn—-Banach theorem, 15
Gradient, 86

H

Hahn-Banach theorem, 13
Hamiltonian function, 133
Hilbert space, 5
Homogeneous hyperplane, 11
Hypograph, 68

I
Indicator function, 68

Infinite-dimensional linear programming, 205

Inner product, 4
Input, 234

K

Kalman—Riccati equation, 312
Kernel, 12

Kuhn-Tucker function, 183
Kuhn-Tucker theorem, 157

L

Lagrange (Fritz John) multiplier, 159
Lagrange function, 155, 161
Lagrange multipliers, 155
Lagrangian function, 154
Lax—Hopf formula, 315

Level sets, 68

Linear normed space, 3

Linear topology, 1

Locally bounded operator, 53
Locally convex spaces, 2
Lower-semicontinuous function, 69
Lower-topology, 70

M

Majorized measure, 44
Maximal monotone subset, 53
Measure (Radon measure), 44
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Metrizable space, 3

“mild” solution, 59

Mini-max equality, 126

Mini-max theorem of von Neumann, 137
Mini-max theorems, 136

Minkowski functional, 8

Modulus of convexity, 37

Monotone subset (operator), 53

N

Natural imbedding, 32
Nonhomogeneous hyperplane, 11
Norm, 2

Normal cone, 83

Normal convex integrand, 93
Normal problem, 174

(o)

Obstacle problem, 110

Open half-spaces, 13

Optimal arc, 235, 330
Optimal control, 235

Optimal controller, 235
Optimal feedback control, 297
Optimal pair, 235

Optimal solution, 153
Optimal synthesis function, 297
Optimal value function, 298
Ordering relation, 159
Orthogonal, 5

Orthogonal of the space Y, 76
Output, 234

P

Partial differential equation of dynamic
programming, 302

Penalty method, 106

Perturbed problem, 174

Pointwise additivity of a subdifferential, 215

Pointwise bounded, 4

Polar, 76

Positive-homogeneous functional, 9

Pre-Hilbert space, 5

Primal problem, 179

Principle of uniform boundedness, 4, 29

Product space, 25

Projection, 25

Projection mapping, 208

Proper convex function, 68

(Proper) Lagrange multiplier, 160

Proper saddle function, 129

Proximinal set, 213

Pseudoconvex, 165

Pseudomonotone, 108
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Q

Quasi-concave—convex function, 138
Quasi-convex function, 68, 121
Quasi-subdifferential, 123

R

Radial boundary, 9

Radius, 221

Recession function, 187

Reflexive linear normed space, 27, 32
Regular subdifferentiable mapping, 162
Relative interior, 8

Remotal set, 219

Renorming theorem, 36
Riemann-Stieltjes integral, 45
Riemann-Stieltjes sum, 45

Riesz representation theorem, 5

S

Saddle function, 127

Saddle point, 126

Saddle value, 126

Segment, 7

Self-adjoint operator, 6
Semigroup of class Cp, 59
Seminorm, 2

Separated dual system, 24
Separated space, 2

Signorini problem, 112
Singular part, 46, 47, 244
Slater condition, 158, 162
Slater’s constraint qualification, 156
Smooth space, 34

Stable problem, 176

Standard form, 204
Star-shaped, 165

State, 197, 234

State system, 234

(Strictly) concave function, 68
Strictly convex function, 13, 67
Strictly convex space, 35
Strictly separated sets, 16
Strong convergence, 27
Strong solution, 59

Strong topology, 27

Strongly consistent problem, 182
Strongly separated, 18
Subdifferentiable, 83
Subdifferential, 82, 130
Subgradients, 82

Sublinear functional, 9
Support functional, 76, 220
Support point, 16

Supporting hyperplane, 16
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T

Tangent cone, 172

Tangent hyperplane, 34
Tangentially regular point, 172
Toland duality theorem, 217
Topological linear space, 1
Tychonoff theorem, 26

U

Uniform convexifiability problem, 40
Uniformly bounded, 4

Uniformly convex, 37

Uniformly smooth, 38

Upper derivative, 124
Upper-semicontinuity, 70
Upper-semicontinuous function, 69

\'%
Value function, 174
Valued distribution, 45

Variational inequality, 107
Variational solution, 314

W

Weak topology, 24, 27

Weak (weak-star) convergence, 27
Weak-star topology, 27

Weakly differentiable, 86
Weierstrass theorem, 71

‘Well posed problem, 58

X
X-topology of Y, 24

Y
Y-topology of X, 24
Young inequality, 76

Z
Zorn lemma, 15
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